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Abstract: In this paper, we consider the division of nested networks with a horizontal division line [, where k is the division
coefficient. The problem of capture on the surplus network obtained after the division is studied. In addition, by studying the
structure of the surplus network, we obtain the relationship between the transmission efficiency on the surplus network and the
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same time, we also solved the mean capture time of each node on the bottom edge of the surplus network.

Keywords: Nested network; horizontal division line; division coefficient; mean capture time.

1. Introduction

In recent years, complex networks have been studied by
scholars in different fields. They have been applied more and
more widely, such as sociology, computer science, biology,
physics, and so on!'*l. For example, in power systems,
applications of complex network theory include design
optimisation of power grids, fault detection and recovery, and
power demand forecasting®>®l. In logistics and supply chain
management, complex network theory can be used to
optimise the design and management of logistics networks
and improve the efficiency of supply chains®!%. The study of
dynamic processes has gradually become the focus of
research, and random walk is the basis and important tool of
our research. Many scholars in various fields have conducted
in-depth research on random walk(''Y. As we know, the
mean capture time (MCT) as an important index obtained
through the random walk model on the network. MCT can be
defined as average of the mean first passage time (MFPT) of
all nodes on the network of the wanderer to reach the trap
node. MFPT is defined as the average time for a walker to
reach the trap node for the first time from the node.

Complex networks are networks with some or all of the
properties in self-similarity, self-organisation, attractors,
small worlds, and scale-free. Therefore, fractal networks with
the important property of self-similarity have attracted a great
deal of attention in various fields, such as flower network!!>16],
Koch curvel!”!8], Sierpinski Gasket triangle network!'?,
Vicsek fractal?” and so on. Among the many fractal networks,
Sierpinski Gasket network is one of the most popular network
models. Many existing research papers have explored the
MCT on Sierpinski Gasket network and its derivative network.
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Wu et al.?!?2 studied the MCT on three-level Sierpinski
gasket network and half-Sierpinski gasket. Zhang et al.[?>24)
studied the MCT on three-dimensional horizontally
segmented Sierpinski gasket network and three-dimensional
Sierpinski gasket gasket network. Hu et al.l®! studied the
MCT of a three-level horizontally segmented Sierpinski
gasket network. Sun et al.*®! studied the MCT on a network
extended by a Sierpinski gasket. Han et al.?” studied the
MCT when performing non-nearest-neighbour jumps on a
nested network derivative by a Sierpinski gasket network. On
the basis of nested networks, we consider a horizontal
division of them to obtain a surplus network model (SSN).
Solve the analytical expression of MCT on the SSN, which
contains the number of iterations and the division coefficients.
At the same time, we analysed the effect of changes in
division coefficients on the efficiency of the random walk. In
addition, we solve the MCT when each node on the bottom
edge of the SSN is used as a trap node.

The rest of the paper is as follows: in Section 2, we present
the method for constructing SSN and auxiliary networks
(ASN) by nested networks. In Section 3, we solve the exact
expression for the MCT on the SSN. In Section 4, we solve
for the MCT of each node on the bottom edge of the SSN.
Finally, in Section 5, we conclude the full paper.

2. Preliminaries

In this section, we provide a brief description of the nested
network model and introduce the definition and construction
of the horizontal division line [, the surplus network SSN
and the auxiliary network (ASN).

Figure 1. The structure of SgN.
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2.1. Structure of SgN

SgN is an extension of the Sierpinski Gasket, also with self-
similarity. First, we denote the equilateral triangle and the
three-regular graph as S and N, respectively. where S is a
structural graph of S by taking a trisection on each side of the
triangle, and connecting all pairs of trisections parallel to the
initial side. Then, six copies of the three-regular graph N are
embedded into S to form the 1st generation network, denoted
as S{N. When n = 2, the six Sg_;N are embedded into S to
form SgN, as shown in figure 1.

According to the construction method of SN, we can
divide SN into six parts, denoted as [;(g—1), i=
(1,2, ...,6). We label the nodes on the network in the top-to-
bottom order, and the three corner nodes are denoted as
denoted as 1, L, and R. Where each region consists of many
SoN of the Oth generation, and we denote the number of SyN
of the gth generation as A9. It is easy to get the number of
SoN as 69. By the structure of the nested network, we denote
the set of all nodes as N(g) and the set of all edges as E(g),
can be calculated.

2.6g +§’
5 5

IN(g) =

|E(g) =

(M
6",

Here we use the symbol |- | for the number of elements in
the set.

2.2. Structures of SSN(g, k) and ASN(g,n)

First, we define the horizontal division line [, as the
horizontal line where nodes 7, 8 and 9 are located (at % of the

line segment between corner nodes 1 and L). The network
SgN is divided into two parts by the horizontal line [y,
preserving the lower network of the division line. Notice that
the lower network preserves the points on the division line.
We call the lower network the surplus network notated as
SSN(g, 1). Similarly, the second horizontal division line [, is
defined as the line segment identified through corner nodes 1

and L at iz (near node L) and parallel to [;. The retained
3

surplus network is therefore denoted as SSN(g, 2). Based on
the above surplus network construction method, we denote
the division coefficients by the integration number k. When
the network is divided using the division line I, SSN(g, k)
is obtained as shown in Figure 2. Note that the division
coefficients here need to satisfy: 1 < k < g. Itis easy to see
that SSN(g k) consists of 3* S;N(g — k).

SSN(g,1)

Fo(@-2) Tyl(g-2) T7(g-2) Te(@-2) Ts(@-2) T4(9-2) Ts(g-2) Tafg-2) Ti(g-2)
SSN(g.2)
®

Ng-k)  Tigk) s (g k) Talg-k)  Talg-k) Ta(gk) Mgk

SSN(g,k)

Figure 2. The structure of SSN(g, k).

Therefore, we give here the definition of the auxiliary
network ASN(g,n), that is, n SgN can be obtained by
connecting them in series in order to obtain ASN(g, n).

For a clearer representation, we denote these n regions as
I(g), TL(g),..., and T,(g) from right to left. For any

(An)

(B,3)
(C.4)

region [j(g)(1 <j <n), we denote the corner nodes as
(A,)), (B,)), (C,)), as shown in Figure 3. Note that since some
of the nodes connect two regions, there exists (B,i) = (C,i+1),
where 1 <i <n.

(A3) (A,2) (A1)

(B.2)
(C.3)

(C1)

Figure 3. The structure of ASN(g, n).
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Then, similar to the definitions of the set of nodes and the
set of edges given earlier. We denote the set of all nodes and

the set of all edges of SSN(g, k) and ASN(g,n) as N3(g k),

NA(g,n) and ES(g k), EA(g n) respectively. Based on the
structure of each of the two networks, we can obtain:

N el 1N (=D =2n-6 4 5n+l, (o)
|E*(g.m)|= n-E(g)=n-65";

k
| N*(g,k) = 3k'N(g—k)—(-”k—1)=%(12'6g7"+3)+1, 3)

|E*(g,k) = E'(g—k,3")=3"6""

3. Analytic Expression for The Mean
Capture Time on Network SSN(g, k)

In this section, we will first compute the MCT on the
network SgN with corner node L as the trap node. Then,
compute the MCT on ASN(g,n) when node (C,1) is used as
a trap node. Finally, the equivalence between the network
ASN(g,n) and SSN(g k) is obtained through the network
ASN(g, n). This results in an analytic expression for the MCT
of SSN(g, k).

3.1. MCT on the SgN

In this section, we will fix the trap node as the corner node
L, thus considering the MCT on S;N. We consider unbiased
Markov random roaming on the network. During the roaming,
the directions are random and the step sizes are equal. First,
the random walker starts from any non-trap node. It wanders
along the network only one unit step at a time until it is
captured by a trap node and the wandering ends. The transfer
probability at each roam is the inverse of the degree of that
node. Here, we denote the degree of node u as d,,. Denoting
the transfer probability from node u to v as p,,, we
obtain:

—, if u~vandu # 2
dy
01

Puv =
others.

Then, we define the mean first passage time (MFPT), that
is, the mean time for a random wanderer to reach a trap node
v for the first time from any node u is denoted as T, ,,.
When node u is not a trap node and there exists a trap node
a, the MPFT from node u to the trap node, is denoted as
T, = T, . In particular, if the initial node is the same as the
trap node, the we have T,, = 0. Denoting T,,, as the sum
of the MFPT of the wanderers starting from all nodes, we
obtain the following equation:

=2 L= 2 T

ueN(g) ueN(g)

4)

From this, we obtain the MCT on SgN, denoted Teum
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which can be obtained:

T

sum

TN -1

6))

sum

According to previous scholars we can get a MCT on SgN

- _7(8-7q) _ 7 _
containing A(q) = 56779 [ 1 (27;
6114(q) 135 4
T g 6g
sum (g) 640 ( )
N 39934(q) (135)g _ 4011135 Aq)-6°
155 7 1984 7
e
4
= 1
T..(8)=

3968(12-6g +3)

Il 8941,1(q)( S)e6et 1511 104,1(q)(1375)g

+5(10912 — 257851(61))68“ 1.

When we make q = 0 thatis, A(g) = 1, what is going on
at this point is what we define as a random wandering, and we
can get:

611 135
T, (8)=—-~(—)°"
640 7 ©
, 3993 (13_5)g TS5 e 1
155 7 1984 4
T (§) = o (189412 6
s 3968(12- 6% +3) )

+511 104(1375)g —74365-65"].

3.2. MCT on the ASN(g,n)

The above discussion of MCT on SN are based on when
corner nodes L are used as trap nodes, but are not sufficient to
support the computation of MCT on ASN(g, n). We also need
to obtain parsing expressions for MCT when two and three
corner nodes are used as traps, which can be used to compute
parsing expressions for MCT on the network ASN(g, n).

Here, we use the corner nodes L and R as trap nodes on the
network SgN. At this point any node u reaches the MFPT of
the absorbing node, and the total capture time and MCT are
denoted as T2(g), TZ,,(g9), and T2,,(g), respectively.
Similarly, we use corner nodes 1, L and R as trap nodes on the
network SgN. At this point any node u reaches the MFPT of
the absorbing node, and the total capture time and MCT are
denoted as T2(g), Ti,m(g), andT3,,,(g), respectively.

Based on the symmetry of the nested network SgN., we can
obtain the following relation:

135
T} (g)=

=T 8
p (g) ®)



71 135, o 749 135
Tqim(g):ﬁ(T)f’ 6 14'?(7)87 ©)
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From this, we can obtain the MCT when there are two trap
nodes on SgN, that is:

o | N(g)[-2
ﬁ(l?’j)g 6g+1 + 3745 (Bj)g — 223095 6°
_128 7 31 7 1984
12-6% -2

The above conclusions are solved in detail in Appendix A.

Next, we compute the parsing expression of the MCT on
the auxiliary network ASN(g,n) with node (C,1) as the
capture node. We let the set of all nodes on I(g)(1 <j <n)
be N . Denote the set of nodes containing only (B,j) and (C,j)
as N;.Furthermore,let N) = Nf UNZ ..UN}, N =N]/
N/ and N, = N,/N,. We let the MFPT from node (a,b) to
node (c,d) on the auxiliary network ASN(g,n) be denoted as
T(fz,b),(c,d) (g,n). Let the sum capture time on the auxiliary
network ASN(g,n) be T&,.(g,m) and the mean capture
time be Té,,(g,n).

Based on the above classification of nodes, we divide the
path from any node (i,j) € Nyto the capture node (C,1) into
two steps:

(1) (i,j) reaches node (B,j) or (C,j) after time TZ(g).

(2) Departing from node (B,j) or (C,j) is finally captured

at node (C,1).
So, we have the following equation:

T, (g.n) = Z T(ﬁj)xcﬂl)(g’”)

(1,/)eN(g)

n
=Z Z T(fj)xc,l)

=1 (i, j)eN;

A
+ Z TG e

(1,))eN,

(g,n) (10)

(g,n).

The nodes (B,j) and (C,j) in 1\7[{ are symmetric in the
network [(g), so the following equation can be obtained
inany j € [1,n]:

Y Then(gm

(i, ))eN}

= Z T(i.n(g)

(i.))eN}

1 1
+ Z [ Tc (&M + =T (g:m)]
(i.))eN) 2 2

~73,(8) + 2 N(@)|-2)

[T(g,j),(C,l) (g,n)+ T(é‘,j),(c,n (g,n)].

(11)
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So substituting Eq.(11) into Eq.(10) yields the following
equation:

T2, ()4 (I N(@)-2)

sum

n ) 4 (12)
Z[T(B,j>,(c,1) (&m)+Tc ) (&m]+

j=1
4
ZA T(i,j),(c,l) (g,n).

(i,/)eN,

Since we labelled the nodes (B,j) and (C,j) in the corner
nodes (B,j) and (C,j) on the network ASN(g,n) in such a way
as to know that (B,j) = (C,j+1), where 1 <j <n, we can
convert Eq.(12) into the following equation:

T (g:m=n-T,, ()+(N(g)|-2)

1
[ Z T(fj).m)(g’”)_57"(;,”>,(c,1)(gan)]

(i,j)eN,
+ Z T e (&m) (13)
(i,j)eN 4
=n-T,,(g)
+(N(g)|-D Z Zf/),(c,l)(g, n)

(i,j)eN

1
—5 (N (2)] DT e (&51)-

Next, we consider the computation T(‘?‘ enl@n ,
(i, ) € Ny, where T 1 c1y(g,n) = 0 when (i,j)=(C,1). So
we only need to consider nodes (B,j), j € [1,n]. The random
walks we consider are equal probability walks, so a walk
starting at node (B,j) 1 <j <n will reach node (B,j-1) or
node (B,j+1) for the first time after time T, ;(g) with equal
probability. Thus, computing T(‘z Hen@n)ij) e N,
reduces the model to a random walk model on a one-
dimensional finite lattice with the node (C,1) as the capture
node, denoted L(n), with a length of n and a length of unit
length for each edge. We label it from right to left as 0 to n,
atotal of n + 1 nodes. Denote the commuting time from any
of these nodes a to node b as T,.p,(n). So, by the finite
resistance principle, we can get the following equation®!:

LM =T, (m)+ T, () =2nR, .

where Tg,(n) denotes the MFPT from node a to node
b on L(n) and R,, denotes the effective resistance from
node a to node b on L(n). So we can easily get R, ), =
b—a when a = 0:

Ty, (n) = Tofb (n)+ ];fo (n)= 2nR0,b =2nb.
Since b <n, we have: Tg,(n) =Tgp(b) =Ty (b) .

From this, we we can obtain:

1
Ty =T (0) =5 Ty () =



On this basis, we can get:
T, (n)=2nb—T,,(n) = 2nb—b".

So from the above results and analyses on the one-
dimensional finite lattice, we can get the following relation:

135
ﬂéﬂucn(g;n)=7ﬁb‘ﬂi(gozzznchfdg. (14)

A
ZA TG e

(i,/)eN 4

(gm) =3 T (1) T, (g)

= 2'($)gi(2nb—b2) (15)
b=1

1 135,
= En(n +1)(4n— 1)(7) .

Therefore, substituting Eq.(9), Eq.(14) and Eq.(15) into
Eq.(13), we get:

16 , 809 135
T (g,n)=(—n"+——n)-6°-(—)*
4 o, 3714 135,
+H=n"+n"+——n)-(— 16
(5 155 )(7) (16)
44619
1984

Hence we can solve for MCT on the auxiliary network
ASN(g,n):

TA (g i’l): Tg;jm(g’n)
" |N“(g,n)| -1
1 , 809 135 (17
= [(16n% +=2)6% - (—2)¢
12-6°+3 [ 64) ( 7 )
+_(4’12+5n+3714).(1§§)g_2230956g]_
31 7 1984

3.3. MCT on the SSN(g, k)

In the previous section we have solved the analytic
expression for MCT on the auxiliary network ASN(g,n).
Through the equivalence between the surplus network
SSN(g, k) and the auxiliary network ASN(g,n), we can
easily solve the following equation:

K=T" (g-k3")

809
+ —
320

= (E.gﬁk 13_5
5

gk
=)
135
7

34)-657 -

3714 (18)

155
_w.y‘ L657F,

1984

)<t

+(%'33k +3% 4+ 3°)(

From this, we can solve the analytic expression for MCT
on the surplus network SSN(g, k) with corner nodes L as trap
nodes:
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TS (g.k)= T;im(g9k)
o |Ns(g7k)|_1 (19)
809 135
— (16-3% 4+ g (22
12-6g’k+3{( 64) ( 7 )
3 53 ST 223095
31 7 1984

Make k =0 to verify the above equation and we get
’I_"Sim(g, 0) = Tyum(g) . We take the principal term of
T5.m(g,k) to satisfy the following equation:

809
64
12-65% +3

135

(16-3* +
7

)6+

)<

(20)
3 63

k.13_5g
NZ'(E) (7)-

Thus, we can know that Ty, (g, k) is proportional to the
number of iterations, which is inversely proportional to the
division coefficient.

In order to be more intuitive we carry out numerical
simulation of T3,,(g,k) with respect to g and k., see
Figure. 4.

Figure 4. Numerical simulation plot of Ty, (g, k) with respect to
variables g and k.

In order to better see the trend of T.3,,(g,k) with respect
to the number of iterations g and the division coefficient k,
we take the time when k=10, 30 and 50, respectively. The
trend of Tgm(g, k) with respect to the number of iterations
g is shown in Figure. 5.
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Figure 5. It shows that T3,,(g, k) increases as g increases, that
is, it is positively correlated, by fixing k = 10, 30 or 50,
respectively.



When we take g=10, 30, and 50, respectively, the trend of
T3.m(g,k) relative to the division coefficient k is shown in
Figure 6.
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Figure 6. It is fixed g = 10, 30 or 50 respectively, which gives
T3.m(g, k) decreases with increasing k, that is, a negative
correlation.

In order to see that with the change of division coefficients
k, the surplus network SSN(g,k) on MCT versus MCT on
the uncut front network SgN. The trend of T3m(g, %)
versus Tsum(g) with the number ofiterations g is shown in
Figure. 7 when we take k=5, 25 and 50. It is easy to find that
as the division coefficients k gets smaller, the network
retains a higher degree of completeness Ty, (g, k) which
converges to Tsum(9).

- -
10% | ¢ Taumlg) T H
e k=5 Le0t
PELAY
| ® k=25 Lottt g@
10%4 v k=50 RELLRIC g
4 9@ v
10% 1 SR A
SRR o
,::" .... "V
T 107 32" o A
5 W20t _g® v
- - @ v
& e o® v
PEIBURE Jotet go® v
o:‘. ... "'
o2et o® "“
109 4 ..:o' .... v'-"
ase” g0 vy
o35° .0® v
10-11%° _g@® v""
o® v
o® v
] vv
10-11 v
v
by
0 10 20 30 40 50

9
Figure 7. Numerical simulation plots of MCT with iteration
coefficients g for the network SSN(g, k) versus the network
SgN, which are taken to bek =5, 25 or 50.

Moreover, it is easy to know that Ty, (g, k) takes the
minimum value when k = g, which we can obtain:

4 ) 1 4
,8) = 3 f=—3%+—
T,.(g.2)= T 3
2In3
PRES
~| Ns(g’g) |2 sum(g)] 7 N
Similarly, T3,,(g,k) takes the maximum value when

k = 0, which we can obtain:
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1833 135, . 3869 gg 223095 ,
e 12-6g+3
lng
7
~ N*(g,0)[ " .

4. MCT of the Other Trap Nodes on
SSN(g k)

In the previous section, we solved the MCT on the auxiliary
network ASN(g,n) with node (C,1) as the trap node. In this
section, instead of considering only node (C,1) as a trap node,
we consider the parsing expression for MCT when all nodes
on the bottom edge of ASN(g,n) are individually used as
trap nodes. Based on the previous way of labelling the nodes
on ASN(g, n), we know that (B,j) and (C,j+1) denote a single
node, so we unify the labelling on the bottom edge of
ASN(g,n) and set it to (C,j), where j € [1,n + 1]. At this
time, we set the trap node as (C,h) where 1 <h<n+1.
Hence, based on the network structure of the auxiliary
network ASN(g, n), we denote the network to the left of the
node (C,h) as ASN(g,n—h+ 1), and the network to the
right as ASN(g,h — 1), see Figure 8.

(A,n) (A h) (Ah-1) (A1)
B.n) (B.nfﬂ). h (B.h) (B.h-1) (B,h—Z). ° (B.1) (C1
(C,m) (G,h) (C,h-1)
ASN(g,n-h+1) ASN(g,h-1)

Figure 8. The structure of ASN(g,n —h + 1) and ASN(g,h — 1)

Immediately, we can get the total capture time of the
auxiliary network ASN(g,n) on the auxiliary network
ASN(g,n) containing the trap node (C,h) by Eq.(16), denoted
as TAm(g,m, h), so that we can get:

T,.(g.nh) =T, (g.n-h+)+T, (g.h-1)
=[E(n3—3n2h+3nh2+3n2—6nh+3n)+£-n]

5 320

€2y

(135)5+(_ s_12 2h+% a1
354 nh+ —4135956 2h* —4h+2)- (E)g
—44619-n-6g.

1984

Based on the equivalence between the network ASN(g, n)
and the network SSN(g, k), we can solve for the total capture
time of the other trap nodes on the network SSN(g, k), which
is denoted as T3, (g, k, k), and so we get:



TS (g.k,h)=T2 (g—k,3",h)

_ E 3k _ 2k+l k+172 2k+l _ £ 7k k+1 @ k
=l G% =33 3 6.3+ 3 + 2031 (9

135

7
34 3 By +2h7 —4h+2)
5 155

7

et 30y (Eg 12 g 12 g 17
5 5 5 5

135

(=) - 44619 3k .ok,
7

1984

From this, we can obtain analytic expressions for the MCT
of the other trap nodes on the network SSN(g, k):

TS (g k h): T;im(gakah)
" |N*(g.k)|-1

= %{[16(3“ S 3R 43 —6h13)+ S0 (23)
2.6 13 =

135

O (T @3 1234120 4173 =34

4396 135

+ =2 (0R 20841037 (0 - 223095 ok

1984

L

We can find that the parsed expression of Toum (g, k, h) is
still positively correlated with the number of iterations g and
negatively correlated with the division coefficient k.

5. Conclusion

In this paper, we obtain the surplus network SSN(g, k)
based on nested networks, which are divided by a horizontal
division coefficient k. Firstly, we obtain the mean capture
time of the fixed nodes on the nested network. Secondly, we
solve for the mean capture time of the fixed nodes on the
auxiliary network ASN(g,n), and then we obtain the mean
capture time on the surplus network SSN(g, k) based on the
equivalence between the surplus network SSN(g k) and
ASN(g,n). We perform analytical numerical simulations of
the MCT on SSN(g, k). The results show that the network
SSN(g, k) is only locally self-similar, and the larger the
division coefficient k is, the smaller the MCT is, that is, the
network becomes more and more efficient in transmission
during successive destructions. Finally, we also solve the
analytical expression for MCT when any node on the bottom
edge of the surplus network SSN(g, k) is used as a trap node.

Appendix A. MCT of Two Trap Nodes
on SN

First, we consider the iterative relationship between the
nodes corresponding to the first generation of the network in
the network SN as they wander at random. According to the
labels in Figure 1, the average first pass time of node 1 in SyN
when it arrives at a node with node L or R as the trap node is
denoted as T'. Then, L and R in the network S;N are set as
trap nodes.

Based on the definition of unbiased Markov random walk
and the symmetry of the nested network, the MFPT of each
node is denoted as T? i=(1,2,..,16), where TZ = T2,
TE=T¢, T7=T5, Th=Th, Th=Tk, and T =
TZ = 0, and we can set up the following equation:
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Ty 42T 4 1)

1= (T AT+ 30+ T7)

() (T 4T+ (T4 T+ T+ )4+ )+ (T 4T

1 .. 1. | -
= (T +T)+—(T +T})+~(T +T;
3( 3) 3( 7) 3( 5)

]’:Z

T2

5

1, 1, oo L o 1 1 1.,
T2 :E(T +T32)+8(T +T5“)+€(T +TS“)+E(T +T1;))+g(T +T]§)+ET

o T (T T+ 2 (0 4 T+ 20+ I 4 (U + T+ 2 (T 4T
1. [T
|0:§(T +T72)+§(T +T|3)+§T
LT T
1 oo 1
=—T +T)+—
6( 7) s
Solving the system of equations gives:

A=T’ B35,

, 1 .. 1, I I
(T +7;f)+g(T +Tlf,)+g(T +Tﬁ)+g(T +T1;)+ET

Here A is the time difference between the nodes of two
consecutive generations to reach the trap node.
Since the network SgN  has self-similarity, T'(g) =

T2(g — 1). The MFPT to reach the trap node L or R from
node 1 in the network SyN is 1, denoted as TZ(0) = 1. So
we can get the following equation:

135

I'(g)= (T)g-

Then, by the symmetry of the network SgN, we know that
nodes L and R have the same capture probability. Therefore,
the average first pass time for a wanderer to reach node L from
node 1, that is, the time it takes for a walker to reach either L
or R after T2(g) from node 1. It ends if it reaches node L,
and vice versa, it reaches R after another T#(g) time. The
following relation is satisfied:

L) =S T () +5 (7 (@)+T;, ()

From the symmetry of the network S;N, we know that:
Ty (g) = Tr,(g). From this, we get the following equation:

135,
T,(g)=T,,(g)=2T7(g)=2: (T)“’ :

In the following we will consider the relationship between
T3,m(g) and Ty, (g) when node 1, nodes L and R are all
used as capture nodes. When only the corner node L is used
as the capture node, it takes two steps to reach the capture
node L from any node i € N(g)/{1,L,R}:

(1) The walker reaches the corner node for the first time,
and the walk ends if the node is node L, otherwise, the second
step is performed.

(2) The first step is repeated with a random wander starting
from the corner node when the first reached node is 1 or R.

When {1,L,R} is used as a capture node, i € N(g)/
{1,L, R} is captured by {1,L,R} with equal probability. We
can obtain the following equation:

(A.1)



T (@)= D T (8)

ieN(g)
= > [ () +(1-5,,)T ,(2)]
ieN(g)
= T3(g)+2[ (IN(@[-3)+117, . (2)
ieN(g)

=7’

sum

@) +§| N(g) | T(2).

where q € {1,L,R} serves as the capture node and the
random walk starts from any node i, we can get the following
relation:

@L:L g=1L
6,,=0, g=1/R.

Since Tg,m(g) is known, we can obtain the following
equation:

T,.(&)=T,.(g) ——| N@IT(g)
_ 809 809 (135)g g+l 10987 (13_5)g_446196g
1920 7 465 7 1984
Similarly, with the symmetry of the network S,N, we get:
T..(2)= 2 T'(2)
ieN(g)
T (g)++ (\N(g)|—3)+1T2(g)
,e%:g) (A2)
1
=T, (&) +3IN@)I T (g)
71 (135)g g+1+7;49(13_5)g_446196g
128 7 31 7 1984
2
|N(g)[-2
355 (135)g6g” 3745 (g)g 223095 6
_128 7 1984
12-6g -
References

[1] Pinter-Wollman N, Hobson E A, Smith J E, et al. The dynamics
of animal social networks: analytical, conceptual, and
theoretical advances[J]. Behavioral Ecology, 2014, 25(2): 242-

255.

Shanker O. Complex network dimension and path counts[J].
Theoretical computer science, 2010, 411(26-28): 2454-2458.

Haag J E, Wouwer A V, Bogaerts P. Dynamic modeling of
complex biological systems: a link between metabolic and
macroscopic description[J]. Mathematical biosciences, 2005,
193(1): 25-49.

Zhuo Y, Peng Y, Liu C, et al. Traffic dynamics on layered
complex networks[J]. Physica A: Statistical Mechanics and its
Applications, 2011, 390(12): 2401-2407.

Bose D, Chanda C K, Chakrabarti A. Vulnerability assessment
of a power transmission network employing complex network
theory in a resilience framework[J]. Microsystem Technologies,
2020, 26(8): 2443-2451.

Saleh M, Esa Y, Mohamed A. Applications of complex
network analysis in electric power systems[J]. Energies, 2018,
11(6): 1381.

249

Chen G, Dong Z Y, Hill D J, et al. An improved model for
structural vulnerability analysis of power networks[J]. Physica
A: Statistical Mechanics and its Applications, 2009, 388(19):
4259-4266.

Arianos S, Bompard E, Carbone A, et al. Power grid
vulnerability: A complex network approach[J]. Chaos: An
Interdisciplinary Journal of Nonlinear Science, 2009, 19(1).

Ma F, Xue H, Yuen K F, et al. Assessing the vulnerability of
logistics service supply chain based on complex network[J].
Sustainability, 2020, 12(5): 1991.

Su'Y, Qin J, Yang P, et al. A Supply Chain-Logistics Super-
Network Equilibrium Model for Urban Logistics Facility
Network  Optimization[J]. Mathematical Problems in
Engineering, 2019, 2019(1): 5375282.

[11] Feng S, Weng T, Wang Y, et al. Random search processes on
complex networks: From a static target to a moving object[J].
Physica A: Statistical Mechanics and its Applications, 2024,

636: 129544.

Masuda N, Porter M A, Lambiotte R. Random walks and
diffusion on networks[J]. Physics reports, 2017, 716: 1-58.

[12]

[13] Liu Y, Zeng X, He Z, et al. Inferring microRNA-disease
associations by random walk on a heterogeneous network with
multiple data sources[J]. IEEE/ACM transactions on
computational biology and bioinformatics, 2016, 14(4): 905-

915.

[14] Guo Q, He F, Fan B, et al. WalkFormer: 3D mesh analysis via
transformer on random walk[J]. Neural Computing and

Applications, 2024, 36(7): 3499-3511.

Xi L, Ye Q, Yao J, et al. Eigentime identities of flower
networks with multiple branches[J]. Physica A: Statistical
Mechanics and its Applications, 2019, 526: 120857.

[16] Ye Q, Gu J, Xi L. Eigentime identities of fractal flower
networks[J]. Fractals, 2019, 27(02): 1950008.

[15]

[17] Dai M, Chen D, Dong Y, et al. Scaling of average receiving
time and average weighted shortest path on weighted Koch
networks[J]. Physica A: Statistical Mechanics and its
Applications, 2012, 391(23): 6165-6173.

[18] Zhang J, Sun W. The structural properties of the generalized
Koch network[J]. Journal of Statistical Mechanics: Theory and

Experiment, 2010, 2010(07): PO7011.

[19] Zhang Z, Wu B, Zhang H, et al. Determining global mean-first-
passage time of random walks on Vicsek fractals using
eigenvalues of Laplacian matrices[J]. Physical Review E—
Statistical, Nonlinear, and Soft Matter Physics, 2010, 81(3):

031118.

Kozak J J, Balakrishnan V. Analytic expression for the mean
time to absorption for a random walker on the Sierpinski
gasket[J]. Physical Review E, 2002, 65(2): 021105.

Wu, B.; Zhang, Z.; Su, W. AVERAGE TRAPPING TIME ON
THE LEVEL-3 SIERPINSKI GASKET. ROMANIAN
JOURNAL OF PHYSICS 2020, 65.

[22] Wu B, Zhang Z. The average trapping time on a half Sierpinski
Gasket[J]. Chaos, Solitons & Fractals, 2020, 140: 110261.

[23] Zhang Z, Wu B. Average trapping time on a type of
horizontally segmented three dimensional Sierpinski gasket
network with two types of locally self-similar structures[J].
Journal of Statistical Mechanics: Theory and Experiment, 2022,
2022(3): 033205.

[24] Zhang Z, Wu B. Average trapping time on the 3-dimensional
3-level sierpinski gasket network with a set of trap nodes[J].
Fractals, 2022, 30(07): 2250162.



[25] Hu Z, Chen Y. The trapping problem on horizontal partitioned
level-3 sierpinski gasket networks[J]. Physica Scripta, 2023,
98(4): 045207.

[26] Sun Y, Liu X, Li X. Hitting time for random walks on the
Sierpinski network and the half Sierpinski network[J].
Frontiers in Physics, 2022, 10: 1076276.

250

[27] Han Y, Wu B. The average trapping time of non-nearest-
neighbor jumps on nested networks[J]. Physica Scripta, 2023,
98(12): 125227.

[28] Chandra, A.K.; Raghavan, P.; Ruzzo, W.L.; Smolensky, R.;
Tiwari, P. The electrical resistance of a graph captures its
commute and cover times. Computational Complexity 1996, 6,

312-340.



