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Abstract: Dirichlet distribution is a kind of high-dimensional continuous probability distribution, which has important 
applications in the fields of statistics, machine learning and bioinformatics. In this paper, based on gamma distribution we study 
two two-dimensional random variables. Then we derive the properties of these two two-dimensional random variables by using 
the properties of non-central gamma distribution and confluent hypergeometric series. From these properties, we find the two 
random variables follow generalized Dirichlet distributions. Applying hypergeometric series to Dirichlet distribution broadens 
the research of Dirichlet distribution. 
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1. Introduction 
Dirichlet distribution is a kind of high-dimensional 

continuous probability distribution with positive simplex as 
the support set in the real fields, and is a generalization of the 
beta distribution in the high-dimensional case [1]. In Bayesian 
analysis, the Dirichlet distribution as a conjugate prior for 
multinomial distributions is used for parameter estimation of 
multinomial, binomial and type distributions [1]. In the field 
of machine learning, Dirichlet and generalized Dirichlet 
distributions are mostly applied to build mixture models to 
deal with unsupervised learning problems such as high-
dimensional clustering and feature empowerment [2]. In 
natural language processing and bioinformatics research, the 
implicit Dirichlet distribution is used to identify potential 
subject word information in a document set [3][4]. 

In this article, we study the joint probability density, 
marginal density, and the distribution of sum, product and 
quotient for two two-dimensional random variables by using 
the properties of generalized Dirichlet distribution, non-
central gamma distribution and confluent hypergeometric 
function. So we firstly introduce the generalized Dirichlet 
type 1 distribution and generalized Dirichlet type 2 
distribution. 

Let ),( 21 ZZ  be a two-dimensional random variable, if its 
p.d.f is  
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follows the Dirichlet type 1 distribution. 
Let ),( 21 TT   be a two-dimensional random variable, if its 

p.d.f is 
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then ),( 21 TT  follows the Dirichlet type 2 distribution. 
Random variable U   has a non-central gamma 

distribution with shape parameter )0(k   and non-central 

parameter  0  , denoted by );(~ kNCGU  , the 
probability density is given by [5] 
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central gamma distribution reduces to the standard gamma 
distribution, denoted by )(~ GU . 

Then we introduce hypergeometric series. The definition of 
generalized hypergeometric function is given by [6] 
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where Pochhammer symbol 

，�3,2,1),1()1()(  nnaaaa n 1)( 0 a  , the 
convergence condition of this series is shown in [7]. 

The confluent hypergeometric function is a special case of 
the generalized hypergeometric function, which is expressed 
as follows [6]: 
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Its integral form is  
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Let independent random variable 3,2,1, iX i   follow 

gamma distributions with shape parameter 3,2,1, ivi  , 

))(,)((),( 3212321121 XXXXXXXXZZ    and 
),(),( 323121 XXXXYY   , then ),( 21 ZZ   and ),( 21 YY  

follow Dirichlet type 1 distribution and Dirichlet type 2 
distribution respectively. Orozco-Castañeda, Nagar and 
Gupta [6] generalized the above distribution by 
hypergeometric series. Let the random variables WVU ,,  be 
independent, U   and V  follow gamma distributions with 
shape parameter a   and b  , W   follows the non-central 
gamma distribution with shape parameter c  and non-central 
parameter   , )( WUUP   , )( WVVQ   , Gupta, 
Orozco-Castañeda and Nagar [5] studied the joint probability 
density of P  and Q  as well as other statistical properties. 
Based on the previous work, in this paper we define 
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))(,)((),( WVUVWVUUYX    and 

),(),( 11 WVWUYX   , then study their joint probability 
density, marginal probability density, and statistical properties 
of sum, product, quotient. From these properties, authors find 
that they follow generalized Dirichlet type 1 distribution and 
generalized Dirichlet type 2 distribution respectively. 

2. Generalized Dirichlet Type 1 
Distribution  

Theorem 2.1: Let VU ,   and W   be independent random 

variables , )(~),(~ bGVaGU   and ),c(~ NCGW  , 

define )( WVUUX   , )( WVUVY   , then the 
joint density of X  and Y  is give by 
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The p.d.f of WVUS   is given by 
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Proof: Since VU ,   and W   are independent random 
variables, the joint density is given by 
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Making the transformation 

)(),( WVUVYWVUUX    and 

WVUS    with the Jacobian 
2),,,,( ssyxwvuJ  , then we obtain the joint p.d.f 

of X ,Y  and S  as: 
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where 1,0,0  yxyx   and 0s  , integrating 

s , then the joint p.d.f of ),( YX  is given by 
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From )()()( aaka k , (2.1) is proved. 

Further, integrating x   and y   in (2.3), we can get the 
marginal density of S : 
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Setting )1( xyu   , from the definition of the beta 

function, the above formula can be calculated as: 
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From )()()( aaka k , the p.d.f of S  is proved. 

From Theorem 2.1, we find that ),( YX   follows the 
generalized Dirichlet type 1 distribution, WVUS   
follows the non-central gamma distribution, denoted by 

);(~ cbaNCGS  . 

Theorem 2.2: If the p.d.f of ),( YX  is given by Theorem 
2.1, then the marginal density of X  is 
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Proof: Integrating y  in (2.1), one obtains 
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Inserting the series form of 11F   into this formula, the 

marginal density of X  is 
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Setting )1( xyt   , then the marginal density of X  

is 
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From Theorem 2.2, we find that X   follows the 
generalized Beta type 1 distribution. 

Theorem 2.3: If the p.d.f of ),( YX  is given by Theorem 
2.1, then the density of YXZ   is 
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Proof: The p.d.f (2.1) of ),YX（   is known. By using the 
convolution formula, the probability density of YXZ   
is 
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Similar to the proof of the previous theorem, (2.3) is proved. 
Theorem 2.4: If the p.d.f of ),( YX  is given by Theorem 

2.1, then the density of XYZ   is 
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Proof: According to the probability density formula of two-
dimensional random variable product:
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Theorem 2.5: If the p.d.f of ),( YX  is given by Theorem 

2.1, then the density of XYZ   is 
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Proof: According to probability density formula of two-
dimensional random variable quotient ：
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previous theorem, (2.5) is proved. 

3. Generalized Dirichlet Type 2 
Distribution  

Theorem 3.1: Let VU ,   and W   be independent random 

variables, )(~),(~ bGVaGU   and ),c(~ NCGW  , 

define WVYWUX  11 , , then the p.d.f of ),( 11 YX  is 
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Proof: Making the transformation 
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Integrating w  in the above formula, we get the p.d.f of 
),( 11 YX : 
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After simplification, (3.1) is proved. 
From Theorem 3.1, we find that ),( 11 YX   follows the 

generalized Dirichlet type 2 distribution. 
Theorem 3.2: If the p.d.f of ）（ 11,YX  is given by Theorem 

3.1, then the marginal density of 1X  is 
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Proof: Integrating 1y  in (3.1), (3.2) is proved. 

From Theorem 3.2, we find that 1X   follows the 
generalized Beta type 2 distribution.p; 

Theorem3.3: If the p.d.f of ）（ 11,YX  is given by Theorem 

3.1, then the density of 11S YX   is 
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Proof: By using the convolution formula, (3.3) is proved. 

4. Conclusion 
This paper makes a preliminary study on two two-

dimensional random variables based on confluent 
hypergeometic series. From the above theorems, we find that 

),( YX  and ),( 11 YX  follow the generalized Dirichlet type 1 
distribution and generalized Dirichlet type 2 distribution , 
which provides new methods for the future study of Dirichlet 
distribution. 
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