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ABSTRACT. We present two superintegrable Hamiltonian systems in two dimensions, defined on the
sphere and on the hyperbolic plane. These systems are generalised a la Tremblay-Turbiner-Winternitz
(TTW), involving the introduction of a real parameter k > 0, with the aim of extending superintegrable
Hamiltonian systems to curved spaces in a way similar to the TTW system on the plane. We carry out
both classical and quantum analyses of these new systems. We prove that the superintegrability of the
initial systems (i.e. when k = 1) is preserved when k is rational, as in the TTW case. A detailed study
of their classical counterparts and trajectories is also included.
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1. INTRODUCTION

In [I], a family of superintegrable systems defined on
a homogeneous space of the pseudo-orthogonal Lie
group O(p, q) was introduced. This work increased
the number of known superintegrable systems at the
time [2]. This family of superintegrable Hamiltonian
systems (SHSs) has since been studied from various
perspectives [3H8].

In 2010, Tremblay, Turbiner, and Winternitz intro-
duced the well-known TTW integrable system [9} [10],
which generalises the Smorodinsky-Winternitz super-
integrable system [IT], [12]. Its introduction renewed
the scientific community’s interest in superintegrable
systems, and the number of new SHSs has steadily
grown since then [I3HIg].

The classical TTW system [9} [I0] is characterised
by the Hamiltonian:

1 k2 a b
H =24 —p2 2, K7 1
prt T2p¢—|—wr + r2 \ cos? k¢ + sin ko )’ (1)
where 7 € (0,00), 0 < ¢ < g5 k,w,a,b are real
numbers with k,w # 0, and a,b > 0, respectively.
The quantum version of this system is:

1
H=—02— 20, +w?

2 g0 b (2)
+7TQ k2 ot cos? k¢ + sin?k¢ )

Now, by making the change of variables k ¢ = 6, and
replacing a and b with o — i and 32 — %, respectively,
(as in [19]), the Hamiltonian (2)) becomes:

1
H=-0°—--0, +wr?

r
k2 , a?-1 p2_1 (3)
+7"2(_89+ -+ 24>7

cos2 0 sin
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where 0 < 0 < 5 and a?, 5% > 1

In this paper, we present a generalisation a la TTW
of two superintegrable Hamiltonian systems defined in
two-dimensional curved spaces, specifically the sphere
52 and the hyperbolic plane H2. A direct extension of
the original TTW system to two-dimensional spherical
and hyperbolic spaces can be found in [20H23].

The structure of the paper is as follows: in Section 2]
we introduce the original system defined on S?, as
well as its TTW-type generalisation. In addition, we
present a mathematical overview of the factorisation
method for Hamiltonians — originating in the work of
Schrédinger — which allows us to construct generalised
ladder and shift operators. We also present a theorem
that establishes a systematic method for constructing
two symmetries (or integrals of motion) that com-
mute with the Hamiltonian, thereby demonstrating
the superintegrability of the new system. Section [3]
is devoted to the explicit construction of these sym-
metries, which are obtained by factorising two sub-
Hamiltonians derived from the original system through
the separation of variables method. In Section [d] we
study the classical counterpart of this Hamiltonian
and derive its classical trajectories in an algebraic way.
The hyperbolic case is presented in Section [5, where
we follow an analogous approach, as the Hamiltonian
systems exhibit formal similarities. We conclude with
some final remarks and an appendix, where we present
a more general version of Theorem [1| from Section

2. TTW SO(3)-HAMILTONIAN

Let us consider the Hamiltonian [6]:

21

2
H:=-Y J2+ 151 (4)

2
84
1=0 ?
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where (s;) = (0, 51, 52) € R? verifies s3 +s7 + 53 =1
and l; € R. The differential operators J; := e;;1 55 Os,,
(€ijk is the Levi-Civita symbol) span the Lie algebra
s0(3) since they are the infinitesimal generators in the
vector field representation.
It is worth noting that Zz o Ji is the quadratic
Casimir operator of so(3), Wthh is the Laplace-
Beltrami operator on the sphere S2, which is, in turn,
the orbit (symmetric space) of SO(3).
Counsidering spherical coordinates (¢1,¢2) such
that:
Sp = COS ¢ COS P1,
§1 = €08 @2 sin ¢, (5)
S2 = sin ¢,

the Hamiltonian becomes:

Z-1
H=-093, +tangs 0y, + —5+
sin ¢2 (6)
-1 o1
- |_p? 4 4
cos? ¢y 17 cos2¢y | sin? ¢y

with 0 < ¢1 < 5, 0 < ¢ < 7. Now we modify
this Hamiltonian following the TTW-Hamiltonians
and obtaining a one-parameter family of Hamilto-
nians depending on k£ € R*:

2_ 1
Hp =— 8;2 + tan ¢ 0, + %
sin® ¢o "
2 12 _ 1 l2 1 ( )
R _82(25 + 4 .12 4 ;
cos? ¢y v cos?kpy  sin? ko

with now 0 < ¢1 < gz, 0 < ¢2 < 3. To simplify
the notation, we introduce the change of variables
(k¢1, p2) — (6, ¢) such that 0 < 0,¢ < T [19]:

2 _ l
Hp=—0%+t 19)
@ + anqS (o) + 1112 ¢ (8)
k? _ 92 lo — i i - %
cos? ¢ 07 cos?0 ' sinZ6

Note that we actually have a family of Hamiltonians
depending on four real parameters (k,lo, 1,12 ).
Taking into account the variable separation,
ie. ¥(0,¢) = ¥(0)p(¢), the well-known eigenvalue
equation Hp ¥ = E W splits in two equations:
Hyy, ¢(9) = E(@), H$(0) = E'4(0), (9)
where:
I —3 M}
sin?¢  cos? ¢

Hy, = —03+tangdy +

M2
—_ g9 k
= H? + o2 (10)
1 l2 1

-1 -1

cos?2f  sin’@
with My := kv E’ the separation constant. In the
following we will use 3 instead E’, such that 82 := E’,
hence Mj := kB. Thus the new Hamiltonian
becomes:

-8

e RHC
Hi = Hyy, + cos? ¢

(12)

2.1. HAMILTONIAN FACTORISATION

As it is well know from the paper by Infeld and
Hull [24] in order to construct the shift operators,
we factorise the Hamiltonian [25] [26].

Let {H,}mez be a family of Hamiltonians such
that Vm € Z:

Hy=ALAS 4+ N\, =A (At 4+ X\,1. (13)

Then, it is straightforward to prove that A are shift
operators , verifying:

A;l cHoy — Hm+1,
(14)
A:z : Hm+1 — Hm,

where by H,,, we design the eigenfunction space of
the Hamiltonian H,, (as differential operators).

In addition, the operators A are intertwining op-
erators, i.e.:

A;:L Hm+1 =
A H,, =

Hy, A:;:m (15)
m+1 A;L

An important consequence of this result is that
we can obtain the eigenvectors and the eigenvalues
of the discrete spectrum of the original Hamiltonian
knowing the ground states of the Hamiltonians H,,
of the family. Effectively, let us suppose that ’(/)?m)
are the ground states of the Hamiltonians H,, of the
hierarchy. They are determined by the condition:

Ap il =0, (16)
hence from Equation :
Hyp ¥y = (A7 Apy + A) U0y = Antly- (17)

Thus, the scalars \,, appearing in the factorisation
are the energies of the grounds states. Then, defining:

T4 =A5--- AL, meN, (18)

and taking into account , by induction, we obtain:

HOﬁA?_ = (ﬁA ) m+1- (19)
=0

Therefore, we conclude that the m' excited eigenfunc-

tion 1/)28) of the original Hamiltonian Hj is obtained
by the consecutive application of the operators At
over the ground state w?m) of Hy,:

m—1
Uity = [T AF el (20)
1=0

Hence, the eigenvalues of the Hamiltonian Hy are
obtained in an algebraic way.
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2.2. HIGHER RANK LADDER/SHIFT OPERATORS

Let us begin by considering a family of Hamiltonians
{Hpn}mez, and introduce some general definitions
concerning two types of operators:

e Ladder operators, which connect eigenvectors of
a fixed Hamiltonian Hj, (with k € T fixed), corre-
sponding to different eigenvalues.

e Shift operators, which connect eigenvectors of dif-
ferent Hamiltonians within the family {H,, }mez,
corresponding to the same eigenvalue.

Let H,, be a Hamiltonian, #,, the Hilbert space
spanned by its eigenvectors and 1} an eigenvector of
H,, with eigenvalue A\. An operator L., (with n € N)
satisfying:

L:tn : Hm — Hm

YN P34, = Lanty

is called a generalised ladder operator. The standard
ladder operator corresponds to the case n = 1.
An operator S, (with n € N) satisfying:

S n:H —)’Hmin

22
w}\ — wmin ( )

Sy’

is called a generalised shift operador.

To summarise:

Ladder operators connect eigenstates of a single
Hamiltonian with different eigenvalues. Shift oper-
ators connect eigenstates of different Hamiltonians
within the family {H,,} with the same eigenvalue.

2.3. SUPERINTEGRABILITY OF THE TTW
SO(3)-HAMILTONIAN

By combining both types of operators in a suitable
way, we can construct a symmetry of the Hamiltonian
system — namely, a finite differential operator X that
commutes with the Hamiltonian [27H29]. At the clas-
sical level, these symmetries correspond to integrals
of motion, also known as constants of motion.

Theorem 1. Let Hj be the Hamiltonian given in
Equation . Suppose there exist ladder and shift
operators as defined in Equations and (22)), re-
spectively:

Lizn
s € H' =25 tpaon € HY,
s . (23)
oum, €HYy, m—> OMt2m € Hip Lo

where 15 € H? is an eigenvector of H? with eigen-
value 32 and @y, € ’Hf/[k is an eigenvector of chfk as
given in , such that k8 = My. Then, if k =,
there are two symmetry operators (X*) of the Hamil-
tonian Hy, (i.e. operators that commute with Hy),
defined as:

Xi = Li2n Si2m;

m,n € N*=N—{0}. (24)

522

Since there are 2 x 2 — 1 independent symmetries,
namely X* and Hy,, the system is maximally super-
integrable.

Proof. We only need to prove that the two opera-
tors X* defined in Equation commute with the
Hamiltonian, i.e.:

[Hy, X*] =0, VM, B, E, (25)

as shown in [28].
Let us consider the eigenfunction ¢z, 13 of Hj with
eigenvalue E. Then:

[HkﬂXi]SDMkwﬂ = (Hk - E)XiCPM;ﬂ/}ﬁ' (26>

On the other hand, from Equations and , we
have:

Xi%’M,J/JB = Vg ronP My +2m- (27)

The Hamiltonian Hy, using Equations and ,
can be rewritten as:

M2 k2 6 _ 2
Hy— o M K 7). (28)

cos? ¢ cos? ¢
Since M, = (My +2m)? — (2m)% F4M}, m, we obtain:
2m)? _ AMym
Hy, = HY _ @m)y :
k My£2m - oo52 ¢ T cos2 ¢
2010 _ g2 (29)
K(H - 57)
cos? ¢
From Equations and , it follows that:
Hk XiSDMk 1/)5 = E(JDMkj:2m’¢}Bi2na (30)

where we used the relation M, = kf together with
the rationality condltlon k: = 7—”. By substitut-

ing Equations (27]) and ( into , we find that
[Hi, XE] =0, as clalmed

3. ANALYSIS OF THE TTW
SO(3)-HAMILTONIAN

We will use the theory of Hamiltonian factorisa-

tion [24] to study the TTW SO(3)-Hamiltonian given

in Equation .

3.1. FACTORISATION OF H?
Let us start with the Hamiltonian H? , which is
a trigonometric Péschl-Teller Hamiltonian [30]:

1 l2 1

2-1 —1
HY =92+ 2 4421 4 (31)

cos2f = sin?@

The corresponding operators AX and ), 7 relative
to H? are [6]:

Aiii@g*(l(]‘i’n‘i’%)tang
1
+(U+n+ 5) cot 6, (32)
M =E,=p8%=(lp+1; +2n+1)?
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The hierarchy of Hamiltonians H? obtained by us-
ing Equation have the same expression of HY
(Equation ), that it is the Hamiltonian with n =0
of the hierarchy, after the changes o — Iy + n and
ll — ll + n.

The hierarchy of Hamiltonians HY, defined via
Equation , all share the same functional form
as H? in Equation — which corresponds to the
case n = 0, up to the parameter shifts lp — lg + n
and I — [1 +n.

The fundamental states of H? are obtained by Equa-

tion and they are:

Py (0) = coslott3 g ginhtnts g, (33)
and the excited states of the initial Hamiltonian
HY = HY are given by:

Yoy (6)

where N is the normalisation constant and P,Slo’
are Jacobi polynomials. The energy of these states is

E!, = 3? = \, as given in Equation (32).
From [8], the ladder operators are:

L =+ (B+1)sin200,
+B(B+1)cos20 — 12 +13.

= Ncoslots gginl1*2 0 P01 (cos 26), (34)

l1)

(35)
They act as:
Ly
Y595 5 a0 € H,
-
=) Va42 2 Y5 € HO.
We can define generalised ladder operators as:

H L/@-H’

z2(n1

HLﬁ i

1=2n

+ —
Lﬁ—>6+2n T

LEHB on =

that act as:

H? 5 g m* Ypyon € HY,

(38)
ﬁ*}B 2n

HO 5 g 2220 ohg o, € HY.

We now consider index-free operators L* and
(L*)", defined by removing the subscript 3 from the
operators Lg defined in Equation , as follows:

Lts = Livs, L7 ¢s:=L; ys V. (39)

This notation also extends to the generalised ladder
operators Lg_wﬂn defined in Equation :

(L*)" %5 = Lj_ g y0n ¥
(L_>n Vg :=Lg 5 5,¥8

We state the following interesting result and leave its
proof to the reader:

[VH?, (£*)"] = #2n (L*)! (41)

VB, (40)

3.2. FACTORISATION OF Hj’}k

Our task now is to find mtertwmlng operators M*
that factorlse the Hamiltonian H? M, given in Equa-

tion , that is:
Hy =M"M™ +p. (42)

We have identified four families of ladder operators,
denoted M*7 with i = 1,2, 3,4, which yield the same
factorisation of the Hamiltonian, but satisfy different
intertwining relations [29]. These families are:

Solution 1:

9, 4 1
MH =9, + (k5 — 1) tan g+ —2" cot 6,

—2ly+1
M~' = —8, + k3 tan ¢ + % cot @, (43)

<k5+lg—2) (k6+l2—;>.

By computing M ' M1 4y, we get that it is equal
to:

H1

(k6 -1?  (b-1)°—3

cos? ¢ sin?¢
Thus, the Hamiltonian given in Equation has the
same form as Hf\}k in Equation , but with the

parameters k(3 and Iy replaced by k8 — 1 and [ — 1,
respectively.

—8; +tan¢ 0y + (44)

Solution 2:
205 +1
M*2 =8y + (kB — 1) tan ¢ + 22 cot b,
2l 1
M—2 = —0p + kftan ¢ + 2; cot @, (45)

M2

(—kﬁ+l2 + ;) (—kmzz + 2)

Here, M ~2M*2 + py gives:

(kB—1)?  (b+1)°-7)
cos? ¢ sin? ¢

In this case, the Hamiltonian has the same form

as Hﬁk in Equation (10), but with the parameters
kB and Iy replaced by k8 — 1 and l5 + 1, respectively.

—82 + tan ¢ 9, + (46)

Solution 3:

2 1
M3 =04 — (kB +1)tan¢ + l22+ cot @,
2 1
M™% = —04 — kBtan ¢ + l22+ cot ¢, (47)
1 3
B3 = <k6+lg+2) <kﬁ+lg+2>.

In this case, from M ~3M™3 + p3, we get:
(kB+1)?  (2+1)-7)
cos? ¢ sin? ¢

where the parameters k3 and [5 are replaced by k5 +1
and ls + 1, respectively.

—03 + tan ¢ 0, + , (48)
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Solution 4:

-2 1
Mt* =0, — (kB +1)tan¢ + %cotaﬁ,
-2 1
M4 = —9, — kBtane + % cotd,  (49)

Hg = (—k‘ﬁ-f—lg—g) (—k’ﬁ—l—lz—;).

Now, M4 M*4 4 uy gives:

(kG +1)?

cos? ¢

(2—1)°—17)

—92 +tan ¢ 9
b+ tan Oy + sin? ¢

where the parameters k3 and l5 are replaced by k5 +1
and ls — 1, respectively.

We have obtained eight operators that modify the
parameters 3 k and Iy by +1, allowing movement in
both directions along the k8 and [, axes.

This enables us to construct a hierarchy of Hamilto-
nians, denoted by {Hﬁ[k;n,m}n’mE% associated with
the initial Hamiltonian H j@k in Equation , through
the repeated application of the intertwining operators
M™*3, as described in Equation . The elements
of this hierarchy are explicitly given by:

¢ _ 92 (My, +n)?
HM’“?"’m o 8¢ +tan ¢y + cos?(¢) 51
(lg 4 m)2 o i ( )
sin?(¢)

where we have taken into account that My = kf.
Note that for n = 0 we recover the initial Hamiltonian
H;T;[k given in Equation .

The fundamental states of the Hamiltonians Hz% m

are obtained using Equation (L6), and are given by [6]:
Py () = cos'? g, sin'>Fm 2, (52)

with 8 = lg+1;+n'+ %, as in Equation , where we
fix an arbitrary value n = n’ € N (see Subsection [3.1)).
The excited states of the initial Hamiltonian H ]ﬂk;oﬂ,
obtained by applying Equation (20)), are:

Ploy(0) = N cos’* ¢sin12+% 1)
(la+1,8k) (53)
X Py 2" (cos 2¢),

where N is the normalisation constant and P,(,io’ll) are
Jacobi polynomials. The energy associated with these
states is:

1 3
Efy™ = (5+12+2m+5) <ﬂ+lz+2m+§). (54)

3.3. FACTORISATION OF MULTI-PARAMETRIC
HAMILTONIAN

Given that the Hamiltonians now depend on multiple

indices, we shall establish a generalisation of Subsec-

tion [2.1] since the original statement does not apply

to this extended setting.

524

Proposition 2. Let { Hym }eziz1 be a family of oper-
ators depending on a multi-index m = (m;);ecz, where
|Z| denotes the cardinality of the index set Z. Assume
that for all m € Z*!:

where f : ZZl — ZITI acts, component-wise, as
f(m) = (fi(m;))iez with each f; : Z — Z invert-
ible on its domain. Then AL are shift operators
(cf. Equation (14)) satisfying:

AL i Hm — Hf—l(m),

56
Ail : Hf—l(m) — Hm, ( )

where Hm is the the eigenfunction space of the Hamil-
tonian Hy,.

Proof. Effectively, let 1Z € Hpy, be an eigenvector of
Hy, with eigenvalue E, i.e. Hpy¥E = EE. From

Equation :

= A Him Vi = E (A ¥),
since f(f~!(m)) = m by definition of f=!. Thus,
Ay, maps ¥ to an eigenvector of Hy-1(m) with the

same eigenvalue.
Similarly, for Af:

Hun AL F 1 (1m)
= AR AR A (59
= A Hysm) U5 my = E(ARGF 1 my)-

This completes the proof. It is worth noting that
AZL preserve the eigenvalues. u

(57)

3.4. ON THE FACTORISATION OF THE

MULTI-INDEXED HAMILTONIAN H]@k

In the following section, we analyse the solutions aris-
ing from the factorisation of the Hamiltonian H ;T;[k, in
the context of the results of the preceding subsection,
with the objective of constructing shift operators that
facilitate the determination of the symmetries X*.
Let us define the generalised operators MELE;L in
terms of the operators Mii given in Equations ,

, , and by performing the replacements
kB — kB +n and Iy — Iy + m with n,m € Z, that is:

MEL = ME(RB = kB +n,lo =l +m),  (59)

where i =1,...,4.

From their definition and from the substitu-
tions Bk — Bk +n and ly — s + m in the factori-
sation Equations 7, we can see that for each
1 € {1,2,3,4}, the operators Mffr; act on the hierar-

chy of Hamiltonians {Hﬁ[ tn,mez as follows:

kin,m
+,i —,i i _ ¢
Mn,;’n Mm:m + /’Ln,m - HMk;n,m’

—i i i _ oo
My i Mo i = Hm = HMk;f;3<n),f2ij<m)’

(60)
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with fi il, fa. 1-1 : Z. — Z invertible index maps such that
ff’il(r)7 fzfil(r) :r — r =+ 1 depending on i = 1,2, 3,4.
In other words, their definitions are determined by
the index changes dictated by the intertwining Equa-

tions ([@3)—-(50). For instance, f/(n) = n+ 1 and
fa. +(m) = m—1. Moreover, the action on the spaces of
eigenfunctions Hﬁ/lk; n.m Of the hierarchy Hamiltonians
is as follows:

M HE — H?

nym Tt Myin,m My fy ) (n),f5 } (m)’

i g0 ¢
M HMk;f;3<n>,f;3<m> = Htiinm:

(61)

We have identified eight operators Mnin@ that trans-
form the eigenstates according to:

anl@ CHE

My in,m

- Hﬁ/lk;n+a,m+b7 (62)
where a,b € {—1,+1}.

In Figures'and we illustrate the action of the
operators Mgy = M +1 which coincide with those
defined in Equations , , , and . Note
that, for our purposes, it is sufficient to consider only
one set, either the M or the M~ operators, as they
act in a similar manner.

We can define index-free operators M®? in terms
of, for instance, the operators M., (for all n,m € Z)
as follows:

b .
M wm,n = Mm::l wm,na

Thus, from Figure [I] and Figure [2] it can be seen
that M1 = Mn;:f’l, ML = Mn;fl, ML = Mn;:fl,
and M~1~1 = M. By composing two such opera-
tors, we can construct the shift operators S defined
in Equation , which move only in one direction.
In our case, we choose the direction along k8 (i.e. di-
rection n).

Considering the composition of operators acting as

Ma7b¢m,n = wm—"-a,'yL-',-b, we ﬁnd that:

a,b=+1.  (63)

Ma,bM_awam,n = Ma’bwmfaﬁhkb = wm,n+2b; (64)

where a,b = +1. Equation allows us to define
the shift operators as follows:

Sﬂ: = Ma,:l:l Mfa,:l:l’ (65)
that act as:

+ .99
ST Hayr mom

- 7-[(]z\};c;m,n:l:? (66)

In Figure [3| we show how the shift operator ST can be
expressed in terms of the operators M~ and M1,
Although S~ is not depicted, the reader can infer that
it is defined analogously in terms of the operators
M—b=tand M1,

Taking into account Equation , we can then ob-
tain the shift operators Sya., defined in Equation
by:

Siom = (SF)" (67)

FIGURE 1. Action of the operators M*! (Equa-

tion (43))) and M*? (Equation [3))

FIGURE 2. Action of the operators M*3 (Equa-

tion (47)) and M** (Equation {9)).

S+

n

FicUure 3. Shift operator St =Mt M-bL

Finally, we have constructed the operators
5 and Sia,, (67), which enable us to build
the symmetries X = LionSiom that commute
with the Hamiltonian. This construction allows us to
prove that the Hamiltonian system Hj, is superin-
tegrable.

It is worth noting that the operators X+ do not
commute, since [X T, X~] # 0, which is a fact that
can be directly verified.

Recall that k = 7, with m and n integers, which
can, without loss of generality, be taken an irreducible
form, i.e. with m and n > 0 coprime. Although & can
equivalently be written as k = % for any v # 0,
the operators Lo, and Sis,,, depending on 6 and
¢ respectively, commute. Using Lio, = (L+)"™ and
Siom = (S£)™, we obtain Lioy,Siom, = (XT)7,
implying that the expression depends only on X*.
Thus, it is natural and sufficient to restrict k£ to its
irreducible form.
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4. ASSOCIATED CLASSICAL SYSTEM

The classical version of the quantum Hamiltonian
is:

c? k2
Hp = p2 + —— + ——
EEPp sin?¢  cos?¢
a® b2 (68)
x|\ pp+ —5g+ :
cos2f  sin?6
We can group the terms as:
2 b2
HY —pp+ —— 4+ —— 69
Pot cos?2f = sin?@’ (69)
M?2 c?
H, = 12 b 70
M p¢+cos2¢+sin2¢>’ (70)

where My, := kv HY.
Note that Hy = Hi(pe, ¢, pe, 0) and HY = He(p9,0).

4.1. SUPERINTEGRABILITY

In analogy with the quantum case [31], we can consider
the ladder functions L* (6, py):

1
L:I: — b2 _ CL2
( ) )
+ cos 20V H? £ ipg sin 20,
such that they verify:
{HO L}y = Fid VHOLE, (72)

and also:
{He, (L)} = {H”, (L))o = Fna (LF)T (73)

where:

2
= 4i k My, sec? 6. (74)

k
o = 4i VH?
c

0s2 0

The Poisson brackets {-,-}¢ and {-,-} refer to the
canonical variables (6,py) and (¢, pg; 6,pg), respec-
tively. It is worth noting that from Equation , we
obtain {VH? L=}y = Ti2L%, which corresponds to
the classical analogue of Equation .

Similarly, we obtain shift functions S* (¢, ps) asso-
ciated with Solutions [Bl and ] from Subsection B.T}

St = —I2cot’ ¢ — (pg FiMptanp)?.  (75)
They verify:
{H‘,&k,Si} =+ 4i My, sec® ¢ ST,

76
{H.(5%)"} =% ma (5*)" ()

Now, considering the functions:
XE = (SH)m(LH)", (77)

we obtain the following Poisson commutation rela-

tions:
m

{H,X*} =0 ith=—, (78)

which show that X* are integrals of motion. This es-
tablishes the superintegrability of the classical system
described by Equation .
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4.2. CLASSICAL TRAJECTORIES

From the constants of motion X* (Equation ),
by substituting H? with its expression in terms on
My = kVH?, we get:

XE = (=13 cot? ¢ — (py F i My tan ¢)?)™

b? —a?
X + cos 26
Va2 sec? 0 + b2 csc? 0 + p2 (79)

n

X \/a280029+b2c5020—|—p§iipgsin%).

In this system, H, H?, X*, and M}, are constants of
motion, but only three are functionally independent.
By fixing the total energy H = E, both E and My
remain constant along the classical trajectory. This
allows us to express the generalised momenta in terms
of the generalised coordinates:

M2 a? b?
bo=¢o k:2_<cos20+sin26‘)’
12 M?
— E— 2 k
P Ed’\/ (sin2q§ + coszd))’

where €9,e4 € {£1}.

The symmetry functions X* are complex-valued,
and therefore the constants of motion are, in general,
complex numbers C. To obtain physically meaning-
ful (real) representations, we make use of the reality
condition (X*)* = X~ and define:

(80)

Xt=C, X =cC" (81)

We then consider the real and imaginary parts of X*:

Re(x) = X0 peo),
N (52)
Im(Xt) = = Im(C).

These two real functions can be used to describe the
trajectories of the system.

The classical trajectories T, are implicitly defined
as the set of points x € R? satisfying the condition:

X(X) = C(), (83)

where Cg is the fixed complex constant determined by
the initial conditions.

Figures [4 and [5] show trajectories corresponding to
different values of k = ™, as presented [29]. These

plots were generated using Mathematica.

5. HypPERBoOLIC T'TW
SO(2,1)-HAMILTONIAN

In this case, we consider the Hamiltonian introduced
in [7]:




VOL. 65 NO. 5/2025

Classical and Quantum Superintegrable Systems on the Sphere ...

y y
z @ Z .

X X
(A). m=1,n=1.

FIGURE 4. Trajectories for m = 1, n = 1 and
m =2, n =1, respectively.

e

X X

(A). m=1,n=3. (B). m=3,n=3.

FiGURE 5. Trajectories for m = 1, n = 3 and
m = 3, n = 3, respectively.

where the coordinates of the ambient space (s;) =

(0, 81, 82) € R satisfy the constraint s3+s1—s3 = —1.

The differential operators J; are given by:
Jo = 5102 + 5201,
J1 = 5200 + 5002, (85)
Jo = 5001 — 5100,

and they generate the Lie algebra so(2,1), with com-
mutation relations:

[Jo, Ji) = —Jo, [J2, Jo| = Ju, [J1,J2] = Jo.  (86)

Next, we introduce coordinates analogous to the spher-
ical coordinates, denoted by (&,0), to proceed with
the analysis:

so = cos@sinh &,
$1 = sinfsinh &, (87)
so = cosh ¢,

where 0 < 0 < 27 and 0 < ¢ < oo. The Hamilto-

nian can be rewritten in terms of the variables
(£,0) as:

12 -1
H=— 9% —coth¢de — 24
¢ $0 cosh2§ 88
| gt poig 9
-9 4 4 .
* sinh? ¢ 0t smzo o2 e

By deforming this Hamiltonian a la TTW, using the
real parameter k # 0 as in Section [2| we arrive at the
TTW-Hamiltonian:

12— 1
Hy =— 07 — coth €0 — 2—*

cosh? &
2 12 _ 1 12 1 (89)
+—— |-y a1 4,0 4
sinh? ¢ sin?6  cos20 |’

where 0 < 6 < 7 and 0 < § < oco. In this way
we have constructed a family of Hamiltonians {Hy},
depending on four real parameters (k,lo, 1,12 ).

The Hamiltonian may be separated in two
“sub-Hamiltonians” through variable separation in
the Schrodinger equation Hy ¥(60,¢) = EU(0,¢)
by assuming a factorised solution of the form
U(0,€) =¢(0) p(¢). This leads to two eigenvalue
equations:

H' =E"Y, Hj,¢=FEp, (90)
with E' = 52, and M}, = kJ3 is the separation constant,

where:
2 1 2 1
14— = [ — 2

HY .= — L4 4 1
% + sinf  cos20’ (1)

17 -5 | M}
HS, = —0? —coth&d — 24 k_ (92
M ¢ $9% cosh®¢  sinh?¢ (92)

It is worth noting that the Hamiltonian HY
(Equation (91)) coincides with the Hamiltonian
(Equation (11))) that appeared in the TTW SO(3)-
Hamiltonian discussed in Sectioanl, whose factorisa-
tion carried out in Subsection B.1l

5.1. FACTORISATION OF wak

We further identify four distinct families of ladder
operators N*7 (i = 1,2,3,4), analogous to those
arising from the TTW SO(3)-Hamiltonian case (Sub-

section :
H3y = NTINT 4 0 (93)
As in the spherical case, these operators yield the

same factorisation of the Hamiltonian , although
they differ in their intertwining relations. They are:

Solution 1:

1
Nt =9, + (2 — l2> tanh & + (1 — M) coth &,
1
N=1= -8+ <2 - 12> tanh & — My cothg,  (94)

1
,U,l = —1(212 + 2My, — 3)(212 + 2M;, — 1).

For this solution, we obtain the following expression
for NTINTL 4l

(o =12 =5 | (M} —1)?

cosh? & sinh? ¢

The Hamiltonian given in Equation has the same
form as wak in Equation , but with the parame-

ters M}, and [ replaced by My — 1 and Iy — 1, respec-
tively.

—82 —coth&0¢ — +

. (95)
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Solution 2:
Nt2 =0, + (; + lz) tanh ¢ + (1 — My,) coth ¢,
N~ = -0 + (; + 12> tanh & — My coth¢,  (96)
p? = —2(212 — 2My + 1)(2l5 — 2My, + 3).

In this case N72N2 4 12 yields:

(12 + 1)2 — %
cosh? &

(Mg —1)°
sinh? ¢

—; — coth & 0 — , (97)

where the parameters M}, and [5 are replaced by My —1
and Iy + 1, respectively.

Solution 3:
N3 =0 + (; + 12) tanh & + (M + 1) coth €,
N™3 = —0 + (; + 12> tanh & + My coth¢,  (98)
pd = —i(l + 20y + 2My,) (3 + 215 + 2My,).

Here, the expression N 3N*3 4+ ;3 results in:

(12 + 1)2 — %
cosh? ¢

(Mj, + 1)?

—02 —coth &9 —
€T § O sinh2§

» (99)

where the parameters M}, and [5 are replaced by My +1
and Iy + 1, respectively.

Solution 4:

1
NT4 =9 + <§ — l2> tanh § + (M + 1) coth &,

N~* = -9 + (% - 12) tanh & + My coth¢,  (100)
pt = —i(mg —2Mj, — 3)(2ly — 2My, — 1).
Evaluating N 74Nt + 4?4 results in:
1
02 — coth € 9 — (l2 Coslﬁjg i (A:;}TQ ?2, (101)

where the parameters M}, and [5 are replaced by M +1
and Iy — 1, respectively.

We have identified eight operators that shift the
parameters 8k and [y by +1, allowing movement in
both directions along the k3 and [5 axes.

We also construct a hierarchy of Hamiltonians,
{Hglk;n,m}"»mez7 associated with the initial Hamilto-
nian wak (Equation ), by the repeatedly applying
the intertwining operators N+ as described in Equa-
tion . The elements of this hierarchy are explicitly
given by:

wak;n’m =— Bg — coth§ O
(b t+m)® - I (kB+n)2  (102)
cosh? ¢ sinh? ¢
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where we have used the relation My = kpS. For
m =n = 0, we obtain the initial Hamiltonian Hﬁ/[k
given by Equation .

The fundamental states of the Hamiltonians
H §4k;0, m are obtained via Equation and are given
by [7]:

P00 (€) = cosh™ ™™+ 5 ¢ sinn*P ¢, (103)
with 8=1lo+1; +n' + % (Equation ), where we
have taken a fixed, but arbitrary value of n =n’ € N
(see Subsection , The excited states of the original
Han[lilt]onian H ¢_’70, obtained using Equation ,
are |32):

%07(76)(5) = Ncosh>*2 fsinhﬁk ¢
(lo+3.5%) (104)
X Pp*" %" " (cosh 2€),

where NV is the normalisation constant and P are
Jacobi polynomials. The energy of these states is:

1
E(ﬁol;,m - (ﬁk’ +lo+2m+ 2)
(105)

X <5k+l2+2m+2).

We can define generalised operators N;i in terms

of the operators Nii given in Equations , ,
, and (100)), by replacing kS with k8 + n and Iy
by lo +m with n,m € Z. That is:

NEL = NEKB = kB +n,ly — Iz +m),  (106)
fori=1,...,4.

Similarly to the sphere case (Subsection , we
can consider index-free operators N®? defined, for ex-
ample, in terms of the operators N,;;fl foralln,m e Z
as follows:

N G = Nk Omns a,b==£1, (107)

such that NV = N=»3 NL-1 = N2 N—-L1 —

m,n’ m,n’
N,%, and N~b=1 = N1 By composing two of
these operators, we can construct the shift operators,
defined in Equation , which move only in a single
direction. In our case, we choose the direction along
kS (i.e. the n direction).
Considering the composition of these operators act-
ing as N“’bgpm’n = QPm—ta.n+b, Where @, , € ”H%/[km’m,
we obtain that:

Na’bNia’b(Pmm = Na7b90'rn—a7n+b = Pm,n+2b; (108)

with a,b = £1. Equation (107) allows us to define
the shift operators as:

§* = NOEL N (109)
such that:

+ .
S 'Hﬁ/fk;m,n - Hﬁ/[k;m,niQ' (110)
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Taking into account Equation , we can obtain the
shift operators S1o,, defined in Equation as:

Siom = (SF)" (111)

Thus, together with the operators L, (Equa-
tion (23)) and Sis, (Equation (I1I)), we can con-
struct the symmetries X* (Equation ), that com-
mute with the Hamiltonian. This allows us to prove
that the Hamiltonian system Hj (Equation (89)) is
superintegrable whenever & = ™ is a rational number.

As mentioned in the TTW SO(3)-Hamiltonian case,
we also find that [X T, X~] # 0. By evaluating the
double commutators [X*,[XT, X~]], one paves the
way for constructing the algebra of integrals of mo-
tion. Incidentally, [33] shows that, for both initial
Hamiltonians (SO(3) and SO(2,1), when k = 1, the
algebra of integrals of motion coincides with the Racah
algebra R(3). Furthermore, in [34] a new algebraic
method to describe the symmetry of a quadratically
superintegrable system on the two-spherecommonly
associated with R(3). Instead of relying on explicit
operator realisations, the symmetry algebra is built
directly from the enveloping algebra of su(3), using
polynomials of degrees 2—4 in a maximal Abelian sub-
algebra. This leads to a new six-dimensional cubic
algebra with integer structure constants, which in
specific realisations reduces to R(3). Moreover, a con-
traction of this cubic algebra to the symmetry algebra
of a Smorodinsky-Winternitz model on the sphere is
shown.

In a recent work [35], it was demonstrated that for
integer values of the TTW parameter k, the TTW-
Hamiltonian, together with two independent integrals
of motion and their commutator generate a finite-
dimensional polynomial algebra of k + 1 order. This
algebra exhibits polynomial, rather than linear, clo-
sure and is referred to as the hidden algebra g(k).
For k = 1,2, 3,4 the polynomial structure has been
explicitly established, and it is conjectured that the
same holds for all positive integer k. The polynomial
degree increases with k, reflecting the higher-order
nature of the additional integral of motion.

The specific cases we have analysed in this paper
fall within this framework and will be the subject of
a forthcoming publication elsewhere.

5.2. ASSOCIATED CLASSICAL HAMILTONIAN

The classical counterpart of the Hamiltonian ,
including the “coupling constant” k, is:

3 K*HY

cosh? ¢

, 112
sinh?¢ (112)

Hi = pf —

where HY is given by Equation , and Hﬁ,lk is defined
by:

3 M2
cosh®¢  sinh?¢’
with M,f = k?H?. It is worth noting that, unlike in
the quantum case, it now depends on 6.

HYy, = P — (113)

For H? (Equation (69)), we obtained the ladder
functions L* (Equation (71))) in Subsection and
for Hg"’“ (Equation (113])) we have the shift functions:

S* = (—lytanh & F My coth & + ipe)

. (114)
X (I3 tanh & F My, coth & + Zpg).
Both operators satisfy:
{He, ST} = +aS%,  {H,LE} = Fhal®, (115)
with: AM 4
a=—*1 (116)
sinh” &
Then, the functions X* := (S¥)™(L*)" satisfy:
+ : m
{Hp, X*} =0 if k=—€Q. (117)
n

Thus, for each rational value of k, there exist two
independent integrals of motion, explicitly given by:

X* = (M coth® ¢ — I3 tanh® ¢
F2iMppe coth & — pg)m

b2 42
X a4 + cos 20

\/ a? b2 9
cos2 0 + sin’ 4 TP

\/ a? b2 9
XA ——— + —— =+ ipg sin 26
cos? 0 + sin? 6 PG =Pt ’

(118)

n

where a,b € R (see Equation ), which satisfy the
reality condition (X*)* = X~. This condition will be
used to compute the classical trajectories, similarly to
the spherical case.

For our system, Hy,, H?, X*, and My, are all constants
of motion, but only three are functionally independent.
By fixing the value of Hx = E, both E and My, remain
constant along the trajectory. Thus, the generalised
momenta can be expressed in terms of the generalised
coordinates as follows:

M2 a? (2
Po =20\ G2 (Cos29 * sin29>’

12 M2
Pe = &¢ E+( - ),
cosh”¢  sinh“¢

with eg, e, € {£1}.

Since the symmetry functions X* are complex, the
constants of motion will be complex numbers C. To
obtain real representations, and considering the reality
condition for X*, we set Xt = C, and X~ = C*, we
can consider:

(119)

Xt 4+ X
— =
Xt —X—

Im(XT) = = Im(C).

Re(XT) = Re(C),

(120)
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X X

(A). m=1,n=1. (B). m=2,n=1.

FIGURE 6. Trajectories for m = 1, n = 1 and
m = 2, n =1, respectively.

Thus, the trajectories Ty are implicitly defined by the
set of points x € R? satisfying:

X(x) = Co, (121)
where Cy is a fixed complex constant.

In Figures [6Hg] we present trajectories plotted using
Mathematica for various values of k = *.

6. CONCLUSIONS

We have examined in detail two new families of Hamil-
tonians defined on curved spaces, derived from well-
known superintegrable Hamiltonians on the sphere [6]
and hyperbolic 2-space [7] through a TTW procedure
analogous to that used in [9] to generate the TTW
Hamiltonians from the Smorodinsky-Winternitz sys-
tem [12]. This procedure involves deforming the initial
Hamiltonian by a real parameter k& # 0, which recovers
the initial system in the limit k£ — 1.

To prove the superintegrability of these new TTW
Hamiltonian families, we construct generalised lad-
der and shift operators via the factorisation method.
These operators yield two symmetries of the TTW
Hamiltonian, demonstrating that superintegrability is
preserved when k is rational.

Furthermore, we study the classical counterparts of
these Hamiltonians by following a procedure parallel
to the quantum case and guided by the correspondence
principle [3I]. We derive classical analogues of the
ladder and shift quantum operators as classical func-
tions, and identify two functions in involution with
the Hamiltonian, proving classical superintegrability
for rational k. Additionally, the classical trajectories
are obtained through an algebraic approach.

An open and mathematically significant problem,
particularly in light of [33H35], is the explicit deter-
mination of the polynomial algebra underlying the
integrals of motion in both cases. A deeper under-
standing of this algebraic structure could provide new
insights into the symmetry properties and superinte-
grability of these two Hamiltonian systems.
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(A). m=1,n=2.

FIGURE 7. Trajectories for m = 1, n = 2 and
m = 3, n = 3, respectively.

X X
|
z| z
|
-y y

(A). m=4,n=4. (B). m=4,n=5.

FIGURE 8. Trajectories for m = 4, n = 4 and
m =4, n =5, respectively.
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Appendix A. GENERALISATION OF THEOREM

Let us consider a Hamiltonian of the form:

kK*(HY — E") %,f
fl@) 7 f@)’

where (x,y) are the configuration space variables, H* and HY are Hamiltonians, depending only on x and y,

respectively, and f(z) is a smooth function. Here, My, = k3, k # 0 is a real number, and E' = 5% is an eigenvalue
of HY. Suppose that there exist ladder and shift operators LY and S¥,, respectively, acting as Equation :

Hy = Hyy, + Hy, = H" + (122)

m?
L:ytn T HY — HY, St X/lk — 'H}\E/[kim, (123)
YY) = Ypen = Lintp(y), o1, (2) = Patm (@) = SEp ™k (2),
where 15 € HY is an eigenvector of HY with eigenvalue 82 and ppr, € Hiy, is an eigenvector of Hy .
Then, if k = 7% is a rational number, there are two symmetry operators (X*) of the Hamiltonian Hy,
(i.e. operators that commute with Hy ), defined as:
X*:=1Y,5%,, ~ mneN =N-{0}. (124)

Since there are 2 x 2 — 1 independent symmetries, (namely X* and Hy), the system is mazimally superintegrable.

Proof. By computing the action of the commutator [Hy, LY S7,] on an eigenfunction ¥(z,y) = ¢, (2)¢s(y) of
Hj, with eigenvalue F, we obtain:

(H, L Slem s = (Hi — E) LSy om, ¥s, (125)
since @7, g is an eigenfunction of Hj with eigenvalue E. This follows directly from the nested structure of the
Hamiltonian (122)) and the fact that Hy;, o, = B¢, -

By computing LY S% o, 13, we obtain:
L%S;@Mkwﬁ = ¢5+n90Mk+mﬂ (126)

from the definitions of the ladder and shift operators LY (Equation (21])) and 5%, (Equation ([13)), where m and
n are integers. Taking this fact into account, the Hamiltonian Hy (Equation (122))) takes the form:

(M +m)?  —m?—2Mym k*(HY-E') . —m? —2Mm  k*(HY — E')
@ T fw T fw Twet T T

since H* 4+ (M, +m)?/f(x) = Hf; ... Applying the Hamiltonian Hj (Equation (127)) to the function
Va4nPr+m (Equation (126)) we find that:

—m? — 2M, k2(E' +2Bn +n? — E’

Hy, = H" + . (127)

For the commutator in Equation (125]) to vanish, it is sufficient that the additional term on the right-hand side
of Equation (128]) vanishes, namely:

—m? — 2Mym + k*(28n + n?), (129)
which can be rearranged as:
(M +m)? + (M + kn)? =0, (130)
recalling that k5 = Mj. Equation (130 admits two possible solutions:
My +m = My + kn, (131)
My +m = —My — kn. (132)

The second solution (Equation ([132))) is valid only for specific values of 15 and M}, and not in general. Therefore,
the appropriate and general solution is the first one, Equation (131)), which leads to the condition:

m
k=—. 133

- (133)

This result shows that we must construct ladder operators L¥ and shift operators S, such that they preserve
the quantity M. In our two systems, as previously observed, both m and n must be even integers. Moreover,

since both operators depends of different variables, they commute. u
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