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ABSTRACT. We present a fractional order model for nonlinear visco-hyperelastic solids taking into
account large deformations. A three-field form of the Hu-Washizu principle is introduced to create
a stable finite element method in the context of nearly incompressible dynamics. The S-method
(a generalized midpoint rule) for time discretization is implemented into a variational finite element
framework for efficient computing of numerical approximations to the initial boundary-value problem
for hyperbolic equation of motion. Finally, a 2-D cantilever beam problem with a step end load is
considered in order to demonstrate the algorithm.
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integration algorithm.

1. INTRODUCTION

Many polymers exhibit time dependent behavior some-
where between purely elastic and purely viscous ma-
terials. As a result, a large number of Kelvin-Voigt
or Maxwell elements (and thus a large number of ma-
terial parameters) are needed to be identified from
experimental data to obtain a reasonably accurate
description of mechanical response. On the other
hand, a fractional calculus, i.e. the theory of deriva-
tives and integrals of non-integer order, seems to be
an efficient tool for the theoretical modelling of vis-
coelastic materials [I]. Theoretical models based on
the fractional calculus allows us to describe viscoelas-
tic materials with significantly less parameters than
the standard approach. For a deeper discussion on
this issue we refer the reader to [2]. The fractional
viscoelastic model at small strains was introduced
e.g. in [3H7]. On the other hand, although rubbery
polymers typically exhibit large deformations in en-
gineering applications, much less attention has been
given to fractional viscoelasticity in combination with
the finite strain theory [8]. The present work pro-
vides a computational framework for modelling the
fractional viscoelastic behaviour of polymeric solids at
finite strains in the context of nearly incompressible
dynamics.

Let the open set €}y be the reference configura-
tion of a given (compressible or nearly incompress-
ible) body at time tg. Here, Qg is described by
a set of continuously distributed points X (parti-
cles or material points) which occupy a region within
the Euclidean space E3. In the absence of displace-
ment discontinuities, a one-to-one deformation map
¢ : Qo x [0,T] — E? describing a motion exists,

FIGURE 1. Motion of body €.

such that any displaced position at a current time
t € [0,7], where [0,7] C RT denotes the time of
interest, is determined as @ = ¢(X,t) with the differ-
ence being the displacement field u(X,t) = ¢ — X.
Here, the position vector X = (X;, Xa, X3) repre-
sents the particle X in the reference configuration €2,
X = X1E1 + XQEQ + )(:;.E‘:;7 where (El, EQ, Eg) de-
fines an orthogonal base system with origin 0. Hence,
we have x = ¢(X,t) = X + u(X,t), see Figure
The deformation gradient F(X,t) is obtained as the
gradient of this deformation map F = V¢, where
Vo is the gradient with respect to X, and the Jacobian
of the deformation map is given by J(X,¢) = det F.
We also define the right Cauchy-Green deformation
tensors C(X,t) = F'F.

Let Qg be the reference configuration of the body
of interest with the boundary 02y and T" > 0 be the
time horizon. Let 092, 0Q2p be smooth open disjoint
subsets of 9 such that Qg = 9, U 0Qp, 09, # 0
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and 9Q,NINp = 0. Let f, be the body force per unit
of mass, a given vector field defined on Q¢ x (0,7, ug
and v : Q9 — R3 be the prescribed initial position
and velocity. Further, let £y be the given traction
prescribed on 9Qp x (0,T) and let the displacement
g be prescribed on 99, x (0,7). The local form of
the initial boundary value problem for the momentum
equation is given by the following system [9]:

0%u .
poWZV(yP—FfO in Qo x (0,7), (1)
u = U in 0, x (0,7), (2)
P-Ny=1 in 90p x (0,7), (3)
u(+,0) = uo in Qo, (4)
2 0) = v, in Q. (5)

where
Ny is the field normal to 0Qp,

P = P(X,F(X,t)) is the first Piola-Kirchhoff
stress.

2. CONSTITUTIVE RELATIONSHIPS

2.1. HYPERELASTIC MATERIAL

In this contribution, we are interested to solve the sys-
tem 7, in the context of nearly-incompressible
material behavior (rubber like materials), which re-
quires a special numerical treatment — like mized
methods. In particular, the deformation is split into
a volumetric part represented by J and an isochoric
part of the right Cauchy-Green deformation tensor
C, C= J73C. As a consequence, the split permits
a different treatment of the incompressible part.

The deformation gradient F' together with its con-
jugate first Piola-Kirchhoff stress measure P, will be
retained in order to defined the basic material rela-
tionship. The hyperelastic constitutive equation can
be generally expressed as:

oW (F)

P(F) = =5 (6)

Typically for mixed methods [10,[11], the stored energy
function W' is additively decomposed into distortional
part W and dilatational part U, namely:

W(F)=W(C)+U(J). (7)

Recall that C = FTF and J = detF. A tradi-
tional nearly incompressible neo-Hookean potential
W(C) = 7p(trC 3) and a simple volumetric func-
tion U(J) = 3x(J — 1)? are used in this work, where
1 is the shear modulus and x denotes the bulk mod-
ulus. These assumptions give us the possibility to
decompose the stress tensor into pure shear and bulk

responses. The calculation is straightforward, we get:

14
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FIGURE 2. The standard viscoelastic model.

and
0F V4G _ 1ot (9)
oC oC 2
To account properly for nearly incompressible ma-
terial response and to avoid difficulties concerning
“locking” of the finite element procedure, we employ
a three-field de Veubeke-Hu-Washizu principle [10].
Additional variables entering the mized three-field
formulation represent a strain variable 6 which is
equivalent to J:

0=J, (10)
and the hydrostatic pressure:

ou

a7l (11)

p:

In the weak formulation of our problem and the subse-
quent finite element procedure, introduced hereafter,
Equations and are satisfied in a weak sense.

2.2. FRACTIONAL VISCOELASTICITY

In a viscoelastic model the stress depends not solely on
the current strain (elastic model), but it also depends
on the entire strain history. The standard viscoelastic
model consists of N Maxwell chains coupled in parallel,
see Figure [2l The present approach is based on the
assumption that a viscous response is characterized
by a set of rate constitutive equations, namely for
a nonequilibrium stress @, (in chain k) as an internal
variable, k =1,2,..., N. The constitutive model can
be written as a set of coupled equations [8] 9] [12]:

fszzczk,

8Qk + o Qk (28VVI€> ’ Qk(o) =0, (13)

ot oC
where
k=1,2,...,N,
W= Zgﬂ Wi,
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S represents the second (or symmetric) Piola-
Kirchhoff stress tensor,

Wi, is the strain energy in chain k,

T, is the relaxation time associated with each
Maxwell chain.

Classical theory of viscoelasticity employs the mod-
els composed of rheological elements such as elastic
springs and viscous dampers. Meanwhile, the frac-
tional viscoelasticity introduces the springpot element
together with the principles of fractional calculus. The
fractional derivative of order « of a function u is de-
fined as:

o B 1 d [P u(s)
D*u(t) = F(l—a)dt/o (t_s>ad5, (14)

where
0<a<l,
I' is the gamma function.

Replacing now the integer order derivative in
with a fractional order derivative we get:

1 1 [ oW,
D Q,, + TTka = —ar <2k> ) (15)
k

k

where
k=1,2,...,N,

To® can now be interpreted as the most probable

relaxation time out of a continuous distribution of
relaxation times.

The fractional order of differentiation «j then plays
the role of a distribution parameter for the corre-
sponding distribution of relaxation times [I3]. The
fractional Maxwell chain is obtained as a parallel con-
nection of NV fractional Maxwell cells, see the scheme
in Figure

3. THE WEAK FORMULATION

In the rest of the paper, just to simplify and shorten
the presentation and avoid unnecessary technicali-
ties, we will consider the case N =1 (the fractional
Maxwell cell). The simple model presented here can be
straightforwardly extended to a setting with the par-
allel connection of N cells (in the fractional Maxwell
chain).

Let W12(Qg) denote the Sobolev space of func-
tions possessing square integrable derivatives and
H(Qp) := W12(Qg)3. Let us denote by S; the dis-
placement solution space at time ¢ € [0,7] defined
as:

S = {u(~,t) € H(Q)

u(-,t) = ao(-,t) on 8Qu} .

Finally, we denote by H, () the linear space of ad-
missible test functions or kinematically admissible

a1, T1 Q2, T2 aL, Tk

anN, TN

FIGURE 3. The fractional Maxwell chain.

variations, i.e., (virtual) displacements satisfying the
homogeneous form of the essential boundary condi-
tion (2 as:

H, (Q0) = {v € H(Q)| v =0 on 6Qu} .

With these notations in hand, the weak form of our
problem reads as follows:
For sufficiently smooth data f, uo, vo, to and @
find the displacement field w(-,t) € S;, pressure
p(-,t) € L?(Qo), the volume filed 6(-,t) € L*(p)
and the internal variable Q(-,t) € L?(Q)3*3, such
that u(-,0) = wuo, %—?(0,0) =1vp and Q(0) =0 in Qg
and:

+ / S: [FTVov] +pJC~' : [FTVyv] dQy
Qo

— | Q:[F"Vyv]dQo
Qo

= f0~deO+/ to - vdS, (17)
Q(] BQP

for all v € H,,(Q) and all ¢ € [0, T,
| o= (o~ 1w =0 (18)
Qo
for all ¢ € L?*(Qp) and all ¢ € [0,7] and:
/ (J — 0)qd9% = 0 (19)
Qo
for all ¢ € L?(Qp) and all ¢ € [0, T]. Finally:
1 1
DQ+77Q:T—QS, 7>0, a€(0,1], (20)

holds almost everywhere in Qg and for all ¢ € [0, T7.
Here: .
5 ow
S§=2—
ocC
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denotes the computational deviatoric second Piola-
Kirchhoff stress. The Equation denotes the weak
form of the Equation of motion . The second
Equation yields the constitutive equation for the
pressure p, see also Equation , and the third Equa-
tion reproduces the constraint condition .

4. NUMERICAL ALGORITHM

Here we outline a general numerical solution scheme
for the viscoelastic problem (extended to fractional
viscoelasticity) within the context of the finite-element
method. The point of departure in our developments
is the weak formulation introduced in the preceding
section. For simplicity, we will assume that the dis-
placement boundary conditions are homogeneous, i.e.:

u(-,t) = ug(-,t) = 0 on 99,.

We begin by traditional discretization in space by
the finite element method. Let us define:

NN.
=Y wan @)
Qe i=1
for all u" € H C H,(Q),
NN,

oh =wle, oh = Z Uh(x)0(t) (22

Qe

for all 0" € L* c L?(y),

ph=wlp, p"

NN,
DI HOTIONNC)

Qe

for all p" € LM C L?(€p) and:

NNg

Q" =whQ. Q' =Y W@Q'®) (21

Qe

for all Q" € [L"]>*3 ¢ L?(Q)?*3. Here we denoted
by H” and L" the finite element subspace of the space
H.,,(Q0) and L?(€p), respectively.

Let now 0 =ty <t; < --- <tg =T be an equidis-
tant partitioning of the time interval [0,T] with the
discrete time step At, {tn}fzo, At = %. For any
function, vector-valued function or tensor ¢, we will
use the approximation (, ~ ((t,) and introduce the
notation:

Cn+ﬁ = (1 - B)Cn + BCnJrlv

Our goal is to develop time discretization schemes
for which a discrete form of the problem (17])—
can be established. Replacing the second or-

der derivative in by the discrete derivative,

2 ul | —2ul+ul . .
O8 ot m T Znol - and incorporating the gen-

eralized midpoint rule (25) into the weak formu-
lation 7, the final result is the generalized
[-scheme of the form:

Bel0,1. (25
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ul = 2ul +ul
o () o,
Q(J

— BAt /Q0 Sn1ip: [FTTL,M(VO 5uh)] a9
fﬂAt/Qopﬁ,Hﬁ In115C iy [Fhois(Vodul)]ag
— At /Q D Qu1ss: [Fﬁ,l (Vo 5uh)] a0
1 —B)At/ﬂo Sois [F§+ﬁ(v0 5uh)] o
-a-par [ PheaduesCoty: [Flua(Foout)] a0y
(=981 [ @iy [FlL(Tyu] aoy
+,6At/ﬂ (Fo)n—1+p - 0u" dQp

0

+(1 —B)At/ (Fo)nsp - ou’ dQp

0

+ ﬂAt/ (io)n_1+5 . 5’U,h dSO
a0p

+(1- ﬁ)At/ (f0)nip - Su dSo =0 (26)

oQp

for all Su" € H",
Ro=-at [ 56 (81 -1)
+ k(1 —Oﬁ) (6", 5 —1)] 66" A,/ (27)
+ At/Q [ﬁpﬁ_w +(1— /3)10:1#3] 560" dQy = 0
for all 66" € L" and:

Ry == At [ (Bt + (1= 5) sl i a
% (28)

Qo

for all 6p" € L. Note that 3 serves as a parameter to
control the implicitness of the algorithm. For =0
or § =1 we get the explicit method. Setting g =
we obtain the implicit method.

Next we present the algorithm for the integration
of the rate Equation . First, the discrete frac-
tional derivative of order «v at time (n + 1)At can be
approximated by [14]:

1
2

D@l = 55 > w00y ()

where the weights can be identified and calculated by
the recursion relation below:

wo(a) =1,
wy(a) = —a,
wj(a) = L2 %y (a),
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Using in the rate equation we get:
1

To

1 ~
[DaQ]n+1 + TiaQn-i-l = Sn- (30)
Moreover, using we can rewrite the approxima-
tion of the fractional derivative as:

o 1
[D Q]n+1 - (At)a Qn—H
0 (31)

+ (Alt)a jzwj(a)Qn+l—j'

1

Substituting into it is easy to see that @Q,,
can be computed as:

Quir =(A0)"un(a)" + (80)°] '8,
" (32
= (@) + (A7) Y wy (@) (@i

The disadvantage of the fractional viscoelasticity is
the nonlocal character of fractional derivatives. Nu-
merical approximation requires the whole history of
the internal variables in the preceding time steps to be
saved and included in the calculation of the new time
step. Letting @ = 1 and the sum in Equation
simply becomes —@Q,, and the classical model follows.

It is worth pointing out that the right hand side
in is taken from the preceding time step (a semi-
implicit integrator). As a result, the discrete rate
Equation is decoupled from the system at the
actual time step n + 1 and the approximation of the
internal variable @, ; can be computed first (at each
discrete time step). Then, with @, ,, in hand, the
Newton-Raphson method is applied to solve the non-
linear system f. The derivation of a tangent
stiffness tensor that is consistent with the integration
procedure is essential to ensure a quadratic rate of
convergence [I5]. A consistent linearization for the set
of non-linear equations given in Equations 7,
about a configuration u, 6 and p, is given by:

Ty Ay = —g(y™), (33)
Yt =y 4 Ay, (34)

where

Yy = (@nt1, 0041, Prir)s
gT = (Ruv Ro, Rp)a
C. 0 CF,
J,=| o cu C
Cpu Cp 0

0RO
ONip1

5CDA:

5. NUMERICAL EXAMPLE

To illustrate the performance of the model, we con-
sider a 2-D cantilever beam 1.0 x 0.4 m with a step end
load, see Figure [d and Figure[5] The beam is meshed
uniformly with 4-node quadrilateral elements and par-
titioned as shown. The parameters used for this prob-
lem are: Young’s modulus E = 1.0 x 10* Pa, density

Qo
A
0.4 ®
By - .
- 1.0 g
FIGURE 4. 2-D cantilever beam.
P(t)
A
Py
>
0 t
FIGURE 5. A step end load.
0.05
0
-0.05 h “ h
-0.1
-0.15
-0.2
oas T
-0.3
0.0 0.01 0.02 0.03 0.04
time

FIGURE 6. Vertical displacement of the mid-point A on
the free edge. Hyperelastic material was considered in
this case (neglecting viscous effects, i.e. 7 — +00).

po = 1.0 x 107*kgm ™3, end load Py = 20.0Nm™!
distributed over the free edge. = The problem was
integrated with a time step At = 2.0 x 10~ %s. First,
we considered the purely hyperelastic material ne-
glecting viscous effects (1 — +00). Figure [6] shows
the motion of point A. Note that our results are
in very close agreement with the results presented
in [16].

In Figure [7] the vertical displacement of the mid-
point A versus time is displayed for different values
of ae. As can be observed, the value of « clearly affects
the results. Vertical displacements seem to decay
faster with higher values of «. Figures [§ and [9] show
the deformed cantilever for parameter a = 0.5.

Due to the fact that the time step is limited by

17
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0 =10 —— (=05 ------ ]
[=0.75 (=025 -
-0.8
=107

-1
\-

-1.2

0.0 0.01 0.02 0.03 0.04
time

FIGURE 7. Vertical displacement of the point A. The
influence of different values of o for fixed 7 = 103 s.

0_6 r | | | | | | | | | | | A
0.5 - -

04 - :

0.2 - -
0.1 - -

0 - -
-0.1 - -
-0.2 - -

_0.3 L | | | | | | | | |
-01 0 0102030405060.70809 1 11

FIGURE 8. Motion of the beam at time ¢ = 3.0 x 10 %s.

1 1 J

06 r | | | | | | | | | | | hl
0.5 - -
04 - -

e myil

0.3 - -
0z - ALY _
01 - Y/Y 3 ) ‘K )

. b WA NPT _
-0.1 - -
-0.2 - -
_03 L | | | | g

-01 0 0102030405060.70809 1 11

FIGURE 9. Motion of the beam at time ¢ = 8.9 x 10 %s.

accuracy requirements rather than stability conditions,
the explicit algorithm was used in our simulations
(which is significantly faster as no iterations in each
time step are needed).

6. CONCLUSION

A fractional derivative visco-hyperelastic model for
large and nearly incompressible deformations has been
formulated based on irreversible thermodynamics with

18

internal variables. The finite element framework is
based on a three-field form of the Hu-Washizu prin-
ciple to create a stable finite element method. The
B-method (the generalized midpoint rule) for time
discretization of the equation of motion and a specific
semi-implicit approximation of fractional ODEs gov-
erning the evolution of the internal variables enable us
to partially decouple the elastic and viscous response
to simplify and speed up the numerical algorithm.
The consistent linearization of the resulting system of
nonlinear equations is also briefly presented.

The present work is our first step toward linking
the fractional calculus and hyperelasticity. The dy-
namic response of a 2-D cantilever beam is computed,
including both geometrically and materially nonlinear
effects.
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