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Abstract. The presented work deals with the analysis of a toroidal pressure vessel manufactured
using filament winding technology. An analytical model based on netting theory was used to determine
the pressure vessel meridian curve, winding angle, and thickness change for two ratios of the inner
and outer radius of the toroid. The theory of orthotropic continuum was used to determine the stress
distribution along the meridian of the torus for loading by internal pressure and temperature field. The
stress state was also analysed with the strength criteria for composite materials. The Finite Element
Method (FEM) was used for the validation of the analytical model and for the determination of the
filling hole effect on the stress state – the violation of membrane stress in its vicinity. The analytical
model provides a fast solution, the validity of which was confirmed by FEM, that the temperature
(especially after the curing process) has a non-negligible effect on the resulting failure index.
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1. Introduction
Pressure vessels, especially composite ones, are widely
used in modern engineering applications due to
their variability and excellent strength-to-weight ra-
tio. The authors of previous works deal with clas-
sic integrally-wound cylindrical pressure vessels (of
type IV and V [1]) with focus on end domes [2] and
their optimisation [3] according to membrane stress
state, while taking into account additional stresses in
the cylinder/dome junction [4], and the complexity
of the whole design process [5]. A torus is an ax-
isymmetric shell of revolution created by rotating an
arbitrary two-dimensional shape 360° around a cen-
tral axis to form a ring-shaped structure, where the
cross-sectional shape does not intersect the axis of
revolution. Toroidal winding is more complex than
classical cylindrical winding due to the need to feed
the filaments through the central hole of the torus [6].
In toroidal winding, the mandrel rotates in a hor-
izontal plane and its rotation is driven by friction
rollers that closely contact the outer section of the
mandrel. The resultant winding angle ([±ω]n – sym-
metrically balanced layer) is dictated by the velocities
of both the mandrel and the feed eye ring. The feed
eye of the winding machine rotates in an intersecting
plane perpendicular to the mandrel causing the fibre
to always make contact with the mandrel surface at
a tangent [7]. The scheme of toroidal filament wind-
ing can be seen in Figure 1. The meridian curve of
the wound toroid can be obtained using the netting
theory [8] and the geodesic [9] and isotensoidal condi-
tions [10] for the possible ratios of the inner and outer
toroid radius [11] with respect to technological re-

quirements [12]. Geodesic and non-geodesic winding
angles/pattern can be seen in Figure 2. The the-
ory of orthotropic continuum [13], namely the classic
lamination theory (CLT) [14], and selected strength
criteria [15] can be used for obtaining the stress/strain
equations for the given geometry. The toroidal con-
struction was analysed for the loading by internal
pressure, but also with the effect of uniform tempera-
ture field loading with the focus on the cooling after
the curing cycle, which causes residual stresses in the
construction [16]. A very similar analysis, but only
applied to internal overpressure load and toroidal pres-
sure vessel with metallic liner overwound with just
hoop layers, was performed in [17]. The presented
work also studies the effect of the opening (filling hole)
on the stress state in its vicinity. For toroidal ves-
sels, openings would ideally be located at or near the
inner equator so that all valves, pressure regulators,
and connection components can be protected from
an accidental impact damage [18] but there are other
possibilities where to locate them (poles, outer equa-
tor) [19]. Also, the wall of the torus is thickest at or
near its inner equator [20]. FEM is a powerful tool
that can be applied to many engineering problems, in-
cluding the presented one [21] or the coupling between
thermal and structural interaction [22]. It was used
to verify the analytical solution for internal pressure
and temperature loads and to determine the failure
index around the filling hole.

An example of the toroidal construction efficiency is
a promising gaseous fuel tank design, due to its space-
saving and weight-reducing potential, its lack of struc-
turally inefficient domed heads, and the potentially
improved protection of the pressure regulator [21].
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Figure 1. Schematic of toroidal filament winding process [7].

(a). Geodesic and non-geodesic
scheme of winding.

(b). Geodesic pattern. (c). Non-geodesic pattern.

Figure 2. Geodesic and non-geodesic scheme of winding [23] and geodesic and non-geodesic pattern [7].

Toroidal construction is particularly well-suited to
spaces with limited height and length such as the
spare tyre cavities in passenger vehicles. Cylindrical
vessels that fit within available onboard spaces with
length-to-width ratios ranging from approximately
1:1.5 to 1:4 [24]. Toroidal vessels are more appropri-
ate in square spaces, as their length-to-width ratio is
1:1.

2. Materials and methods
2.1. Determination of meridian curve
The first step is to determine the meridian curve of the
wound toroid, which should respect the isotensoidal
and geodesic conditions [10]. The netting theory [8],
which puts the membrane forces in the shell and forces
in the fibres into equilibrium, was used. The solution is
based on the equality of the integrals (i.e. the condition
that y values for the inner and outer toroid equator
must be the same – see Figure 3 for details):

−
∫ ωo

ωm

F (ω) dω =
∫ ωi

ωm

F (ω) dω, (1)

where:

F (ω) =
sin ωm

cosω
sin2 ω[(

sin2 ωm−sin2 ωo

sin2 ωm−sin2 ω
sin2 ω
sin2 ωo

cosω
cos2 ωo

)2
− 1
] 1

2
, (2)

and ωi is the winding angle on the inner radius of the
toroid, ωo is the winding angle on the outer radius of
the toroid, and ωm is the winding angle at the origin
of coordinates (the pole of the torus). For a given
ratio between an inner radius ri and outer radius ro,
there is only one angle ωm from which the geometry
of the meridian of the torus can be determined. The
equation for the winding angle change can be written
as:

ri sin ωi = a sin ωm = ro sin ωo, (3)
where a is the radius passing through the origin of
coordinates. With the knowledge of the winding angle,
we can obtain x and y coordinates of the meridian
curve written in dimensionless form, as follows:

y

a
= ±

∫ ω

ωm

F (ω) dω,

x

a
= sin ωm

sin ω
− 1.

(4)
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Figure 3. Geometry of wound toroid.

A change in the wall thickness caused by the wind-
ing of a tape of a constant width on a different radius r
is typical for each shell with double curvature. The
wall thickness can be calculated as [20]:

h = ho
ro
r

cos ωo
cos ω

, (5)

where ho is the thickness at the outer radius.

2.2. Thermoelastic properties of wound
walls

The wall of the wound toroidal pressure vessel is made
from a balanced layer (helically wound), which con-
sists of two oriented unidirectional monolayers with
winding angles + and −ω. Thermoelastic proper-
ties of the wall can be calculated with the use of
orthotropic continuum theory [13]. Let’s consider
a glass/epoxy system with thermoelastic and strength
properties (according to the coordinate system in Fig-
ure 4) given in Tables 1 and 2. These values are
relevant for glass/epoxy material system with a volu-
metric fibre content of 67 % [2].

For an oriented monolayer (see Figure 5), Duhamel-
Neumann law can be written: σψ

σφ
τψφ

 =

Q11 Q12 Q16
Q21 Q22 Q26
Q16 Q26 Q66


 εψ

εφ
γψφ

− ∆T

 αψ
αφ
αψφ

 , (6)

or: εψ
εφ

γψφ

 =

S11 S12 S16
S12 S22 S26
S16 S26 S66

 σψ
σφ
τψφ

+ ∆T

 αψ
αφ
αψφ

, (7)

where Qij are the elements of the reduced stiffness
matrix and Sij are the elements of the reduced com-
pliance matrix (see [25] for details).

S−1 = Q. (8)

Figure 4. Coordinate system for unidirectional mono-
layer.

Elastic properties can be calculated, for example,
as follows (see [25] for details):

S11 = 1
Eψ

, S22 = 1
Eφ

, . . . (9)

Coefficients of thermal expansion (CTE’s) can be
written as: αψ

αφ
αψφ

 =

 cos2 ω sin2 ω
sin2 ω cos2 ω

2 cos ω sin ω −2 cos ω sin ω

[αL
αT

]
. (10)

For the balanced layer (see Figure 6), which forms
the torus wall, the equation can be written as: σψ

σφ
τψφ

 =

Q11 Q12 0
Q12 Q22 0

0 0 Q66


 εψ

εφ
γψφ

− ∆T

αψ
αφ
0

, (11)

or: εψ
εφ

γψφ

 =

S11 S12 0
S12 S22 0
0 0 S66

 σψ
σφ
τψφ

+ ∆T

αψ
αφ
0

. (12)
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Material EL [MPa] ET [MPa] GLT [MPa] υLT [-] αL [K−1] αT [K−1]
Glass/epoxy 48 000 17 600 8 000 0.25 6.5 × 10−6 16.3 × 10−6

Table 1. Thermoelastic properties of considered glass/epoxy material system.

Material FLt [MPa] FLc [MPa] FT t [MPa] FT c [MPa] FLT [MPa]
Glass/epoxy 1 200 600 45 145 65

Table 2. Strength properties of considered glass/epoxy material system. L stands for the longitudinal direction,
T for the transverse direction, t for the tension, and c for the compression.

Figure 5. Coordinate system for oriented monolayer.

Figure 6. Coordinate system for balanced layer.

The interaction between the oriented monolayers
during loading by normal stress caused that the result-
ing shear deformation is zero – Q16 = Q26 = 0. The
stiffness matrix of the balanced layer is the same as
the stiffness of the oriented unidirectional monolayer
Qij = Qij .

Elastic properties can be calculated, for example,
as follows (see [25] for details):

Eψ = Q11

(
1 − Q2

12
Q11Q22

)
,

Eφ = Q22

(
1 − Q2

12
Q11Q22

)
, . . .

(13)

Shear deformation of a whole balanced layer is zero,
γψφ = 0, the shear stress in oriented orthotropic
monolayer is:

τψφ = Gψφ (−S61σψ − S62σφ − αψφ∆T ) , (14)

and CTE’s can be written as follows:

αψ = αψ+αψφS61Gψφ, αφ = αφ+αψφS62Gψφ. (15)

A graph showing the relationship between the wind-
ing angle ω and CTE’s for an oriented monolayer
computed by Equation (10), and CTE’s for a bal-
anced layer computed by Equation (15), can be found
in [26].

2.3. Loading by internal pressure
Loading by internal pressure (Figure 7) causes strains
in the composite wall, which can be computed as
follows:  εψ

εφ
γψφ

 =

a11 a12 0
a21 a22 0
0 0 a66

Nψ

Nφ

0

, (16)

where aij = A−1
ij . Aij are the elements of membrane

stiffness matrix, which, for balanced layer, can be
computed as follows:

Aij = Qijh. (17)

Shear stress in an oriented monolayer can be com-
puted as follows:

τψφ = Q16εψ + Q26εφ. (18)

2.4. Loading by uniform temperature
field

With respect to the assumption of thin-walled con-
struction (h ≪ a), the uniform distribution of temper-
ature change ∆T , which is constant throughout the
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Figure 7. Toroid loaded by internal pressure.

Figure 8. Stress transformation between global and local coordinate systems [2].

wall thickness, induces a constant strain distribution
throughout the wall thickness. For a balanced layer,
there are no normal stresses induced in the torus wall.
According to this fact, Equation (14) takes the form
required to describe stresses in that wall:

τψφ = −αψφ∆TGψφ. (19)

2.5. Application of strength criterion
For both loading cases described in Sections 2.3
and 2.4, it is necessary to transform stresses from

a global coordinate system to a local system of mate-
rial orthotropy (see Figure 8):
 σL

σT
τLT

=

 cos2 ω sin2 ω 2 cos ω sin ω
sin2 ω cos2 ω −2 cos ω sin ω

− cos ω sin ω cos ω sin ω cos2 ω − sin2 ω

 σψ
σφ
τψφ

. (20)

Stresses, computed from Equation (20), are used as
the input for the calculation of the failure index from
the selected strength criterion. The maximum stress
criterion was chosen (see [15] for example) and it states
that failure occurs when at least one of the stresses
in the material coordinates exceeds the corresponding
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Figure 9. FE model of the analysed case with the use of symmetry.

Figure 10. Fine mesh in filling hole’s vicinity.

experimental strength value. This can be expressed
as follows:

−FLc < σL < FLt,

−FTc < σT < FTt,

−FLT < σLT < FLT .

(21)

2.6. FE analysis
FE analysis was done using the commercial software
Abaqus. A 1/8 of the toroid was modelled with the use
of symmetry in planes xy, yz, and xz. The geometry
of the toroid was cut with the use of parallels to
allow for changes in wall thickness and winding angle.
S4R shell elements were used for discretisation. It
is a 4-node, quadrilateral, stress/displacement shell
element with reduced integration and a large-strain
formulation. Each node has six degrees of freedom.
The linear elastic material model Lamina was used
with thermoelastic and strength characteristics from
Tables 1 and 2. A geometric nonlinear analysis was
carried out. The FE model can be seen in Figure 9.
The result of the FE analysis for both loading cases
(internal pressure and uniform temperature field) is

the failure index according to the maximum stress
criterion.

The effect of filling the hole was analysed with the
use of a similar model. A filling hole was placed on
the inner equator of the toroid where the largest wall
thickness and fine mesh in its vicinity was done (see
Figure 10). The size of the elements was chosen after
performing the mesh sensitivity test (the comparison
criterion between the meshes used was the magnitude
of the failure index). Each segment of the toroid with
defined wall thickness and winding angle was meshed
with at least three elements per arc length.

3. Results and discussion
Two ratios of ri

ro
were chosen for the analysis – 0.7

and 0.9. The computed meridian of the toroid com-
pared with a circle can be seen in Figure 11. For
both analysed ratios, the meridian curve can be ap-
proximated with a circle with sufficient accuracy. If
the ratio of ri

ro
decreases, the difference between the

meridian curve and the approximation with the circle
increases [11]. For that case, forces from Equation (16)
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(a). ri
ro

= 0.7. (b). ri
ro

= 0.9.

Figure 11. Computed meridian of toroid compared with circle, change in winding angle ω and change in wall
thickness h for ri

ro
ratio 0.7 and 0.9.

can be calculated as follows:

Nψ = σψh = pρ0(a + r)
2r

,

Nφ = σφh = pρ0

2 ,
(22)

where ρ0 is the radius of the replacement circle that
approximates the meridian of the toroid (see Figure 7).

Figure 11 also depicts the relationship between the
winding angle and the position on the meridian. The
winding angle is changing continuously from maximal
value on inner radius ri to minimal value on outer
radius ro. The difference between maximal and mini-
mal values of ω decreases with the decreasing value
of the ratio of radii. Figure 12 shows the relation-
ship between the winding angle on specified positions
and the ratio of radii, and it can be stated that all
three angles reach the same value for the ri

ro
= 1,

which is a cylinder. For this ratio, the winding angle
is ω = 35° 15’, and its complement to 90° is 54° 75’,
which is the winding angle of the balanced layer on
the cylindrical shell loaded by internal pressure [27].
As can be stated from the last part of Figure 11, the
minimal thickness is on the outer equator radius and
maximal on the inner equator radius. With the rising
ratio of radii, the relative thickness grows the fastest.

In a global coordinate system, stress can be calcu-
lated with the use of Equations (16), (18), and (22),
which can be normalised with meridional stress on
the outer equator, as follows:

σsr = σψo = pρ0(2a + ρ0)
2 (a + ρ0) h

. (23)

Figure 13 shows the relationship between the global
stresses and the position on the meridian for the anal-
ysed ratios. From the graph, it can be seen that both
analysed cases have normal stresses at maximum on
the outer equator radius, shear stress is plotted for
the positive value of winding angle +ω and has its
maximum outside this area. Shear stress for the nega-
tive value of winding angle −ω has the same value but
the opposite sign. These stresses were transformed
according to Equation (20), and failure criterion (21)
was used for the failure index evaluation. The same
procedure was performed for the evaluation of tem-
perature stresses and the failure index corresponding
to the loading by uniform temperature field.

3.1. Numerical example
The numerical example was computed for toroid with
ri

ro
= 0.9. The inner radius was 450 mm and the
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Figure 12. Relationship between the winding angle ω on specified positions and the ratio of radii.

(a). ri
ro

= 0.7. (b). ri
ro

= 0.9.

Figure 13. Relationship between normal and shear stresses in global coordinate system and position on meridian
for ri

ro
ratio 0.7 and 0.9.

outer radius was 500 mm. The wall thickness of the
balanced layer at the outer radius was set to 1 mm
(which means thickness of 0.5 mm for each oriented
unidirectional monolayer), and the internal pressure
was 3 MPa. The winding angle at the outer radius
was computed from Equation (3) ±ωo = 33.05°. The
change in thickness and winding angle along the merid-
ian, which are crucial for the computation, are taken
from Figure 11b. The analysed toroid was cooled from
120 °C to 20°, which corresponds to cooling after the
curing cycle of a typical epoxy resin. Also, cooling
is more dangerous because σT has a tensile character
for this material system. Margins of safety are calcu-
lated for each Equation (21), the minimum is selected,
and its reciprocal value is then the desired failure
index. The failure index was analytically calculated
for both loading cases and compared with the results
obtained by FEM. The comparison of the results is
plotted in Figures 14 and 15. From the figures, it can

be seen that in the case of internal pressure loading
(Figure 14), the maximum failure index is at the outer
equator radius and minimal at the inner one. In the
case of uniform cooling (Figure 15), it is the exact
opposite – the maximum failure index is at the inner
equator radius and minimal at the outer one. The
maximum difference between the analytical solution
and the FE results is a 6 %.

The last analysed problem was the influence of the
filling hole on the stress state in its vicinity. The
filling hole with a diameter of 3 mm was placed at
the inner equator radius, symmetrically to xz plane.
The failure index around the filling hole is depicted in
Figure 16 with its maximum value equal to 1.516. By
comparing this value with the failure index value of
0.55 for the same area in construction without a hole
(inner radius coordinate in Figure 14), it can be stated
that the filling hole caused a 2.75 times greater failure
index.
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Figure 14. Comparison of failure index for internal pressure load obtained analytically and numerically, for ri
ro

ratio
of 0.9.

Figure 15. Comparison of failure index for uniform temperature field load obtained analytically and numerically for
ri
ro

ratio of 0.9.
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Figure 16. Stress concentration around filling hole expressed by failure index.

4. Conclusion
The analytical and numerical analysis of toroidal pres-
sure vessel manufactured by means of filament winding
was conducted for selected ratios of inner and outer
equator radii. The meridian curve of the torus was in-
vestigated with the use of netting theory and geodesic
condition with a conclusion that for higher ratios of
radii, the meridian curve can be approximated with
a circle.

Analytical and numerical solutions of the failure
index along the meridian were obtained for internal
pressure load and uniform cooling for the circular
meridian of the torus, achieving good agreement. It
can be said that the analytical solution is faster than
preparing the model in FE software and it is a nec-
essary condition for obtaining FE input data (wall
thickness around the meridian, change in the wind-
ing angle). If the results from Figures 13 and 14
were superimposed together, the failure index reaches
a maximum value of about 0.8. That means that the
temperature influence on the resulting stresses has
a non-negligible effect and it should be an indisputable
part of the pressure vessel analysis. A practical im-
plication of this fact is that if the script/program
is prepared with respect to the analytical solution
(Equations (16)–(18) for loading by internal pressure,
Equation (19) for loading by uniform temperature
field, and Equations (20) and (18) for transformation
and computation of margin of safety/failure index),
a fast preliminary analysis can be performed with
a quick possible change of input data (inner/outer
radius, internal pressure, change in temperature, ma-
terial parameters, etc.) and obtain a large set of
possible solutions. This large set of solutions can also
be used as an input dataset for multicriteria optimisa-
tion by data-driven algorithms. The selected optimal
solution should be analysed in detail with the use of
FEM with a focus on structural elements that cannot
be included in the analytical solution. The analytical
solution can be summarised in the following points:

• Determination of the generating curve using nu-
merical integration of Equation (2), with the use
of Equation (4), and comparison with the circular
approximation,

• evaluation of winding angle ω and wall thickness h
along the meridian curve,

• for given internal pressure computing the force resul-
tants in circumferential and meridional directions,
membrane stiffness matrix A, strains and stresses
in a global coordinate system in each point of the
meridian curve,

• evaluation of CTE’s depending on the winding angle
ω in each point of the meridian curve,

• for a given temperature change, computing the
stresses in a global coordinate system in each point
of the meridian curve,

• transforming the stresses caused by internal pres-
sure and temperature change from a global coordi-
nate system to a local coordinate system, and using
the chosen strength criterion to evaluate the failure
index.
The numerical solution for the construction with

a filling hole at the inner equator radius was done,
revealing that the failure index around the hole is
2.75 times greater than in the same area of a construc-
tion without a hole. Also, the failure index for the
analysed example is greater than one, which means
that the construction will fail. Decreasing the fail-
ure index in this critical place can be achieved by
increasing the wall thickness.

The thermoelastic properties and strengths were
derived for ambient temperature, 20 °C, and in calcu-
lations, they are treated as invariants to temperature
changes. In other words, the present study does not
consider the viscoelastic behaviour of materials that
can occur at very high temperatures, and it is not
suitable for cases where material creep or cryogenic
conditions are expected.
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List of symbols
a Radius passing through the origin of coordinates [mm]
A Membrane stiffness matrix for balanced layer [N mm]
EL Young modulus in longitudinal direction [MPa]
ET Young modulus in transversal direction [MPa]
FLt, FLc Strength in longitudinal direction in ten-

sion/compression [MPa]
FTt, FTc Strength in transversal direction in ten-

sion/compression [MPa]
FLT Shear strength in LT plane [MPa]
GLT Shear modulus in LT plane [MPa]
Gψφ Shear modulus in ψφ plane [MPa]
ho Thickness of balanced layer on outer radius [mm]
h Thickness of balanced layer on general radius [mm]
ri Inner radius of the toroid [mm]
ro Outer radius of the toroid [mm]
Nθ, nψ Force resultants in circumferential and meridional

direction [N mm−1]
Q Reduced stiffness matrix for oriented monolayer

[MPa]
Q Reduced stiffness matrix for balanced layr [MPa]
Rθ, Rψ Principal radii of curvature [mm]
S Reduced compliance matrix for oriented monolayer

[M Pa−1]
S Reduced compliance matrix for balanced layr [MPa]
∆T Change in temperature [°C]
αL Coefficient of thermal expansion in longitudinal di-

rection [K−1]
αT Coefficient of thermal expansion in transversal direc-

tion [K−1]
αψ Coefficient of thermal expansion in meridional direc-

tion for oriented monolayer [K−1]
αφ Coefficient of thermal expansion in circumferential

direction for oriented monolayer [K−1]
αψφ Shear coefficient of thermal expansion in ψφ plane

for oriented monolayer [K−1]
αψ Coefficient of thermal expansion in meridional direc-

tion for balanced layer [K−1]
αφ Coefficient of thermal expansion in circumferential

direction for balanced layer [K−1]
υLT Major Poisson ration in LT plane [–]
εψ Strain in meridional direction [–]
εφ Strain in circumferential direction [–]
γψφ Shear strain in ψφ plane [–]
ρ0 Replacement circle radius that approximates the

meridian of the toroid [mm]
σψ Normal stress in meridional direction [MPa]
σφ Normal stress in circumferential direction [MPa]
σL Normal stress in longitudinal direction [MPa]
σT Normal stress in transversal direction [MPa]
τψφ Shear stress in ψφ plane [MPa]
τLT Shear stress in LT plane [MPa]
ωi Winding angle on the inner radius of the toroid [°]
ωo Winding angle on the outer radius of the toroid [°]
ωm Winding angle on the origin of coordinates [°]
CTE Coefficient of thermal expansion
FEM Finite element method
FI Failure index
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