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ABSTRACT. The current study investigates the effects of thermal diffusion and diffusion thermoeffect
on three-dimensional upper-convected Maxwell-Nanofluid flow across a bidirectional stretching surface
in the presence of Brownian motion, thermophoresis, and thermal and mass Biot numbers. The current
communication is also being carried out to consider the unique and innovative properties of nanofluids.
The Rosseland approximation incorporates a nonlinear radiative heat flow in the energy equation. By
adding applicable dimensionless variables and parameters, the governing equations are converted into
a dimensionless form and then solved via finite element system. The paper delivers a comprehensive
analysis of how various factors and other pertinent parameters influence the flow variables. These
findings are presented visually through graphical representations, providing a clear and insightful
understanding involved in this flow scenario. The results obtained demonstrate that it is an effective
solution to the current problem. This new research has significant implications for the food industry,
as well as for energy systems, biomedical engineering, and aeronautics. The numerical findings of this
investigation are tangible and validated.
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Biot number, finite element method.

1. INTRODUCTION

It is critical to include radiative heat flow while study-
ing heat transfer processes, especially in regard to
nanofluids. Radiative heat transfer is carried out
using electromagnetic waves throughout the energy
transmission process. Heat transmission properties
can be adjusted further in the presence of nanofluids,
which are liquid suspensions containing microscopic
particles. Radiative heat transfer has traditionally
been described using linear models such as the Stefan-
Boltzmann equation that assume a linear relationship
between the temperature difference and the radia-
tive heat flow. In some cases, a non-linear radiative
heat flow model can be better suited to accurately
portray the behaviour of heat transfer. The addi-
tion of a non-linear radiative heat flow compensates
for the radiative properties of the nanofluid, includ-
ing the scattering and absorption of radiation by the
nanoparticles floating in the fluid. These variables
can influence radiative heat transfer by altering the
fluid’s effective thermal conductivity, as well as its
absorption and emission properties. There are many
approaches that can be applied to describe the non-
linear radiative heat flow in the presence of a nanofluid.
Nanoparticle concentration, size, and shape are all
widely included in radiative heat transfer estimates.

This is made feasible by using complex mathemati-
cal models or numerical simulations that account for
the interactions between the nanoparticles and the
incoming radiation. The extinction coefficient and
scattering phase function of the nanofluid, as well as
other radiative properties, can be determined through
experiments. In order to make more accurate fore-
casts, these observable characteristics can then be
included into non-linear radiative heat transfer mod-
els. A fluid is a unique form of matter with the ability
to flow and deform easily when subjected to an ex-
ternal force. Non-Newtonian fluids have innumerable
real-life applications in natural products, bio-medical
fields, agriculture, and food products. Exhaustive ben-
efits in various fields have made researchers to study
and investigate the attributes of non-Newtonian fluids.
The non-Newtonian liquid stream has received a lot
of attention over the past 10 years due to its wide
range of applications in the engineering and industrial
sectors. A key type of rate-based liquid model is the
Maxwell liquid. The straightforward rate-based fluid
subclass for which the analytical solution can be rea-
sonably anticipated or obtained is the Maxwell fluid
model. Several academics have examined the Maxwell
liquid stream past various geometries in this area. In
recent years, modelling and exploration of nanoliquid
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streams has been a popular area of study. Nanolig-
uids are being offered as a breakthrough approach
to increase heat transmission. One of the technolog-
ical applications of nanoparticles is the use of heat
transfer liquids including nanoparticle suspensions to
overcome cooling difficulties in thermal frames. As
a result, numerous researchers examined the nano-
liquid stream as it passed through various surfaces.
Because of their complicated rheology, certain flu-
ids cannot be represented by simple Navier-Stokes
equations. Non-Newtonian fluids have various uses in
our daily lives, including biotechnologies, geophysics,
astrophysics, industries, and engineering innovations.

The nonlinear radiative heat transfer properties
of nanofluids with varying parameters were studied
by Chamkha and Abu-Nada [I]. An exhaustive sur-
vey of studies on non-linear radiative heat transport
in nanofluids was conducted by Chandrasekar and
Suresh [2]. The radiative heat transport characteris-
tics of nanofluids were studied by Cheng [3]. The non
linear radiative heat transfer investigation of nanoflu-
ids in a curved tube was the main focus of the work
of Huminic et al. [4]. Karimipour et al. investigated
the radiative heat transfer in nanofluids using the ex-
tended Mie theory [5]. The primary focus of Liu and
Zhang’s research was nanofluid nonlinear radiative
heat transfer [6]. Molaali et al. investigated nonlinear
radiative heat transfer in a cavity comprising porous
media saturated with a nanofluid [7]. Murthy and
Devi offered an overview of non-linear radiative heat
transfer studies in nanofluids that takes shifting ther-
mal conductivity and viscosity into consideration [§].
Rashidi and Tavakolpour-Saleh investigated non-linear
radiative heat transfer in a nanofluid-filled inclined lid-
driven cavity [9]. Rashidi et al. investigated the non-
linear radiative heat transfer in a lid-driven square cav-
ity filled with a nanofluid composed of several types of
nanoparticles [I0]. Roslan et al. comprehensively anal-
ysed radiation heat transfer in nanofluids [II]. Sadegh-
inezhad and Chamkha investigated the nonlinear ra-
diative heat transfer in nanofluid-filled microchannels
with different cross-sectional shapes [I2]. Sadri, Es-
fahani, and Afrand investigated the non-linear radia-
tive heat transfer of a CuO-MWCNT /water hybrid
nanofluid in a porous media [I3]. Selimefendigil and
Ztop investigated natural convection utilising non-
linear radiation in a nanofluid-filled container [I4].
Vafaei et al. investigated nonlinear radiative heat
transfer in nanofluids containing nanoparticles of var-
ious shapes [15]. Xu et al. investigated non-linear
radiation heat transfer in nanofluids using a two-phase
model [I6]. Zhang et al. investigated how radiation
affects natural convection in a square cage contain-
ing a nanofluid [I7]. Zhang and Zheng published
a novel theory for non-linear radiation heat transfer
in nanofluids [I8]. N. V. N. Babu et al. studied
the Heat and mass transfer effects and their findings
had a significant impact on understanding the na-
ture of radiative heat transfer in nanofluids [I9-23].
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S. A. A. Shah et al. studied the effects of convec-
tion on the flow of a Prandtl hybrid nanofluid with
a chemical reaction and motile microorganisms over
a stretching sheet [24]. Numerous significant investi-
gations undertaken in this domain are included in the
references [25H28)].

According to a study of the works described above,
relatively few studies have documented the three-
dimensional analysis of nanofluid flow in the presence
of a magnetic field and a non-radiative heat flux. No
reports on the combined effects of thermal diffusion
(Soret) and diffusion thermoeffect (Dufour) on steady,
three-dimensional, incompressible, viscous, electrically
conducting, non-Newtonian upper-convected Maxwell-
Nanofluid flow over a bi-directional stretching sheet
(surface) in the presence of non-linear radiative heat
flux, Brownian motion, Thermophoresis, thermal, and
mass Biot numbers, have yet been published in the lit-
erature. This model is an enhanced version of a previ-
ously published research. The outcomes of the current
numerical simulations are also different.

2. MATHEMATICAL FORMULATION

This section covers the effects of thermophoresis, Brow-
nian motion, thermal diffusion, and the diffusion ther-
moeffect on three-dimensional, steady, incompressible,
viscous, non-Newtonian Maxwell fluid flow over a bidi-
rectional stretching. The shape of the fluid flow is
shown in Figure

The following premises are assumed in order to
undertake this inquiry:

(1.) It is thought that the magnetic Reynolds number
should be as low as possible in order to ignore the
generated magnetic field.

(2.) It is presumed that the sheet moves at velocities
Uy (z) = ax and V,,(y) = by along the = and y axes,
respectively.

(3.) In this study, the flow is subjected to a magnetic
field with a strength of Bo.

(4.) Ohmic heating, viscous dissipation, heat source,
and joule heating effects are neglected in the energy
equation and the effects of Thermophoresis, Brown-
ian motion, and Dufour effects are assumed in the
energy equation.

(5.) In the species concentration equation, the effect
of thermal diffusion is considered and chemical re-
action effect is neglected.

(6.) Let T, be the constant temperature and T4, the
fluid temperature exterior to the thermal boundary
layer.

(7.) The convective boundary condition is used when
the surface of a sheet is heated by a hot fluid with
a uniform temperature T, concentration ¢y, con-
vective heat transfer coefficient 5; and mass transfer
coefficient 5.
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FIGURE 1. Graphical representation of Nano-Maxwell fluid flow.
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After disregarding higher-order terms after the first
degree term (T — T, ), we get:

T =473 T - 3T%. (9)
From @ and @[), we get:
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Discretize the domain
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Solution of assembled equations

FIGURE 2. Fundamental steps in the finite element
method.

The physical parameters are presented as follows:
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Based on the stretching velocities, the local
Reynolds numbers and have shown.

3. METHODS

Numerical models are developed that perfectly match
the physical system, enabling the solutions to be anal-
ysed and compared with the real system. These nu-
merical methods enable us to refine our approach to
the physical system and solve it quickly. The following
are the advantages of the FEM technique:

e Modelling,

o adaptability,
® accuracy,

e boundaries,
e visualisation.

The core procedural stages of the finite element
method was shown in Figure 2] The finite element
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Present numerical results

Results of Ammar

c Mushtaq et al. [29]
—1"(0) —g"(0) —6'(0) —f"(0) —g”(0) —6'(0)
0.25 1.0385679834 0.1867437347 0.6545640347 1.048811 0.194564 0.665926
0.50 1.0826347693 0.4560274634 0.7210683909 1.093095 0.465205 0.735333
0.75 1.1286789826 0.7826707660 0.7820676830 1.134486 0.794618 0.796472
1.00 1.1668398949 1.1668398949 0.8425687981  1.173721 1.173721 0.851992

TABLE 1. Comparison of present numerical results with those published by Ammar Mushtaq et al. [29] for various
values of C' at Pr = 1.0 when M =0, Nb=0, Nt =0, Sr =0, Du=0, ( — o0 and § — co.

Present numerical results

—6'(0)

C

—1"(0) —g"(0)

Results of Liu
and Anderson [30]

—f"(0) —g”(0) -6'(0)

0.25 1.0286896981
0.50 1.0798579345

0.1850897908  0.6477834499
0.4487475729  0.7188967643
0.75 1.1183468884 0.7798774410 0.7776784938

1.048813 0.194565 0.665933
1.093096 0.465206 0.735334
1.134486  0.794619 0.796472

TABLE 2. Comparison of present numerical results with those published by Liu and Anderson [30] for various values
of Cat Pr=1.0when M =0, K=0,R=0, Nb=0, Nt =0, Sr =0, Du=0, { — oo and § — 0.

method used in this study is a highly useful approach
for solving linear and nonlinear partial and ordinary
differential equations in physics, mechanical engineer-
ing, and related subjects, and can therefore be used in
future research. At the time this article was written,
this was the most adaptable numerical technique avail-
able for carrying out engineering analysis. Numerous
numerical techniques, including the LU decomposition
approach and the Gauss elimination method, can be
used to solve the built equations.

These approaches are most commonly used to solve
built equations. When working with real numbers,
it is important to remember that form functions can
be used to provide an accurate approximation of real
functions. If you follow this technique step by step,
you can be certain that your calculations will be accu-
rate. The flow domain has the total of 20001 nodes
and is divided into 10000 quadratic components that
are all of the same size. These components are all
of the same shape. The flow domain is made up of
10000 quadratic components, all of which are of the
same magnitude as their counterparts in the other
components. Following the development of the ele-
ment equation, a total of 80004 nonlinear equations
could be investigated. These equations were made
available for study.

After applying the boundary conditions, the Gauss
approach was used to eliminate the remaining non-
linear equations. The Gauss technique was then em-
ployed to obtain an accurate numerical solution to
within 0.00001 degrees. Gaussian quadrature is used
to help overcome the challenges associated with inte-
gration.

The custom software for the method was run on
a desktop computer within the context of a suitable
programming environment. The software was devel-
oped specifically for the method. MATHEMATICA is

the name of the programming language that was used
to create the software application for the computer.

3.1. PROGRAM CODE VALIDATION

Tables [T] and [2] compare the authors’ most recent nu-
merical findings for various values of C' at Pr = 1.0
with those previously reported by Liu and Ander-
son [30] and Ammar Mushtaq et al. [29]. This com-
parison demonstrates the close alignment between
our numerical findings and the results of published
studies.

4. RESULTS AND DISCUSSION

In this section, the authors have created a series of
images to illustrate the potential impact of various
factors on equations for temperature, concentration,
and dimensionless velocity. The parameter ranges
necessary to generate the graphical representations
are built on the following critical values: M (Mag-
netic field parameter) = 0.5, K (Maxwell fluid pa-
rameter or Deborah number) = 0.5, C' (Velocity ra-
tio parameter) = 0.5, Pr (Prandtl number) = 0.22,
R = 05, Nb = 0.5, Nt = 0.5, Du (Dufour
number) = 0.5, Sr (Soret number) = 0.5, Sc¢ (Schmidt
number) = 0.22, § (Thermal Biot number) = 0.1,
¢ (Mass Biot number) = 0.1, and 6,, (Temperature
ratio parameter) = 0.5 (see Figures . Figures
and [4] show the effect of the magnetic field parameter
(M) on the velocity profiles along z- and y- directions,
respectively. It has been demonstrated that velocity
fields diminish as M increases. The fluid flow tends to
slow down in the presence of a magnetic field, which
reduces the thickness of the velocity and momentum
boundary layers. The influence of the Maxwell fluid
parameter, or Deborah number (K), on the x- and y-
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FIGURE 3. Primary velocity profile sensitivity to mag-
netic field parameter.
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FIGURE 4. Secondary velocity sensitivity to magnetic
field parameter.

components of velocity is sketched in the Figures
and [6] respectively.

The deviation of the fluid’s relaxation period from
its basic timescale is quantified by the Deborah num-
ber. The relaxation period is the amount of time
the fluid requires to reach equilibrium following the
application of the shear force. It is predicted that
higher viscosity fluids may take longer to relax. Since
fluid viscosity slows down fluid motion and decreases
velocity, it is possible to interpret an increase in K in
this way. As K increases, the hydrodynamic boundary
layer becomes thinner. It should also be noted that
the three-dimensional flow exhibits a greater shift in
the velocity fields f and g than the axisymmetric and
two-dimensional flows. Figures [7] and [§] illustrate the
behaviour of the velocity ratio parameter (C') on the
primary and secondary velocity profiles, respectively.
These figures show that both the primary and sec-
ondary velocity profiles increase with rising values of
the velocity ratio parameter.

Figure[Jillustrates how the Prandtl number changes
with temperature. It can be concluded that increasing
Prandtl number values produce narrower tempera-
ture boundary layers. Temperatures drop as a result
of reduced thermal diffusivity in fluids with higher
Prandtl numbers. The variations in temperature pro-
files caused by an increase in the values of (R) are
shown in Figure [I0] Because the conduction effect of
the nanofluid increases in the presence of R, the fluid
temperature rises as R increases. Larger values of R
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FIGURE 5. Primary velocity profile sensitivity to
Maxwell fluid parameter.
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FIGURE 6. Secondary velocity profile sensitivity to
Maxwell fluid parameter.
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FIGURE 7. Primary velocity profile sensitivity to ve-
locity ratio parameter.
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FIGURE 8. Velocity profiles along y- direction.
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FIGURE 9. Temperature for different values of Pr.
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FIGURE 10. Temperature profiles for various values
of R.

thus imply greater surface heat transfer, raising the
temperature in the vicinity of the boundary layer.

Figures [T1] and [T2] clearly illustrate this fact: as the
values of the Brownian motion parameter increase,
the thermal boundary layer thickens and the temper-
ature difference at the surface decreases. However,
the concentration profiles and concentration boundary
layer thickness exhibit the opposite tendency when
the Brownian motion parameter increases. The effect
of the thermophoresis parameter (Nt¢) on temperature
and concentration curves can be seen in Figures
and [4

These findings demonstrate that the temperature
and concentration boundary layer thickness increases
as the thermophoresis parameter grows. Contrasting
Figures [I5] and [16] clearly shows how the Dufour num-
ber (Du) and the Soret number (Sr) vary in relation
to the temperature and concentration profiles. Physi-
cally, Du has to do with how a concentration gradient
affects the thermal energy of a liquid. Increasing Sr
values also improves concentration profiles, much like
increasing St levels do. This is because, when there
is a temperature gradient, mass can move more easily
from an area of lower solute concentration to an area
of higher concentration. How the Schmidt number
(Sc) impacts the concentration profiles can be seen in
Figure [T7

The Sc value is a representation of the mass diffusiv-
ity to momentum ratio. It is possible to evaluate the
relative importance of momentum and mass transfer
using diffusion in the concentration (species) bound-

0.7
0.6}
0.5}

=04

S 0.3
0.2}
0.1}
0.0L . . ;

Nb=0.1,0.3.0.5,08

FIGURE 11. Temperature distributions for various
values of Nb.

0.6R ' ' T E
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0.0 F——

Nb=0.1,0.3,0.5, 0.8

FIGURE 12. Concentration distributions for various
values of Nb.

0.7F - ' - ;

Nt =0.3,0.6, 0.8, 1.0

=
tJ
g
=)
=]

FIGURE 13. Temperature distributions for various
values of Nt.
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0.5¢
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R0.3¢
0.2t
0.1t
0.0L . . . ——
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FIGURE 14. Concentration distributions for various
values of Nt.
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0.0L . . . —

FicUre 15. Temperature distributions for various
values of Du.

0.7g . - . ._

FIGURE 16. Concentration distributions for various
values of Sr.

ary layer. A decrease in the fluid’s mass diffusivity is
brought on by a higher Sc value due to the inverse
relationship between mass diffusivity and Sc value.
Weaker concentration boundary layers are actually
linked to a higher Sc concentrations. The temperature
field’s impact on the thermal Biot number is shown
in Figure[I§] With an increase, convection intensifies,
raising the temperature field. As can be seen from
Figure concentration profiles increase as the mass
Biot number increases. From Figure it can be seen
that a larger value of 6, corresponds to a higher tem-
perature and a thicker thermal boundary layer. As
the coefficient of the latter component, parameter 6.,
is therefore expected to support the thermal boundary
layer thickness. Further observation reveals that the
profiles take on a unique S-shaped structure as 6,, in-
creases, proving the presence of an adiabatic scenario.
In other words, when the ratio of the wall temperature
to the ambient temperature is sufficient enough, the
wall temperature gradient approaches zero.

It was noted that the skin friction coefficients along
the z and y axes (C, and Cfy,, respectively) increase
with increasing values of C' (velocity ratio parameter),
R, Nb, Nt, Du, Sr, 0, ¢, 0, (temperature ratio pa-
rameter) and decrease with increasing values of M, K
(Maxwell fluid parameter or Deborah number), Pr,
and Sec.

As can be seen from Table [3] the heat transfer
coefficient rate increases with rising values of R, Nb,
Nt, Du, and 9, 6,, while the opposite effect is observed
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FI1GURE 17. Concentration profiles for various values
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FIGURE 18. Temperature distributions for various
values of §.

=
o0
-
.

£=05,1.0,1.5,2.0

. 0.6f
X 04
0.2
0.0k - —
0 2 4 6 8
n

F1GURE 19. Concentration profiles for various values
of .

fw=10.5,10,15,20

= 04}
=
0.2} ]
0.0k . —
0 2 4 6 8
n

FIGURE 20. Temperature profiles for various values
of 0.
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Nb Nt

Du

0 0O, Nugy

071 05 01 03 05
1.00
7.00
1.0
1.5
0.3
0.5
0.6
0.8
1.0
1.5

0.5 0.5 1.596830981948893
1.540146983497358
1.522678298079871
1.622579819879815
1.640867673619807
1.611567987134682
1.632676708713469
1.621674784390873
1.643657036096307
1.629676710760369
1.646783093109616
1.0 1.612669136036737
1.5 1.633676846987895

1.0 1.609561387560034

1.5 1.620561387408763

TABLE 3. Results for the rate of heat transfer coefficient.

with Pr. As shown in Table [ the mass transfer
coefficient rate increases with growing values of the
Nt, Sr, and {, while dropping with rising values of
the Nb and the Schmidt number.

5. CONCLUSION

An extensive numerical parametric study was per-
formed on a class of nonlinear equations to provide
a detailed numerical explanation of the solution and
deliver a comprehensive analysis of how various factors,
including the nanofluid properties and other pertinent
parameters, influence the flow variables. These find-
ings are presented visually through graphical represen-
tations, providing a clear and insightful understanding
of the results of this study. The resulting conclusions
are:

e Thermal radiation, thermophoresis, Brownian mo-
tion, Dufour number, thermal Biot number, and
temperature ratio are all indicators of rising tem-
perature profiles.

e The concentration profiles decrease as the Schmidt
number, a Brownian motion parameter, increases.

e The temperature profiles decrease as the Prandtl
number increase.

o As the values of the Maxwell fluid and magnetic
field parameters increase, the velocity profiles in the
x and y directions decrease, however, the velocity
ratio parameter has the opposite effect.

e When the values of the thermophoresis parameter,
the Soret number, and the mass Biot number values
increase, the concentration profiles expand.

e Finally, under certain conditions, the current numer-
ical results closely align with the those published
by Ammar Mushtaq et al. [29] and Liu and Ander-
son [30].

Nt Nb Sc Sr ¢ Shy,

03 01 022 05 0.5 1.865613746076340
0.6 1.899564701676437
0.8 1.921696347687664
0.3 1.838673618736870

0.5 1.810136763487613

0.30 1.835639609613409

0.78 1.817561348760834

1.0 1.889365871387687

1.5 1.909567613476763

1.0 1.890563467630197

1.5 1.915673413847891

TABLE 4. Results for the rate of mass transfer coeffi-
cient.

5.1. FUTURE RESEARCH DIRECTIONS

The finite element method used in the current study
is a highly useful approach to solving linear and non-
linear partial and ordinary differential equations in
physics, mechanical engineering, and other related
subjects, and can therefore be used in future research.
The resulting findings are more accurate than those
obtained using other numerical approaches. The finite
element method is currently employed by mechanical
engineers to solve complex problems. To improve our
understanding of transport phenomena, temperature
profiles, and concentration profiles, future research
must examine the characteristics of nanofluid flow.
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