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Abstract: In this paper, we get the empirical Bayes likelihood test rules for Exponential distribution based on ranked set
sampling. Its asymptotic optimality is obtained. Due to the advantages of combining empirical Bayesian methods with prior
information of samples, the accuracy of statistical inference can be improved. Therefore, the fusion of empirical Bayesian
likelihood methods can further enhance the estimation methods of statistical models.
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1. Introduction 0= {9 >0[0<h™(0)= jgm(x)e_gxdx < 00} is parameter
Empirical Bayesian method is a method that uses historical space.

samples to estimate prior distributions and determine We discuss the following test problem:

Bayesian decision functions. This method is particularly

useful when the prior distribution is unknown. Empirical H,:0<6,< H :0>6, (1.2)

Bayesian methods can usually be divided into two types:

parametric empirical Bayesian methods and non parametric Where HO is given constants.

empirical Bayesian methods.In the parameter empirical ( 0-0 )

Bayesian method, it is assumed that the prior distribution L,(0.d))=a 1(60>6,),

belongs to a known parameter family. Then, based on We choose loss function ¢

—~

0-6,)

independent and identically distributed historical samples, L(0.d)=a
. . . . . q sl ) —
classical statistical methods are used to provide estimates of
parameters, thereby obtaining estimates of prior distributions.
Using its Bayesian solution as an empirical Bayesian decision
function.In non parametric empirical Bayesian methods, the imply acceptance and rejection of /1, respectively.
Bayesian solution of a decision problem can be expressed as
the product of two known functions. At this point,
independent samples that follow a certain distribution can be
used to estimate these two functions, thereby estimating the
Bayesian solution and using it as the empirical Bayesian

1(60<6,).

where a >0, d ={d,,d,} isactionspace, d, and d,

Suppose that the prior distribution G(€) of parameter the

0 is unknown.
We have random decision function

decision function for the decision problem. 3(x)=P(accept H, o IX=x). (1.3)
Overall, the empirical Bayesian method is a method that

utilizes historical data to optimize decision-making. It Then, the risk function of 5(x) is shown by

combines prior information and sample information, obtains

posterior information based on Bayesian formulas, and then R(&(x) G(ﬁ)) :J‘ J [L (9 d )f(x | 6)5(x)+

infers unknown parameters based on the posterior ’ eJoL 070

information Ranked set sampling (RSS) was introduced by _ }

Mclntyre to estimated pasture yields[1]. RSS has been used L (0.d,)f (x| 9)(1 5(x)) dxdG (0)

in many fields such as environment and sociology. Since —a J‘ B ( x) 5( x) dx+C,

Robbins proposed empirical Bayes (EB) approach, it has been Q

developed [2-9]. where
In this paper, we obtain empirical Bayes likelihood test rule

for Exponential distribution based on ranked set sampling. C; = IQ L (0, d, ) dG(@),

Let X have a conditional density function for given 0

— (‘9_‘90)
f(x160)=m(x)h(0)exp{-6x} (1.1) ﬂ(x)—L)Tf(xI@)dG(e). (14)

where 0 i unknown parameter, The marginal density function of X is shown by

xeQ= {—OO <a <x<a,< OO} is the sample space and
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. (x):L)f(xW)dG(é’)
= [, m()n(8)e "d6(0) = m(x) p(x)

where p(X) = I@ h(@)e_gxdG(H) .

Since %h (9) e = joo h (9) e ”dy ,we have

[, 2 7(+10)a6(0)=m(x) |, [ n(0)"avaci(0)
m(x)["p(y)dy=m(x)¢; ()

¢ (x) fp(y)dy= I@%h(@)e“a’G(é’), (1.5)

By (1.5, we have B, (x)=71,(x)—6m(x)d,(x)

where

o0

(»)
()

Using (1.5), Bayes test function is obtained as follows

l,ﬁ(x) <0,
5G(x)={0,,8(x)>0.

¢G(x)=I ];j

X

p(y)dv=[" dy:E(

Further, we obtian the minimum Bayes risk as follows
R =inf R =R
(G)=inf R(5.G) = R(5,.G)

~af, A(x)3, (x)ds+C,. o

From above that O (x)=5G (x) and R(G) can be

obtained when the prior distribution of G (19 ) is given. If

not, we use the EB method. The rest of this paper is organized
as follows. Section 2 presents an EB test under ranked set
sampling. In section 3, we obtain the optimal rate of
convergence of the empirical Bayes likelihood test under
ranked set sampling.

2. Construction of Empirical Bayes
Likelihood Test under Ranked Set
Sampling and dependent data

Supposed that X(l)l, X(1)2, ey, X(l)m, X(z)l, X(2)2"', X(Q)m, ey
Xaot, X+, Xaom be a balanced ranked set sample from
population which has the common marginal density function
fGx). We assume perfect ranking. Denote that X(1)1, X(1ym, X(2)1,
Xom, Xao1 ,Xm are ranked set historical samples, and X is
present sample. Assume f(x)€Csa, xER;, where
Cs,a={g(x)|g(x) is a probability density function. The s—he
order derivative Supposed that K(x) be a Borel measurable
bounded function vanishing off (0,1) such that (A1):
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vtK(v) dv

Lt=0 .
0,t=1,---,5—1 @D

empirical likelihood is established by

R(f(x))= Sup{ani,pi > Oazpi = l’zpiAi = 0}
i=1 i=1 i=1

empirical likelihood ratio is established by
I(f(x)) =-2log R(f(x)) =2 log(1+sA,)
i=1

where s € R , § is determined by

H(s)=li A =0

n'I 1+sA, B
Kernel estimator of f(x) is defined by
A, =K (x—X()1/hy) — f (x)

where % is a positive and smoothing bandwidth, and

limh, =0, f, (x) =argmax R( f(x)).

n—>0

Thus, the estimator of fF(x) is shown by

B, (x) =1 (x) - Hom(x)gén (x) (2.2)
And, the EB test function is defined as follows
LB, (x)<0
5,(x)= A () (2.3)
0,8 (x) >0

Let E stand for mathematical expectation with respect to
the joint distribution of X1y, Xy, ***» Xm» X1, X@)p2s
X2m, > X1, X2+, Xaom. Then, the overall Bayes risk of
On is shown by

R(5" (x),G) = aIQ/J’(x)En [5n (x)] dx+C,

If R(8,,G)~R(8,,G)=0(n""), where q>0, O(n")
is asymptotic optimalit convergence rates of empirical Bayes
likelihood test function { 5n (x) }. Before proving the

theorems, we need the following lemmas. Supposed that c,c1
be different constants in different cases even in the same
expression.
Lemma. R(6¢,G) and R(8,,G) are defined by above, then
0=R(8n,G)~R(36,G)=clalBC)[P(Br(x)~BOZIB())dx.



3. Conclusion

Theorem Assume (Cl) and the following regularity
—1/(2+s)

conditions hold. where A, =n i
(D Ig|ﬁ(x)|H m* (x)dx <o,
@ [ [p(x) " dv<oo.
Then, we get R(6,,G)—R(5;,G)= O(n—z(s+1)/z(s+2))

Proof. Using Markov's inequality, we get

0<R(5,,G)~R(5,,G)

<af |p(x)| " E|B,(x)- A(x) dx

<c[ |B() " Bl (x)- 1y (x)] e+ 3.1)
J B m (x)Elg, ()~ (x)]

=M +TI

Applying Lemma and the conditions (1)-(2) in the Theorem,
we obtain

M, < C-n%(m)/z(m)jg|,B(x)|H dx < ¢ 6/26+2) (32)

L <cn*? J.Q‘,B(x)‘l_/1 m* (x)dx<c- n? (33

Substituting (3.2)-( 3.3) into (3.1,
Remark 3.1. When 4 —>1, s >0, O(n‘i(m)/Q(”?))

nears O(n’l/2 ) .
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