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ABSTRACT. The contribution deals with the mathematical modelling of fluid flow in porous media,
in particular water flow in soils, with the aim of describing the competition between transport and
diffusion. The analysis is based on a mathematical model developed by B. Detmann, C. Gavioli, and
P. Krejci, in which the effects of gravity are included in a novel way. The model consists of a nonlinear
partial differential equation describing both the diffusion and the gravitational transport of water.
Although analytical solutions can be obtained for some special cases, only numerical solutions are
available in more general situations. The solving algorithm is based on a time discretisation and the
finite element method and is written in Matlab. The results of the numerical simulations are shown
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and the behaviour of the model is discussed.
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1. INTRODUCTION

Mathematical models for water flow in unsaturated
porous media, such as soils, play an important role in
many applications. They have proven to be useful in
geoscience and environmental engineering (e.g. spread
of contamination into soil and groundwater, and their
sanitation), in civil engineering (e.g. the effect of wa-
ter content on structures), and in other industrial
applications.

A simple mathematical model for water flow in
saturated porous media is obtained from the mass
balance equation (i.e. the continuity equation) com-
bined with the Darcy law for the water mass flux. If
the porous medium is unsaturated, the water flux is
described by a saturation-dependent variant of the
Darcy law (also called the Darcy-Buckingham law),
and the resulting equation is known as the Richards
equation [I]. Many numerical methods have been
used to solve the Richards equation. Some of them,
with their advantages and limitations, are studied
for example in [2H6]. In [7], a comparative analysis
is made between vertical water flow models derived
from numerical solutions of the Richards equation
and reservoir cascade schemes used in hydrological
modelling. Additionally, dual-porosity models offer
an alternative framework for simulating water flow in
unsaturated soils, as exemplified by [§].

While this paper focuses on a macroscopic-scale
model examining the competition between transport
and diffusion, it is worth noting that the competitive
roles of driving forces in porous media have also been
explored at the microscopic level, for instance for the
pore-network model (discrete model) in [9].

More elaborate mathematical models incorporating

additional effects can be found in the literature. Prefe-
rential flow (i.e. preferential paths through which the
water flows more easily [10]), observed for example
n [I1], has been addressed in [I2] and in the models
summarised in [I3]. Furthermore, in [14], the Richards
equation with hysteresis is introduced. The effects of
capillary hysteresis on finger flow, particularly within
non-equilibrium Richards equation models, are inves-
tigated in [15]. Finally, a semi-continuum model cap-
turing both diffusion-like and finger-like flow patterns
is shown in [16].

This paper is structured as follows. In Section
the partial differential equation (PDE) that models
unsaturated fluid flow in a porous medium is presented,
and the solving algorithm is described. In Section
the results of numerical simulations are shown and
discussed. Examples with different initial and boun-
dary conditions related to elementary hydrological
processes in a soil column are considered in this paper.

2. MATERIALS AND METHODS

2.1. THE MATHEMATICAL MODEL

A mathematical model has been proposed by Bettina
Detmann, Chiara Gavioli, and Pavel Krejéi in [I7] to
describe a fluid flow in an unsaturated porous medium
under the influence of both diffusion and gravitational
transport. Its main feature is a “stickiness” condition:
if the saturation stays below a certain threshold s,
no transport takes place, and water flows only by
diffusion. This behaviour is encoded in below,
where the notation (-)* represents the nonnegative
part of a function.

The model is a good approximation of the real
behaviour when s stays away from the (expected)
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maximum value 1. The full saturation case could be
taken into account by including a term of the form
(1—s)* in the transport term. This will be the subject
of future research.

The mathematical model derived from the mass
balance equation is the following:

st —KkAp—2ag(s—5) s, =0, (1)

where s = s(x,t) € (0,1) is the saturation (i.e. the
ratio between the water volume and the pore volume),
s; its time derivative, s, its derivative with respect
to z (i.e. the variable representing the vertical direc-
tion), and p is the capillary pressure. The time is
denoted by ¢t > 0, the porous body is represented by
a domain 2 C R? with coordinates x = (z,y, z) € Q
and with Lipschitz boundary 9. The parameter x is
the coeflicient, which corresponds to the permeability
of the medium, « is the characteristic time related
to the friction at the liquid-solid interface, g is the
gravity constant, and s € (0,1) denotes the critical
saturation value. If s < 5, then s can increase or
decrease only due to the flow driven by diffusion. The
model is complemented by a constitutive relation be-
tween the saturation s and the capillary pressure p.
Experimental evidence (see e.g. [I§] for tests in a close-
to-natural environment) indicates that the dependence
is of hysteresis type. However, in the case of a purely
hysteretic pressure-saturation relationship, the degen-
eracy of the problem could affect the convergence of
the numerical scheme, see [I9]. For simplicity, and
as a first step towards more complex models, only
linear dependence between s and p is considered in
this paper.

The model in [I7] is also coupled with an initial
condition:

5(x,0) = s0(x), (2)

and boundary conditions assuming no flow through
the vertical parts of the boundary:

where @ is the water mass flux vector, n the unit
outward normal vector, and - denotes the scalar pro-
duct. The model is completed by boundary conditions
prescribing the inflow/outflow through the horizontal
parts of the boundary:

Q- n=B(s— Sout), (4)

where 8 depends on the permeability coefficient and
Sout 18 the saturation outside the domain. In what
follows, other boundary conditions on the horizontal
part of the boundary will also be taken into account
for this model, including the Dirichlet type for its
numerical simplicity.

The model equation, the initial condition, and the
boundary conditions for the 1-D flow are listed in
Section More details can be found in [17].
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2.2. ALGORITHM

The vertical flow of water through a column of soil is
modelled as 1-D flow through an unsaturated porous
body. Transport and diffusion effects are taken into
account. The relation between pressure and saturation
is chosen to be linear, that is:

5=, (5)

where v = 1.

Equation in the 1-D case coupled with Equa-

tion reduces to:

5t — kS, —2ag (s —5) s, =0, (6)
where kK > 0, > 0, g > 0, and 5 € (0,1) are constants.
The domain is defined as Q = (—h,0) with coordinate
z € (—h,0), so that s = s(z,t) and p = p(z,1).

The equation-solving algorithm, based on the finite
element method, is developed in Matlab. First, pa-
rameter values, time interval, and spatial mesh are
set up, as well as the initial and boundary conditions.
Then, the pdepe procedure (namely, the solver for
systems of parabolic and elliptic PDEs of one spatial
variable z and time t) is used. The options of the solver
are set to their default values, except the relative error
tolerance (’RelTol’), which is set equal to 1077 in
the examples in Section [3] The domain is discretised
by fixed division points, the spatial mesh is prescribed
by matrices of z-coordinates and of y-coordinates and
of the numbering of these points. The time mesh is set
up automatically, because the time is discretised by
the ode15s solver. This multistep solver is a variable-
step, variable-order solver based on the numerical
differentiation formulas of orders 1 to 5 [20]. More
details about the pdepe solver can be found in [21].
Then, the graphical outputs are generated.

The initial condition (i.e. the saturation at the ini-
tial time ¢t = 0) is defined for all z € (—h,0) as:

s(2,0) = s0(2), (7)

where s is a given function in L?(—h, 0), taking values
between 0 and 1.

The boundary conditions (BC) can be defined for
z=—h,0and t > 0 as:

e given values on the boundary (Dirichlet BC):

5(0,8) = f4 (@), s(=h,t) = f-(t); (8)

e given mass flux through the boundary (Neumann
BC):

f+ forz=0,
f-  for z=—h;

ks, +ag|(s— §)+]2 = { 9)

e mass flux proportional to inner/outer saturation
difference (Newton BC):

—B(s—s4)
B-(s—s-)

wse + agl(s -~ )] = { izt ao
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where f,,f_ are given time dependent functions,
B+ > 0,5_ > 0 are the permeability coefficients of the
top and of the bottom, respectively, and s, s_ € [0, 1]
are the saturation values outside the domain in the pos-
itive and negative axis directions, respectively. BC, as
in (8) with f; = f- =0, is considered in Section [3.3]
BC, as in @D with fi = f_ = 0, is considered in
Section B.1] and Section

The validity of the mass conservation is monitored
by computing the definite integral of the solution s
over the domain by trapezoidal numerical integration.
In the case of no inflow/outflow, the value of the
integral has to remain constant over time. In the
other cases, the value of the integral should comply
with the difference between the inflow and outflow
of the water through the boundary. Thus, the water
mass balance can be checked during the execution of
the Matlab program.

3. RESULTS

An example of redistribution after infiltration is pre-
sented in Section [3.1} The process of redistribution is
described in [22] and is also mentioned in [23], where
hysteresis effects are additionally included. The ini-
tial condition corresponds to saturated soil in the top
part of the column, within a given depth below the
terrain, with a steep transition (almost a jump) to
dry soil. In Section the process of wetting the soil
column with a water source located at the bottom of
the column is examined. In Section [3.3] the effect of
% and s on a similar setting is studied.

3.1. EXAMPLE 1

In this first example, representing the redistribution
after infiltration, the parameters are chosen as follows:
permeability x = 0.005, 2ag = 1, s = 0.25, maximal
depth h = 5, value of the space discretisation parame-
ter d = 0.01. The value of the time step 7 is chosen
automatically by the solver. The initial condition
(displayed in Figure[l)) is chosen as:

1 for z > —0.50,
50(2) =100z +51 for z = [—0.51,—0.50], (11)
0 for z < —0.51,

which means saturated soil to the depth of 0.5 and dry
soil below. The BC is that of impermeable boundary:

ks, +ag (s — §)+]2 =0, (12)

so that the control integral of the saturation over the
domain remains constant over time, as displayed in
Figure 2] The only exception is the small interval
(of order 10~*) at the beginning, caused by a sharp
change in the shape of the saturation curve.

The saturation profile at selected times t = 0.5, 5,
250 and 2500 is plotted in Figure[3] At the beginning
of the redistribution process, a rapid change in the
saturation profile in the upper part can be noticed.

0

At i

Z-coordinate

-5 ' ' '
0 0.2 0.4 0.6 0.8 1
Solution(z,t)

FIGURE 1. Initial condition .
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FIGURE 2. Integral of the solution over the domain.

A significant shift of the water content from the upper
to the lower part is then observed, that is, the water
content decreases in the upper part (above the wetting
front) and increases in the lower part. The terrain
saturation decreases from s = 1 to near s = s. This is
caused by the dominant effect of transport in this zone.
The effect of diffusion (note that x has a significantly
large value) can be seen on the shape of the wetting
front, which is slowly tilting and moving downwards.

The saturation value over time decreases close to
the terrain and increases in the lower part. Accord-
ing to @, if the value s(z;,t) of the saturation at
a given depth z; is smaller than s, then the transport
term is not active at z;, and the water movement is
driven only by diffusion. Hence, if the saturation in
the upper part decreases until it reaches the value s,
then only the diffusion term contributes to the redis-
tribution of water. With the above parameters, the
saturation along the entire soil column drops below
§ at time ¢ = 129, as can be seen in Figure @ The
water is then redistributed by diffusion until it reaches
a uniform distribution profile along the soil column,
and the maximal value of s decreases until it meets
the minimal value, as shown in Figure @] From time
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Numerical solution in t=0.5
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FIGURE 3. Evolution of the solution s(z,t) over time with £ = 0.005 and initial condition as in (TI]).
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FIGURE 4. Minimum and maximum of the solution
s(z,t) in the range defined by the time steps and the
critical saturation value.

t = 609, the difference between the maximum and
minimum value of the solution is less than 0.1. The
process slows down as the saturation value decreases.
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3.2. EXAMPLE 2

The initial condition is now, i.e. in the example of soil
wetting from the bottom water source, changed to:

0 for z > —4.50,
so(z) =< =302 —135 for z = [—4.50,—4.51], (13)
0.3 for z < —4.51,

which means unsaturated zone with a thickness of
0.49 with saturation s = 0.3 (hence s > §) in the
bottom part, with a steep transition to dry soil up to
the terrain. The other parameters and boundary con-
ditions are the same as above. The saturation profile
at selected times t = 0.5, 5,250 and 2500 is plotted
in Figure |5l First, the flow driven by transport near
the bottom and by diffusion above the unsaturated
part is observed. Then the transport-driven flow in
the lower part becomes weaker, the saturation starts
to decrease, and when the threshold value s is met,
the transport term becomes inactive, so that only the
upper part are continuously wetted by diffusion. The
profiles of minimal and maximal soil saturation over
time are shown in Figure [6] where the peak in the
bottom figure occurs at the time when the increase in
saturation due to transport in the lower part ends.
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FIGURE 5. Evolution of the solution s(z,t) over time with x = 0.005 and initial condition as in .

3.3. EXAMPLE 3

The influence of the choice of k and s on the saturation
profile is shown in the next examples. The following
parameters are chosen: v = 1, 2ag = 1, permeability
k in the range [0, 0.01], critical saturation value s = 0,
s = 0.25 and s = 0.40, maximal depth h = 5, and the
value of the space discretisation parameter d = 0.01.
The value of the time step 7 is chosen automatically
by the solver. The initial condition is now chosen as

—0.5z for z > —2.00,
100z + 201 for z = [—2.00, —2.01],
0 for z < —2.01,

So(z) = (14)

and is displayed in Figure[7] For numerical simplicity,
the boundary condition here is of Dirichlet type
with f = f_ =0.

The diffusion-driven flow is determined by the value
of the permeability k. If kK = 0, the diffusion term
in @ is inactive. If the value of k is close to 0, for
example xk = 0.001, the diffusion is negligible. Higher
values of k are associated with strong diffusion.

If the diffusion is strong enough, that is, the value
of k is large enough, it is possible to choose an initial
condition with a steep transition between two different
saturation values, because the gradient of the solution
soon becomes slightly smaller during the calculation

due to the diffusion flow, and the simulation is stable.
This situation occurs in this example in Figure
bottom, and also in Sections and Conversely,
when the value of x is small, the gradient of the
solution remains large, or even tends to infinity, and
numerical instabilities (i.e. oscillations of the solution)
occur. Depending on the value of &, these oscillations
can cause calculation collapse, as shown in Figure
top, or disappear, as in Figure 8] centre.

The same analysis applies if a high saturation gra-
dient between the wet and the dry parts of the porous
body occurs later in the calculation.

In Figure [0] the effect of the critical saturation value
5 on the solution s is shown. When s is higher, the
wetting front reaches a smaller depth.

4. CONCLUSIONS

A mathematical model for the unsaturated flow of
water in a porous medium was studied. Numerical
simulations of a vertical 1-D water flow in an unsatu-
rated soil column were performed, and the effect of
two parameters, the permeability x and the critical
saturation value s, was studied. Their magnitude has
a significant impact on the solution and, in some cases,
on the stability of the calculation.
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FIGURE 6. Minimum and maximum of the solution
s(z,t) in the range defined by the time steps (top) and
zoom to the beginning of the calculation (bottom).
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FIGURE 7. Initial condition with a steep wetting
front.

The case of redistribution of water in soil after in-
filtration was shown and the results were compared
with theoretical physical expectations from the tech-
nical literature. The resulting saturation profiles are
in agreement with [22]. The case of wetting from
below due to pressure difference was also considered.
The model has shown a good approximation of the
physical behaviour because, with the no-flux boun-
dary condition , the saturation values stay under
control even if we initially allow s = 1 in some zone
of given thickness as in .

Initially, the model can be used for simulating lab-
oratory experiments, such as water flow through soil
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(A). Without diffusion (x = 0).
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F1GURE 8. Effect of permeability « on the solution
s(z,0.5), with 5 = 0.25.

columns. For application to regional water flow models
within catchment areas, more complex model formula-
tions are required. Furthermore, the influence of hys-
teresis, which can be incorporated using the Preisach
model to describe the relationship between satura-
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FIGURE 9. Effect of § on the solution s(z,5) with
K = 0.005.

tion and capillary pressure (similar to the approach
in [19]), and preferential flow should be thoroughly
investigated.

From the modelling point of view, future research
will include the case where the saturation s ap-

proaches 1. From the numerical point of view, the
investigation will be directed towards the development
of an algorithm for a 2-D flow, to test the behaviour
of the model in 2-D (2 C R?).
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Critical saturation value
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