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Abstract

Uncertainty quantification is necessary for developers, physi-
cians, and regulatory agencies to build trust in machine learn-
ing predictors and improve patient care. Beyond measuring
uncertainty, it is crucial to express it in clinically meaning-
ful terms that provide actionable insights. This work intro-
duces a conformal risk control (CRC) procedure for organ-
dependent uncertainty estimation, ensuring high-probability
coverage of the ground-truth image. We first present a high-
dimensional CRC procedure that leverages recent ideas of
length minimization. We make this procedure semantically
adaptive to each patient’s anatomy and positioning of organs.
Our method, sem-CRC, provides tighter uncertainty intervals
with valid coverage on real-world computed tomography data
while communicating uncertainty with clinically relevant fea-
tures.

Introduction

Deep learning predictors are becoming ubiquitous in solving
inverse problems in medical imaging, with remarkable per-
formance across diverse modalities and organ systems. Point
predictors, however, are limited in their ability to quantify
uncertainty, as is often necessary for developers, physicians,
and regulatory agencies to verify the safety and reliability
of these models in real-world clinical settings. For example,
it has been shown that diffusion models can hallucinate the
details of a patient’s anatomy (Tivnan et al. 2024; Webber
and Reader 2024), and robust notions of predictive uncer-
tainty could ameliorate these issues. At the same time, sev-
eral studies have highlighted the benefits of including un-
certainty estimates in computer-aided decision making pro-
cesses (McCrindle et al. 2021; Faghani et al. 2023; Maruccio
et al. 2024; Salvi et al. 2025). This motivates communicat-
ing uncertainty in a clinically informed or clinically relevant
manner.

Conformal risk control (CRC) (Angelopoulos et al.
2024a) addresses the challenges of measuring the uncer-
tainty of black-box systems without assuming a predic-
tive distribution, having found numerous applications in
medicine (Hulsman et al. 2024; Angelopoulos et al. 2024b;
Kutiel et al. 2023; Teneggi et al. 2023; Angelopoulos et al.
2022). In imaging, CRC constructs pixel-wise intervals by
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starting from heuristic notions of uncertainty (e.g., quantile
regression (Koenker and Bassett Jr 1978), MC-Dropout (Gal
and Ghahramani 2016), or variance of the samples from a
diffusion model (Teneggi et al. 2023)), and then conformal-
izing the resulting sets to achieve risk control. How to mini-
mize interval length in high-dimensional settings is the sub-
ject of ongoing research (Kiyani, Pappas, and Hassani 2024;
Bars and Humbert 2025; Belhasin et al. 2023; Nehme, Yair,
and Michaeli 2023).

In this work, we observe that patients’ anatomies vary
in size, shape, and positioning of organs, and these vari-
ations may unintentionally inflate interval length. We pro-
pose to construct organ-dependent uncertainty intervals that
encompass semantic structures beyond pixels. We achieve
this by extending the CRC-equivalent of the K-RCPS pro-
cedure (Teneggi et al. 2023), minimizing the mean interval
length via convex optimization. Not only does our method,
sem-CRC, provide tighter intervals, but it can also guar-
antee the same level of risk control for each organ rather
than cumulatively over a scan. Our work is related to SG-
RCPS (Fischer et al. 2024), who study organ-wise risk con-
trol in radiotherapy. Here, we focus on computed tomog-
raphy (CT) data, and our procedure is technically novel.
First, we study mean interval length minimization. Second,
sem-CRC computes a semantic uncertainty vector whose
entries correspond to different organs, whereas SG-RCPS
outputs a single scalar that controls all organs-wise risks
(Laufer-Goldshtein et al. 2022). We evaluate our method
on quantile regression for CT denoising and a simple FBP-
UNet reconstruction pipeline using two real-world datasets:
TotalSegmentator (Wasserthal et al. 2023) and FLARE23
(Ma et al. 2022). Our contributions apply broadly to any
imaging inverse problem and any predictor with a heuristic
notion of uncertainty.

Background

Recall that in inverse problems, we aim to retrieve an un-
derlying signal X € & from measurements Y € ), where
Y = A(X) and the operator A : X — ) cannot be directly
inverted (e.g., due to being ill-posed or affected by noise).
Herein, we let X' be the space of images with d pixels, i.e.
X C[0,1]4.



Quantile regression. A common approach to solving in-
verse problems is to train a point predictor f : Y — X
that minimizes a loss function L(f(y),z) over a dataset
{(X® Yy @)}r_ of ground-truth signals with their mea-
surements. For example, if L is the squared error then
f(Y) = E[X | Y]. Differently, quantile regression trains
a set predictor g : Y — 2% such that Vj € [d], g(y); =
[Ga(y)j,d1—a(y);] where G,(Y); is the estimate of the ¢-
level quantile of P[X; | Y], which can be learned by mini-
mizing the pinball loss (Koenker and Bassett Jr 1978). Thus,
quantile regression provides an estimate of uncertainty with
intervals length.

Conformal risk control (CRC). The goal of conformal
risk control (Angelopoulos et al. 2024a) is to post-process
a fixed set predictor g to bound the expectation of its error.
More formally, denote {gx } xer., the family of nested pre-
dictors with N

(V) = [4a(y); — A di-a(y); + Al €]

and let £(gx(y),x) be any bounded, non-increasing func-
tion of \. Following prior work (Angelopoulos et al. 2022;
Teneggi et al. 2023), we will consider the proportion of
ground-truth pixels that fall outside of their intervals, i.e.

O (gr(y), z) = é Z Hz; & gx(y)i}

J€ld]

@

which is monotonically non-increasing in A € R>o and
bounded by 1. Then, for any tolerance ¢ > 0, one can
find the smallest parameter A that controls the loss in
Equation (2). In particular, given a calibration set S¢; =
{(X@,y®)}7= and a test point (X,Y") of exchangeable
observations independent of g, the choice of

Q . Tcal 701
A=inf A € R>q: Le(A < 3
ln{ R0 ncal+1cal()+ncal+1_6}()
where 9L (\) = 1/nca > (eesa (91 (y), ) guarantees
that
[ (g5(Y), X)] <, @)

where the expectation is taken over Sy and (X, Y).

High-dimensional risk control. As noted by (Teneggi
et al. 2023), using the same scalar A for all pixels inflates
the mean interval length of the conformalized sets. To over-
come this limitation, they propose to assign each pixel to
one of K groups with some shared statistics. More precisely,
they consider a partition matrix M € {0,1}4*X and use a
vector-valued parameter A = [A,..., x| € RE, such

that A = Mg € R, and

9A(W); = da(y); — Ajy d1-a(y); + Al 5)

Then, for a fixed anchor point Y K E Rgo’ choosing

A=inf{A € MAg +wly, w€R: BL(A) <ef, 6)
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controls risk as in Equation (4). Note that (Teneggi et al.
2023) introduced their method for risk controlling predic-
tion sets (RCPSs) (Bates et al. 2021), but it applies to CRC

as well. The anchor A € RI>(0 is arbitrary, but it should
be chosen to minimize the mean interval length. The pro-
posed method, K-CRC, introduces £ for v € (0,1): a con-
vex upper-bound to ¢°!. Then, it solves the following opti-
mization problem

:\K =argmin Z NE Ak
Ax€RE e[k (PK)

S.t. fzp[(MAK) <,

where ny is the number of pixels in group k. We stress that
in this procedure, the calibration set S, needs to be split in

Sopt and §cals such that the former is used to solve (PK') and

the latter to find X as in Equation (6).
With this background, we now present the main contribu-
tions of our work.

Semantic Uncertainty Quantification

Observe that the partition matrix M that assigns each of the
d pixels to one of K groups does not depend on the measure-
ment y. This choice is effective when the semantic content
of each pixel is similar across observations (e.g., face im-
ages can be aligned and centered). However, CT data is het-
erogeneous, and a fixed partition matrix may unnecessarily
increase the mean interval length.

In this work, we leverage foundational segmentation mod-
els (Qu et al. 2023; Li, Yuille, and Zhou 2024) to con-
struct organ-dependent uncertainty intervals. Our method,
sem-CRC, extends K -CRC to instance-dependent member-
ships s(y) € [K]%. This decouples optimizing the mean in-
terval length from the pixel domain, and it reflects the un-
certainty of the model in terms of semantic—and clinically
meaningful—structures. Formally, let s : Y — [K]? be
a fixed segmentation model such that, for a vector Ayery €
RX, the family of nested set predictors {ga.,, } is given by

®)

Note that, differently from gy (y) in Equation (5), the same
pixel 7 may receive different assignments in different scans
depending on the measurement y. Our work does not study
the performance of s, and calibration of segmentation mod-
els is subject of complementary research (Mossina, Dalmau,
and Andéol 2024; Wundram et al. 2024; Davenport 2024;
Brunekreef et al. 2024). We will proceed analogously to the

above, i.e. finding an anchor A that minimizes the mean
interval length Iy (y), and then backtracking along the line

Asem + w1 g to control risk. Start by noting that the mean in-
terval length can be expressed as

= 1 1
Dna) =5 2 1w+ 5 D I1Ss@lhe, O
]

JjEld ke[K]

Iren ¥)5 = [0 (¥)5 — As),» Q1—a (V)5 + Ay, ]-

where I(y); = ¢i—a(y); —Ga(y); is the width of the predic-
tion interval for pixel j, and Si(y) = {j € [d] : s(y); = k}
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Figure 1: Illustration of our experimental setup.

is the set of voxels that belong to organ k for observation y.
We can see that the mean interval length is still a function
of the sum of the \y’s, but the multiplicative factors now de-
pend on y as well. So, it becomes necessary to minimize the
mean interval length in expectation over Y. We extend the
original optimization problem (PK) to its semantic version

Aem = argmin Y By [|Sk(Y)[] Ak
Aen€BE, K]

égpt ()\sem) <€

(Psem)
S.t.

where, in practice, we estimate the objective over Sop[. To
conclude, we choose

5\sem = inf {}\sem € ;\sem +wlk : R:;;I(Asem) < 6} )

(10)
and we state the validity of sem-CRC in the following
proposition.'

Proposition 1. For a risk tolerance ¢ > 0, segmen-
tation model s Y — [K]% anchor point Ay €
RI;O, and exchangeable calibration and test points Sq, =
(XD Yy @)}t (XY, the choice of Asew as in Equa-
tion (10) provides risk control, i.e.

E[* (g5, (V) X)] < e (11)
Proof. Let Agem(w) = Xsem 4+ wlg, w € R, and note
that EOl(gksem(w) (y),x) is bounded by 1 and monotoni-
cally non-increasing in w. Since s is fixed, the random
functions L;(w) = £ (gx., @) (YD), XD) and L(w) =
(Y (g (w)(Y), X) are exchangeable. The result then fol-
lows by applying (Angelopoulos et al. 2024a, Theorem 1) to
w. O

We remark that sem-CRC also relies on splitting the cal-
ibration set Scy into Sy to solve (Psem), and Scy to find

Asem as in Equation (10). Furthermore, and naturally, the
method requires performing inference with the same seg-
mentation model used for calibration. We regard semantic
calibration with respects to ground-truth segmentations as
an extension of this work.

Controlling risk for each organ. Clinical tasks may re-
quire different organs to have the same level of reconstruc-
tion accuracy, but Agp, may overcover easy-to-reconstruct
ones while undercovering others. For example, as noted
by (Fischer et al. 2024), per-organ coverage is critical to

'We present results for CRC, but our method generalizes to
RCPSs as well.
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avoid treatment errors for tumor resection planning or or-
gan transplant evaluation, at the cost of larger uncertainty
intervals. On the other hand, interval length minimization
across several organs informs on the distribution of the er-
ror of the model for tasks such as whole-abdomen segmen-
tation or total lesion volume measurement. Thus, we spe-
cialize sem-CRC to control risk with the same tolerance
e for each segmented structure, and we call this variation
sem-CRC. With this, our contributions allow clinicians to
use the minimal dose that guarantees risk control for a target
organ with uncertainty intervals shorter than a task-driven
tolerance, and regulatory agencies to potentially issues stan-
dards accordingly. Denote

BN grne ), x) =

1
Sy > Uz ¢ ga )i}
JESK(Y)

(12)
the proportion of pixels in organ k (e.g., liver) that fall out-
side of their intervals,A and let e;, be the k™ standard basis
vector. The choice of A € RE ) with

s g = inf {A € Rso : B y(Rsem + Neg) < e} . (13)

where
Tecal ~ 1
R aA) = —==0' (N + ——— 14
pcal(A) ea + 1 kcal(A) + ] (14)
provides risk control for each organ, that is

E[ﬁgl(gxﬁ(Y),X)] < e k = 1,...,K. This follows

by applying Proposition 1 to each dimension of Asem. We
briefly remark this is different from multiple risk control
with one scalar A as in (Angelopoulos et al. 2024a; Laufer-
Goldshtein et al. 2022; Fischer et al. 2024), and that the
equivalent for RCPS requires multiple hypothesis testing
correction.

Experiments

We compare CRC, K-CRC, and sem-CRC for denoising
and for a basic FBP-UNet reconstruction task on TotalSeg-
mentator (Wasserthal et al. 2023) (1,429 scans) and on the
first 1,000 scans from the training split of the FLARE23 (Ma
et al. 2022) challenge (see Figure 1 for an illustration of
the experimental setup). We resample the FLARE23 dataset
at 1.5mm x 1.5mm x 3.0 mm resolution, and we window
all scans between —175 HU and 250 HU. For denoising, we
add independent Gaussian noise with ¢ = 0.2; for recon-
struction, we use the ODL library (Adler, Kohr, and Oktem
2017) with ASTRA (Van Aarle et al. 2016, 2015) to simulate
a helical cone beam geometry. We set the pitch adaptively to
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Figure 2: Example calibration data: ground-truth, measurement, and segmented predictions for both tasks and datasets.

TotalSegmentator FLARE23

Task Procedure Risk Length (x10—2) Risk Length (x1072)
CRC 0.095+0.006  11.60£0.21  0.096 + 0.004 9.16 £ 0.09

Denoising K-CRC 0.097 £ 0.006 9.37£0.20 0.096 £ 0.006 6.81 +0.21
sem-CRC  0.098 +£0.006 8.72+0.18 0.095+0.006 6.36+0.11
sem-CRC  0.055£0.004 11.84+0.20 0.056 &+ 0.003 8.06 £0.16
CRC 0.098 £0.007  10.43£0.23  0.095+£ 0.006 6.19 £ 0.09

FBP-UNet K-CRC 0.098 £ 0.009 9.32+£0.13 0.095 £ 0.003 6.20 £0.14
sem-CRC 0.097 £0.007 8.954+0.19 0.095+0.006 6.1840.13
sem-CRC  0.059 £0.005  12.43£0.20  0.057 £ 0.003 7.72£0.17

Table 1: Summary of calibration results as mean and standard deviation over 20 independent runs of each calibration procedure

with risk tolerance € = 0.10.

cover the entire volume in 8 turns, and acquire data over
1,000 angles with a detector of size 512 pixels x 128 pixels.
We model low-dose measurement as linear Poisson noise
with Iy = 1,000. We chose these settings to highlight our
method’s performance on a challenging task. For each task,
we use MONALI (Cardoso et al. 2022) to train a 3D UNet
(Ronneberger, Fischer, and Brox 2015) (= 5 M parameters,
ROI of 962 voxels) with quantile regression (o = 0.1, i.e.
the 10" and 90™ quantiles) on the AbdomenAtlas-8K dataset
(Qu et al. 2023) (5, 195 scans).

We segment 9 structures: spleen, kidneys, gallbladder,
liver, stomach, aorta, inferior vena cava (IVC), and pancreas
using SuPrem (Li, Yuille, and Zhou 2024), a state-of-the-
art general-purpose segmentation model for medical imag-
ing. All remaining voxels that are not background are la-
beled generically as “body”. We remark that the segmenta-
tion model s is introduced as a function of the measurement
for the sake of generality. Here, we segment the predictions
of the 3D UNet, but any strategy independent of the cali-
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bration data would be valid. To solve (Psem) over a dis-
tribution of volumes that represents all organs, we select 4
equidistant slices from the window of 48 that maximizes the
segmentation volume. Finally, we center-crop or pad slices
to 256 voxels x 256 voxels for calibration.

Since sem-CRC relies on a fixed segmentation model,
we evaluate predictions in terms of mean structure-wise F1
score between the segmented outputs and the ground-truth
annotations over 200 random volumes. For the TotalSeg-
mentator dataset, we obtain 0.85 + 0.07 and 0.83 &= 0.08 for
denoising and FBP-UNet, respectively; and, equivalently,
0.88 £ 0.06 and 0.87 £ 0.07 for the FLARE23 dataset. Al-
though we see a slight drop in performance compared to the
metrics reported in (Li, Yuille, and Zhou 2024), these results
confirm predictions are of reasonable quality for segmenta-
tion, and we include some examples in Figure 2.

We set the error tolerance to € = 0.10, allowing at most
10% of ground-truth voxels to fall outside their prediction
intervals. Each calibration procedure is run 20 times on in-
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Figure 3: Example conformalized uncertainty maps on one volume per dataset with each calibration method for the FBP-UNet
pipeline. The bottom row shows A, the semantic uncertainty parameter learned by our method, sem-CRC.
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Figure 4: Mean interval length and risk stratified by organ for the FBP-UNet task across all calibration procedures and datasets.
sem-CRC is the only procedure that guarantees risk control for each organ.

dependent subsets of ne = 512 scans, with risk estimated
on nes = 128 scans. We allocate nep = 32 calibration
samples to solve (PK) and (Psem), ensuring a fair compar-
ison across methods. For K-CRC, we follow (Teneggi et al.
2023) and construct the assignment matrix M by grouping
voxels into K = 4 quantiles of the loss on the optimiza-
tion set. Finally, to solve (PK) efficiently, we subsample
dopt = 50 voxels (much smaller than 2562) stratified by
membership; and for (Psem), we ensure the smallest or-
gan has a support of at least dp,;;, = 2 voxels by subsam-
pling dopt = dimin/ ming E[|Sk|] dimensions (dop = 3, 000).
Solving subsampled problems reduces complexity to the or-
der of seconds.

Table 1 summarizes risk and mean interval length across
all datasets and tasks. All procedures are valid, i.e. they
control risk at level €. Our method, sem-CRC, consistently
provides the shortest uncertainty intervals. On the other
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hand, and as expected, controlling risk for each organ with
sem-CRC increases the mean interval length. Figure 3 com-
pares the conformalized uncertainty maps obtained with
each method on the same volume, and it includes the vector
Asem learned by sem-CRC. The uncertainty maps generated
by sem-CRC are sharper and contain fewer artifacts thanks

to using instance-level information. Furthermore, ;\SCm di-
rectly informs on which organs have higher levels of uncer-
tainty, depicting how the same model may display differ-
ent uncertainty patterns across different populations. These
findings are fundamental to the responsible use of general-
purpose machine learning models across centers serving di-
verse demographics. Finally, Figure 4 highlights the differ-
ence between controlling risk for each organ or cumulatively
over a volume: all methods but sem-CRC achieve risk con-
trol by overcovering background and undercovering organs.
Our methodology gives users the flexibility to specify which



organs they desire to control risk for depending on the clini-
cal task at hand.

Conclusions

Modern deep learning models are widely used for image
reconstruction, including computed tomography. However,
they often provide only point-wise estimates, lacking sta-
tistically valid uncertainty measures. This work proposes a
conformal prediction approach that generates uncertainty in-
tervals with controlled risk at any user-specified level. By
integrating high-dimensional calibration and state-of-the-
art segmentation models, our method, sem-CRC, produces
organ-dependent uncertainty sets that are adaptive to each
patient. Moreover, it can control risk for each organ. Not
only does sem-CRC provide the tightest uncertainty set,
but also it communicates findings with clinically meaningful
anatomical structures.
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