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Abstract

Machine perception is an important prerequisite for safe in-
teraction and locomotion in dynamic environments. This re-
quires not only the timely perception of surrounding geome-
tries and distances but also the ability to react to changing
situations through predefined, learned but also reusable skill
endings of a robot so that physical damage or bodily harm
can be avoided. In this context, 4D perception offers the pos-
sibility of predicting one’s own position and changes in the
environment over time. In this paper, we present a 4D-based
approach to robot navigation using relativistic image pro-
cessing. Relativistic image processing handles the temporal-
related sensor information in a tensor model within a con-
structive 4D space. 4D-based navigation expands the causal
understanding and the resulting interaction radius of a robot
through the use of visual and sensory 4D information.

Introduction
Depth perception and corresponding spatial perception are
essential for localization, navigation, obstacle avoidance, 3D
mapping, and associated trajectory of motion in numerous
areas of application, such as 3D modeling, mixed reality,
autonomous vehicle systems, and robotics (Siciliano and
Khatib 2016; Ramı́k et al. 2013).

For example, a moving robot needs to observe its environ-
ment and be aware of objects and changes around it to make
accurate predictions and decisions according to its tasks. In
addition to depth perception, the robots’ positioning and mo-
tion must be precise and predictable to react to changing sit-
uations and avoid physical harm.

The path planning of robots and autonomous mobile
robots (AMR) can be quite challenging in a dynamic envi-
ronment where numerous conditions influencing visual per-
ception, such as weather, lighting, as well as contrast, ex-
ist, and in which object and personal related distances in the
form of motion depend on time. Requirements such as main-
taining safety distances, collision avoidance due to moving
objects, calculating the shortest possible times at minimal
energy consumption must be considered (Loganathan and
Ahmad 2023).

The positional inaccuracies of dynamic environments can
also reinforce temporal inaccuracies or deviations of refer-
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ence systems. In practice, GPS-based tracking systems (e.g.,
Garmin Oregon 700) exhibit position deviations of 3 m to
25 m (Garmin Visited on August 2024; Müller and Kran-
zlmüller 2022). Furthermore, the GPS signal does not ex-
tend sufficiently into tunnels or caves, making tracking diffi-
cult. This poses a problem because robotic systems are par-
ticularly suitable for remote or otherwise inaccessible areas
due to their mobility, compactness, and robustness. The ac-
curacy can be increased by using local signals to support
the GPS signal. In the case of automated lawn mowers like
Husquarna (Husqvarna Visited on August 2024), the accu-
racy can be optimized to 1.5cm. Further, vehicles use the
antennas of traffic to initialize their GPS signal.

The use of global navigation of inertial navigation sys-
tems (GNSS/INS) enables a temporal position synchroniza-
tion of these sensors (Huang 2019; Vu et al. 2012). How-
ever, these positional deviations impair the quality of robot
navigation. In addition, alternative visual-inertial navigation
systems (VINS) offer limited advantages for multi-sensor
alignment in terms of sensor deviations, measurement er-
rors, range, and temporal effects (Martial et al. 2016; Huang
2019; Kadambi, Bhandari, and Raskar 2014).

To reduce the complexity of navigation in a dynamic envi-
ronment various classical and heuristic techniques have been
proposed. Thereby, path planning, which is considered a
non-deterministic polynomial time (“NP”) problem (Erick-
son and LaValle 2013), becomes more complicated when the
degrees of freedom of the system increase, e.g., when nav-
igating in a 3-dimensional (3D) environment (Loganathan
and Ahmad 2023). Nevertheless, this form of navigation is
necessary to adapt motions and temporal relations of infor-
mation in a dynamic environment.

Using 4D information in robot navigation offers signif-
icant advantages over 3D navigation. The position assign-
ment in 4D navigation can be described using several ro-
tations and translations that are related in time. This could
favor navigation speed, as time delays in information, such
as with GPS signals, could be predictively corrected over
longer distances.

Based on the challenges described above, we introduce
a model for 4D-based navigation of robotic systems. Our
evaluation reveals the feasibility and transferability of 4D
sensor perception by using the principles of relativistic
image processing. Our findings extend research on the
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benefits of sensor-based 4D Navigation and description of
4D motion.

This article contains the following major contributions:

• Spatio-temporal view of motion based on reference re-
construction

• 4D-Positioning and design of 4D-based robot navigation
• Visualization of Schlingel coordinates and sensor maps

Our results demonstrate the effectiveness of 4D-based
robot navigation by using the principles of relativistic im-
age processing. Compared to the Euclidean locomotion of 6
degrees of freedom (DoFs), expressed by 3 translations and
3 rotations, the non-Euclidean representation of 4D space
involves 10 DoFs. We use these relationships to describe
the relativistic view of sensor-perceived as 4D Navigation
in terms of 4 translations and 6 rotations.

Concept of 4D-based Robot Navigation
Over the past years, numerous models have been devel-
oped to visualize higher-order time derivatives for predict-
ing model-based control of robots and general description
of multi-body systems by trajectory motion (Siciliano and
Khatib 2016; Condurache 2022). The point-based calcula-
tion of motion can be used to estimate positions, distances,
and even areas or volumes. Information such as accelera-
tions, orientations, or magnetic fields from different sensor
types can be synchronized to determine positions, for exam-
ple (Müller and Kranzlmüller 2022).

z[m]

y[m]
x[m]

Figure 1: The trajectory, adapted and reproduced
from (Müller and Kranzlmüller 2022), demonstrates
the sensor-acquired climbing of stairs in an Euclidean
diagram. The black arrows represent the sensor orientation,
the red dots represent the calculated position.

Conventional trajectories, as shown in the example of Fig-
ure 1, can represent changes in position (red dots) and vecto-
rial orientations (black arrows). Basically, movement in Eu-
clidean space is described by 6 DoF. The temporal sequence
and representation of this information can only be logically
assumed as there is no temporal axis.

In our concept, we define a space of 4 dimensions that in-
cludes time as part of metric space (∀ x, y, z, ζ ∈ χµ). In this
space, ζ describes the spatial coordinate of time. The speed
of light c[m/s] and time τ [s] are set as location ζ[m] further
spatial axis. The local axis ζ[m · s−1 · s = m] involves a
speed of light of c = 1m/s through the unit reduction (Ra-
haman 2022). Setting the speed of light to the natural unit
(c = 1) is only valid in 4D space R4. We consider c as a nat-
ural conversion factor for the discrete space and time com-
ponents. This allows the verification of temporal changes as
a meter unit. Furthermore, it simplifies the use of relativistic
equations and enables the transferability to different sensor
types, since space and time are measured in the same unit.
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Figure 2: This figure illustrates the tensor-based reference
diagram. The novel 4D diagram converts Euclidean coordi-
nates into spatio-temporal coordinates by composing tensor
bases.

The reference bases of Figure 2 are an intersection be-
tween the linearly independent sensor data and a generat-
ing system of relativistic information. The Schlingel nota-
tion corresponds to the notation of 4D space and therefore
constitutes 4 spatial axes: ζ, x, y, z. The metric space in our
Schlingel diagram shall be defined as d : M × M ⇀ R
with the conventional 2-order tensor µ : V × V ⇀ R,
R1,4 : (R, χµ).

Fundamentals of Schlingel Diagram
In this section, we define a coordinate system that contains
spatial and temporal information in order to assign fixed
coordinates for motion and navigation. We introduce the
Schlingel diagram as a novel approach to visualize space-
and time-dependent motion.

Definition: The Schlingel diagram defines a novel ap-
proach of a coordinate system in which space- and time-
dependent information are expressed by 10 different degrees
of freedom (DoF), consisting of 4 translations and 6 rota-
tions. It provides a new basis for relating different types of
information to each other, considering temporal aspects.

Previous approaches of visualizing higher dimensional in-
formation, such as Minkowski diagram (Boblest, Müller,
and Wunner 2022) or mathematical subspaces, often prove
to be complex and cluttered. In this context, the Schlingel
diagram offers a new and clearer approach where the space
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and time-related aspects of information are summarized as a
spatio-temporal coordinate (Schlingel coordinate). The lim-
its of the Schlingel diagram are still undergoing technical
validation for further applications. In this article, we derive
the 4D position using the Schlingel diagram.

The contained quantity of the environment ϵ in the Schlin-
gel related vector space Vϵ(x0):= {x ∈ χ | d(x, x0) < ϵ}
requires a metric, which we define as a metric space (χ, d)
with x0 ∈ χ and ϵ > 0. The motion in space is defined as
four-vector χµ and refers to Einstein’s summation conven-
tion (+−−−) (Einstein 1916):

ds2 = dζ2−dx2−dy2−dz2 ∈ R4 with ζ2 = c2dt2 (1)

Where χµ = (χ0 + χ1 + χ2 + χ3) contains the following
form:

χµ = Aζ e⃗ζ+A
xe⃗x+A

y e⃗y+A
z e⃗z { χµ = [ζ, x, y, z] ∈ R

(2)
The shown Schlingel diagram in Fig. 3 introduces the ex-

isting spatio-temporal rotations, translations, and resulting
four-vector χµ.
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Figure 3: The figure illustrates 10-DoF Motion in the Model
of Schlingel Diagram. In the dynamic state, motion occurs
within all 6 planes. The motion itself is demonstrated by 4
translations and 6 rotations.

The resulting variable χµ contains 10 degrees of freedom
consisting of 4 translations [Tζ , Tx, Ty, Tz] and 6 rotations
[Rζ,x,Rζ,y,Rζ,z,Rx,y,Rx,z,Ry,z]. We express χµ as fol-
low:

χµ = (R6|T4)eτ ∈ R1,4 (3)

Applying the four-vector allows the relativistic view of
successive movements. To convert one reference system into
another or to compare reference systems with each other, it
is necessary to apply the Lorentz transformation Γ. The
Lorentz transformation relates temporal and spatial coordi-
nates of one reference system to the other.

If we compare the motions of position sensors with vi-
sual sensors or image-acquired object motions, the relativis-
tic reference can be expressed by Lorentz transformation.

Γ =
1√

1− (
v

c
)2

∈ R4 (4)

Generally, trajectory positions of R, T can be calculated
by integrating velocity over a discrete time period (Müller
and Kranzlmüller 2022). By double-deriving the measured
linear acceleration, we obtain the translational position.

First deviation:
∆v =

∫ tn

t0

acor dt+∆vcor (5)

Second deviation:

∆T =
(∫∫ tn

t0

aicor dt
)
+∆t

(∫ (tn+∆)

tn

alin dt
)
+
∆t

2
∆vcor

(6)
The navigation depends on a referencable and accurate

World Coordinate System (WCS) which is fixed on earth’s
frame position and derived to a relation for the corrected
velocity (Kok, Hol, and Schön 2018). The resulting transla-
tion of Eq. 6 comprises the translational changes of 4 spatial
axes.

∆T =


1 0 0 0 Tζ
0 −1 0 0 Tx
0 0 −1 0 Ty
0 0 0 −1 Tz
0 0 0 0 1

 (7)

Where we express Tζ as:

Tζ = τΓ · (
√
T 2
x + T 2

y + T 2
z ) (8)

The following term defines τΓ as Lorentz-Boost:



Γ −Γ
vx
c

−Γ
vy
c

−Γ
vz
c

−Γ
vx
c

1 + (Γ− 1)
v2x
v2

(Γ− 1)
vxvy
v2

(Γ− 1)
vxvz
v2

−Γ
vy
c

(Γ− 1)
vyvx
v2

1 + (Γ− 1)
v2y
v2

(Γ− 1)
vyvz
v2

−Γ
vz
c

(Γ− 1)
vzvx
v2

(Γ− 1)
vzvy
v2

1 + (Γ− 1)
v2z
v2


(9)

The angular displacement can be estimated by the sensor-
detected angular velocity:

R → φ[◦] : ∆φ(t) =

∫
ω dt (10)

Where ψ
′
, θ

′
and ϕ

′
are defined as:

[ψ
′
, θ

′
, ϕ

′
] = [ψ, θ, ϕ](1 + τΓ) (11)

Besides translation, the spatial alignment can be described in
terms of the 6 rotational equations.
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V ∗ ∈ R4

V ∈ R3

(Eq.10)
Angles

B

3D
Translation

∇T ∈ R3

(Eq.6) (Eq.8)

Temporal
Translation

Tζ

(Eq.7)

4D
Translation

∇T ∈ R4

[ψ
′
, θ

′
, ϕ

′
]

4D
Rotation

(Eq.12 )

Temporal
Shifted-Angles

(Eq.11)

Lorentz
(Eq.9)

ΓτVelocity
(Eq.5)a

Γτ

ω [ψ, θ, ϕ]

∇v

∇R ∈ R4

4D
Position

(Eq.3)
χµ

Figure 4: The illustration shows the design of sensor estimated 4D-positioning. The respective rotation and translation can be
calculated from IMU-specific acceleration, angular velocities, and magnetic fields. By applying the Lorentz factor, the temporal
translation and rotations can be determined. The resulting 4D translation and rotation can be expressed as a 4D position in the
form of the four-vector χ.

Rx,y : Rx,z : cosψ −sinψ 0 0
sinψ cosψ 0 0
0 0 1 0
0 0 0 1


 cosθ 0 sinθ 0

0 1 0 0
−sinθ 0 cosθ 0

0 0 0 1


Ry,z : Rζ,z : 1 0 0 0

0 cosϕ −sinϕ 0
0 sinϕ cosϕ 0
0 0 0 1


 1 0 0 0

0 1 0 0
0 0 cosψ′ sinψ′

0 0 −sinψ′ cosψ′


Rζ,y : Rζ,x 1 0 0 0

0 cosθ′ 0 sinθ′

0 0 1 0
0 −sinθ′ 0 cosθ′


 cosϕ′ 0 0 −sinϕ′

0 1 0 0
0 0 1 0

sinϕ′ 0 0 cosϕ′


(12)

The described definitions form the fundamental criteria
for the relativistic processing of sensor information. This
means that acquired sensor variables such as accelerations
or forces can be related to each other in terms of time to es-
timate positions or describe relative movements of different
systems. This variant improves the navigation of robotic sys-
tems through the temporal correlation and contextualization
of sensor data and in an environment.

Design of Sensor based 4D-Navigation
The design of 4D-based navigation shall be introduced em-
ploying the presented equations. We restrict our focus to
the accelerations a, angular velocities ω as well as mag-
netic fields B of sensor-integrated Inertial Measurement
Unit (IMU), and the associated image data.

Fig. 4 introduces the design of spatio-temporal position
estimation for robot navigation in a common reference sys-
tem using different sensor sizes. We calculate the velocity
∇v in the x, y, and z directions with the acquired accelera-
tion by sensors. With ∇v we calculate the Lorentz boost Γτ

which refers to the data of previous time τn−1. The temporal
translation Tζ can be derived from Γτ and the previously cal-
culated translation ∇T ∈ R3. In reverse, the angles around
the temporal axes [ψ

′
, θ

′
, ϕ

′
] can be calculated using Γτ and

ω in order to define the 4D rotations. The resulting 4D trans-
lation and rotation can be expressed as a 4D position in form
of the four-vector χ.

Fig. 5 shows the schematic structure to transmit intrinsic
sensor data to a higher-level inertial system.

World

intrinsic
Rs,i[B, a, ω] Rc,i

extrinsic

Rw

Rs Rc

Sensor Camera

Figure 5: The pyramid-shaped illustration shows the struc-
ture of sensor and camera-related inertial systems. Informa-
tion from different sensors of an intrinsic inertial system
[Rs,i,Rc,i] can be transferred to extrinsic inertial systems
[Rs,Rs] and a higher-level world coordinate system Rw via
referenceable variables.

The raw camera and IMU data refer to an intrinsic inertial
system. Using a reference such as visual fixed points (Tardif
et al. 2010; Huang 2019), GPS signals (Vu et al. 2012) or
magnetic reference fields (Shi et al. 2021; Müller and Kran-
zlmüller 2022), the data can be aligned and transferred to
a higher-level world coordinate system Rw. Generally, this
refers to the Earth-Fixed Coordinate System (ECEF), ex-
pressed as Rw (shown in Fig. 5).
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To estimate the positions of robot systems it is necessary
to transform the independent sensor types Rs,i,Rc,i from in-
trinsic coordinate system to a higher-level world coordinate
system Rw, which serves as a unified, inertial system. This
world coordinate system enables the correlation of different
data.

By extracting 4D information in terms of 4D positioning,
sensor maps, and dynamic-dependent depth maps, robot per-
ception can be extended to 4D-based trajection and ambient
point clouds to navigate robot systems, shown in Fig. 6.

Robot Perception

Input

4D
Position

Sensor
Map

Dynamic
Depth Map

4D Information

Images

Point Cloud4D Trajectory

Sensors

Figure 6: Design of 4D-based Robot Perception Robot per-
ception contains the 4D trajectory of own position and the
relation of point clouds for the perception of surrounding
distances. The 4D information can be extracted from vari-
ous sensors as positional and visual information.

Based on relativistic sensor processing, environment-
related sensor and image data can be mapped over time
as 4D information. This enables the visualization of sen-
sor maps and depth maps through the fusion of perspective
changes in images and the corresponding sensor informa-
tion, which are associated with the dynamic change of a
measurable environment. Robot’s perception can include a
4D trajectory as a part of its position, current and predictive
path planning as well as environment-related sensor infor-
mation such as forces, velocities, or accelerations as vector
lengths.

Discussion
Our model estimates positions and distances over space and
time by extracting various types of environmental informa-
tion. Considering the information density, the Schlingel rep-
resentation can contain further information like velocities or
forces, shown in Fig. 7.

In the Schlingel diagram, the information are related to
the immediate surroundings over time. In this way, sensor-
dependent variables like forces, velocity, or accelerations
can be visualized in vectorial orientation and length. This
offers the possibility of correcting position deviations with
environmental sensor data that are indirectly related to the
used sensor information of our system. Further sensor vari-
ables can be placed in a similar relationship using the Schlin-
gel diagram.

Figure 7: The illustrated motion of 4D-trajectory includes
the sensor orientation and the velocity level. The yellow ar-
rows refer to the relatively determined maximum speed. The
arrow length is a further indicator of temporal-related veloc-
ity. If no arrow is present, the sensor is in static state (v = 0).
Applying the Schlingel diagram, the 4D position can be re-
lated to the velocity-dependent vector length.

The 4D model enables the extended visualization of
additional information as it refers to the respective and
environment-specific position data of various dynamic vari-
ables. Position changes can be illustrated by our 4D model
as a kind of sensor map, extracted by images (Fig. 8).

Figure 8: The illustration shows a sensor map which is gen-
erated by image and sensor data. The different colors indi-
cate the respective positional change in space. As part of
relativistic image processing, the sensory map is suitable for
visual estimation of distances and can be extended to robot
navigation.

The illustrated sensor map reveals the influence of ac-
celeration sensors in the form of translational change in
velocity. The different colors indicate the respective posi-
tional change of motion in space. By combining color and
diagram-specific position data using relativistic image pro-
cessing, navigation of robot systems can be extended to
further sensor information. This can improve the accuracy
and robustness of these systems without using direct AI ap-
proaches.
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Combining 4D trajectories and sensor maps favors the
navigation of robotic systems. For example, local-temporal
sensor information and visual sensor maps can be used as a
reference to initialize the positions for navigation. In addi-
tion, existing approaches such as geomagnetic inertial navi-
gation (Müller and Kranzlmüller 2022), in which the earth’s
magnetic field is used as a reference, can be combined with
the 4D navigation described above.

Conclusion
This paper presents a novel concept of 4D-based navigation
of robot systems. Our motivation is based on different chal-
lenges in a dynamic environment where weather, light, or
contrast conditions can vary and motion is dependent on
time. To estimate the 4D position and related distances in
spatio-temporal view, we refer to the Schlingel diagram as a
4D model with 4 translations and 6 rotations. The method of
4D-Navigation relates to the principles of relativistic image
processing.

The 4D-based navigation of robotic systems proves to be
a promising approach. The processing of acquired sensor in-
formation in a unit tensor field using the Schlingel diagram
enables the integration of spatial and temporal information.
Furthermore, this model refers to the dependency of several
and also different sensor types in the same environment. The
failure or inaccuracy of individual sensors can thus be sig-
nificantly reduced.

We evaluated our results by acquiring acceleration, angu-
lar velocity, and magnetic field of an environment in a mov-
ing scene. The images have been extracted from a stereo-
scopic camera. The test set of data is limited to a few data
sets and supports the basic functionality. In future work,
more and more diverse data sets will be collected. This also
includes the expansion of sensor scope in terms of Time-
of-Flight (ToF), LiDAR, event-based cameras, 360-degree
cameras, as well as pressure, temperature, and haptic sen-
sors.

Our concept of 4D-based navigation describes an
equation-specific and sensor-based model of navigation. In
the future, we intend to transfer our model to a diversity of
navigation and AI approaches such as inertial navigation,
magnetic inertial navigation, VINS, and learning-based nav-
igation for robot control. This involves the verification of
how reliable the system is due to the 4D model and how in-
terchangeable the sensors are.
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