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Abstract:

The main objective of this paper is to study the various energies and their bounds of
Revised: 20-07-2024 the Rough complemented graph corresponding to the given Rough semiring. In this
) paper, for a given approximation space 1=(U,R) where U is the nonempty finite set of
Accepted: 30-07-2024 objects and R is an equivalence relation on U, the Rough semiring (T,A,V) is taken for
study. The Rough complemented graph of T denoted by GRC(T) is a graph whose
vertices are V(GRC(T))={RS(Y)|Y€ [¢(E)] ~1 } be the set of equivalence classes
induced by | and two distinct vertices RS(X) and RS(Y) are adjacent iff
RS(X)VRS(Y)=RS(@). Note that there will be 2*n-2 vertices in GRC(T). Also
Randic, seidel, minimum dominating, maximal independent and dominating energies
of GRC(T) are obtained, the lower and upper bounds of these energies are also
established. These energies are obtained through Python programming, and a bar
diagram is used to conduct a comparative study for various values of n. All the
illustrated concepts are explained with suitable examples.

Keywords: Independent dominating set, Minimum dominating energy, Randic
energy, Siedel energy, Python code.

1. Introduction

The concept of energy of a graph was introduced by I. Gutman [1] in the year 1978. In [4] Rajesh
kanna et al. compute Milovanovic bounds of the cocktail party graph and crown graph. Different
results on independent dominance in graphs are being examined by the authors [2].

A molecular structure descriptor called Randic index was created by Milan Randi in 1975[6]. Later
S.B. Bozkurt et al [7] defined Randic matrix and Randic energy. Further discussion on Randic
energy can be found in [3], [5]. In [8] the authors find the minimum dominating energy for various
graphs like complete graph, star graph etc.

This paper is organized as follows. Section 2 is about preliminaries. In section 3, we introduced the
Rough complemented graph GRC(T) and explore the properties of the graph. Also defined various
energies like minimal dominating, seidel, randic etc and look at further bounds. In section 4, we
provided the python coding for the corresponding graph energies and conclude in section 5.

2. Preliminaries
In this section, the basic definitions required to study the article are listed.

Definition 2.1. Let G = (V(G),E(G)) be a simple graph. A set D € V(G) is s said to be a
dominating set if every vertex in V(G) — D is adjacent to atleast one vertex in D. The domination
number of G, denoted by y(G), is the minimum cardinality among all dominating sets of G.
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Definition 2.2. A set is independent if no two vertices in it are adjacent. An independent dominating
set of G is a set that is both dominating and independent in G .The independent domination number
of G denoted by «, is the minimum size of an independent dominating set.

Lemma 2.1. [5] The Randic spectral radius p;(G) = 1.

Lemma 2.2. [3] If G posseses isolated vertices, then detR = detA = 0.1f G does not possess
isolated vertices, then detR = ﬁdem.

Let I = (U, R) be an approximation space where U is the nonempty finite set of objects and R is an
equivalence relation on U and forany x € U, [x]z = {y € U|(x,y) € R} is said to be an equivalence
class. For X € U,RS(X) = (R_(X),R™(X)) be the rough set where R_(X) = {x € U|[x]gc X} is
said to be a lower approximation space and the upper approximation space is defined as R™(X) =
{x € U|[x]g N X # @}. Also we defined the set of rough sets as T = {RS(X)|Xc U}. It has been
established that if 1 = (U,R), (T, A, V) is a Rough semiring [10]. The partition created by R

on U should consist of {X;, Xz, ... Xon, Xmmg1 e oo - Xp} Where |X;| > 1L, 1<i<m|X;| =1, m+
1<j<n
Definition 2.3 [11] Rough Zero Divisor Graph of Rough Semiring

The zero divisor graph of the Rough Semiring (T,A,V) is T(G) = (V,E) where V is the set of
vertices in T(G) consists of nonempty zero divisors i.e, V = {RS(X) € T|RS(X) # RS(®) is a zero
divisor of T} and E is the set of edges connecting the elements of V such that there is an edge
connecting RS(X) and RS(Y) in V iff RS(X)VRS(Y) = RS(®). This graph T(G) is called a Rough
zero divisor graph of the Rough Semiring (T, A, V).

3. Bounds of various energies of Rough complemented graph

Throughout this section, we consider an approximation space I = (U,R) along with the Rough
semiring (T,A, V). Let E = {X{, X5, ... ... ... ... X;;} be the equivalence classes induced by R in which
{X1, X5, v e oo .. Xon } @re the equivalence classes with cardinality greater than 1.

In this section, the Rough complemented graph GRC(T) of the Rough Semiring is introduced.
Properties of GRC(T) is studied and the various energies along with their bounds are dealt in detail.

3.1 Minimum dominating energy
Definition 3.1. Rough complemented graph

Let (T,A,V) be a Rough semiring. The Rough complemented graph of T denoted by GRC(T) is a
graph whose vertices are V(GRC(T)) = {RS(Y)|Y € (9(E))*} where (p(E))* = p(E) —
{RS(U),RS(®)} and two distinct vertices RS(X), RS(Z) are adjacent iff RS(X)VRS(Z) = RS(D).

Remarks. It is to be noted that

. The number of vertices in Rough complemented graph GRC(T) is 2™ — 2 where n denotes
the number of equivalence classes in E.

. The number of edges in Rough complemented graph GRC(T) is %(3” —2nt1 4 1),
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. Forany RS(X) € V(GRC(T)), the degree of RS(X) is 2™ " — 1 where 1 < r < m.
. For any RS(X),RS(Y) € V(GRC(T)),

d,(RS(X)) = {RS(Y) € V(GRC(T))|d(RS(X),RS(Y) = 2)}

|dy(RS(X) | =2" -2+ (2" -1 -2).

. Forany RS(X),RS(Y) € V(GRC(T)),

ds(RS(X)) = {RS(Y) € V(GRC(T))|d(RS(X),RS(Y) = 3)}
|d;(RS(X))| = 2" — 2. Here d represents the distance.
o The diameter of GRC(T)is 3.
Definition 3.2. Minimum dominating set
Consider the Rough complemented graph GRC(T) = (V(C(T)), E(C(T))). A subset D(C(T)) is
called the dominating set of GRC(T) if every vertex in V(C(T)) — D(C(T)) is adjacent to some

vertex in D(C(T)). The minimum cardinality of a dominating set D(C(T)) is called the domination
number of the graph GRC(T), denoted by y(C(T)).

Definition 3.3. For every RS(X),RS(Y) € V(C(T)), the minimum dominating matrix is

1ifRS(X)VRS(Y) = RS(®)
Ap(C(T)) =31 if RS(X) = RS(Y)andRS(X) € D(C(T))
0 otherwise

Definition 3.4. Minimum dominating energy

The minimum dominating energy of GRC(T)is defined as S(D(C(T)))zzizznl‘zmd where

Uiy U wer oo v Ugn _p are the spectrum of A, (C(T)). The spectral radii of AD(C(T)) are in non-
increasing order i.e., fy >ty e e vee o 2> Uon _y.
Theorem 3.1. In GRC(T), the minimum dominating set is D(C(T)) = {RS(X)|i = 1,2, ... ce. ... 11}

Proof. Let RS(Y) € V(C(T)) — D(C(T)).

Then the edge set ¢ = {(RS(Y),RS(Z))|Z € E —-Y}

Next to prove that D(C(T)) is the minimum dominating set.

Note that if we remove any RS(X,),i = 1,2, ... ... .....n from D(C(T))

then RS(X; X, oo oo oo Xi_1Xi41 v e ... X)) Will not be adjacent to any of the elements in
D(C(T)) — RS(X;) which will affect the dominating property. Hence removal of any element from
D(C(T)) will affect the dominating property.

Therefore D(C(T)) = {RS(X)|i = 1,2, ... ... .....n} is the minimum dominating set.

Theorem 3.2. Let GRC(T) be the Rough complemented graph and A, (C(T)) be the minimum
dominating matrix of GRC(T) and y(C(T)) denotes the minimum domination number then
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. 7% = ly(c(m)|

. z%";Zul 3" =2 + 1] + [y (c(D))

Proof. It is known that the sum of eigen values of A, (C(T)) is the trace of A, (C(T)).
S = T da = Iy (D))

It is find that Y* 72 u;2 of Ap(C(T)) is the trace of [A, (C(T))]?

2n-2 2n-2 2n-2
z w? = Z dij Z d
22"—2 di® + Biej dij
= ¥¥0%d, +22i<jdl]2
=ly(c(M)| + 13" - 2"** + 1)

Theorem 3.3. In GRC(T), D(C(T)) be the minimum dominant set and A, denote the determinant of
Ap(C(T)) then

\/ (3n —2n+l 41+ y(C(T))) + (2n - 2)(2" — 3)AD<2“—2>2<2"—3> < €p(GRC(T)) <

J(zn —2)(3n —2m + 1+ y(C())

Proof. By Cauchy Schwarz inequality

2

2n-2 2m-2 2m—-2

2
) <(30)(5
i=1 i=1 i=1

[er(GRC(T )] < (20— 2) (3" =21 4+ 1 +y(C(D))
And from arithmetic —geometric mean inequality
Sios ltillpg] = (20 = 2)(2" — 32T
[e5(GRC(T)) ] = (527 mil)’
= S22 il + By Il

[€n(GRC(T D) |* 2 (37 — 271 + 1 +y(C(T) ) + (2" — 2) (2" — 3)AD<zn—z>2W

€p(GRC(T)) 2 \/ (3 —2mt+ 14y (C(T))) + (2 —2)(2" - 3)A, THE
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3.2. Maximal independent and dominating energy

Definition 3.5. The maximal independent and dominating set of the Rough complemented graph
GRC(T) is denoted by ID(C(T)). Note that the elements of ID(C(T)) will be a maximum
independent set as well as a dominating set.

Definition 3.6. Let ID(C(T)) be a maximal independent and dominating set of a graph
GRC(T), then the corresponding adjacency matrix is denoted by A,,(C(T)) is defined as

1ifRS(X)VRS(Y) = RS(®)
A;p(C(T)) =11if RS(X) = RS(Y)andRS(X) € ID(C(T))
0 otherwise

Definition 3.7. The maximal independent and dominating energy of GRC(T) is defined by
€p(C(T)) = X E 2 |w;| where w; are the eigen values of A;,(C(T)) and are in non - increasing
order.

Theorem 3.4. For the Rough complemented graph GRC(T), [ID(C(T))|is 2™t —1,
Proof. Consider ID(C(T)) = {RS(X; UY)|Y € p(E — X))}
To prove ID(C(T)) is an independent set.

Let RS(X),RS(Z) € ID(C(T)), where RS(X)=RS(X;UY;) andRS(Z) = RS(X;UY,) where
Yl) YZ € SO(E - Xl)

This implies RS(X;) € RS(X)VRS(Z) # RS(D)

There is no edge between RS(X)and RS(Z)

~ ID(C(T)) is an independent set.

It is clear to verify that addition of any vertex to ID(C (T)) will affect the independence property.
Hence ID(C(T)) is the maximal independent set.

Next to prove that ID(C(T)) is a dominating set.

Let RS(Z) € V(GRC(T)) — ID(C(T))

Since the elements of V(GRC(T)) — ID(C(T)) are from (E — X;) and so RS(Z) is adjacent to
RS(X;) and hence it is a dominating set.

Hence it is clear that [ID(C(T))| = 2"t — 1.

Remarks 3.1. For the Rough complemented graph GRC(T), |[ID(C(T))| <2™—3. Also
ip(c(m)| = Z2
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3.3. Siedel Energy
Definition 3.8. The Siedel matrix of GRC(T) is defined by

—1ifRS(X)VRS(Y) = RS(®)
S(C(T)) ={ 1RS(X)VRS(Y) # RS(®)
0if RS(X) = RS(Y)

The Siedel energy of GRC(T) is defined as SE(C(T)) = T2 2 |A,],
i=12.. .. 2" — 2, where };° are the eigen values of S(C(T)).
Lemma 3.1. Let Ay, A; ... oo oo ... Ayn_, denote the siedel eigenvalues of S(C(T)) then

. YX2, =0
. YXI2 2 = (2" =2)(2" - 3)

Proof. Itis known that Y2722, = Y2725, =0

Sum of squares of eigen values of S(C(T)) is the trace of (S(C(T)))Z.

22 2t—2  2"-2
Z ﬂiz = z Sij z Sji
i=1 i=1 j=1
2"-2
z (Sll) +ZSL]S]l

i#]

22 _2(511)2 + 221<] Sl]
N_o\2 _(oNn_
=2 {%(3’1 —2nt L 1) (—1)2 + <w —l@n -2ttt 1)) (1)2}

=@ -22-(2"-2)

> A= 2@ -5) + 6

Theorem 3.5. In GRC(T), As= |detS(C(T))] then

\/ 2n(2" —5) 4+ 6 + (27 — 2)(2" — 3)A52”2—ZS SE(c(T)) < /(2" —2)(2"(2" — 5) + 6}
where |detS(C(T))| means the absolute value.

Proof. Taking a; = 1, b; = |4;| Cauchy Schwarz inequality becomes
( 2"—2 M D < (22"—2 1)(22”—2/1 )

(SE(C(T))) < (2" —2)(2"(2" —5) +6) (by lemma 3.1)
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SE(C(T)) </(2» = 2)(2"(2" = 5) + 6)

By arithmetic geometric mean inequality
2
Zizj 114 = (2" = 2)(2" - 3)As7™=2
n_o 2
(SE(C(T))) = (3272 )
n_ 2
= YEANl + Yizj |ki||kj|

(SE(C(T)))2 > 27(2" —5) + 6+ (2" — 2)(2" — 3)AgTE SE(C(T)) =

2
\/(271 —2)(2n - 3)(1+ag72)
3.4. Randic Energy
Definition 3.9.

The Randic matrix R(C(T)) =Ry, of GRC(T) is a square matrix of order 2™ —2 whose

(x,y) entry is
r {ﬁ ifRS(X)VRS(Y) = RS(®)
xy y

0 otherwise
Where d, denote the degree of the vertex RS(X).

The eigenvalues of R(C(T)) are called Randic eigenvalues and are denoted by py, p3 «v cv cee e Pon_s.
Ifallthe p;’s, 1 <i < 2™ — 2 are distinct then the Randic spectrum of GRC(T) can be denoted as

Spec (R(C(T))) _ ( P1 P2 e v e Py >
1
Where m; indicates the algebraic multiplicity of the eigenvalue p; , 1 <j <2" —2 of GRC(T).

The Randic energy of GRC(T)is defined as RE(C(T)) = %2.72 lpl,i=12,. 20— 2.
Theorem 3.6. For GRC(T),

(2n-3)(2"—2-8(C(T))
3(c(T)

where 3(C(T)) is the minimum degree.

RE(C(T)) <1 +\/

Proof. It is known that

n_ 1
212 1 2 pi® =2 Zx,yeE(C(T)) dxdy

1
= ¥2.7? P nyEE(C(T))d

1 1

<N SCy) ZxYEEC(T) 7 Since dy, = 5(C(T))
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=22
RE(C(D) = TX7%|p] =1+ 3252 |p, (by lemma 2.1)

<1+ \/(2" -3 22— 1) (by Cauchy Schwarz inequality)

<2"-2
Theorem 3.7. In GRC(T), with maximum degree A( C(T))

2

2n—2 . 0 o [1detA(C(T))\>"-3
RE(C(M)) =1+ 2cTy 1+ (2" =3)(2" —4) <—H2" g )

Where det A(C(T)) denotes the determinant of adjacency matrix of GRC(T).

2 2n-2
Proof. Proceeding as in the above, we have Zl 2pi = 2T
Using arithmetic geometric mean inequality
2
2n-2 2n-3
2 > gz @ =@ - | |1
25i<j<2n-2 i=2

= (2" — 3)(2" — 4)(|det RE(C(T)) |) 7=

=2"-3)(2"—-4) (ldﬁL(_Cz(dT))'> (by lemma 2.2)

Now, (X252 Ipll) =Y 72p; + 2 Yocicjsam—z |pillpjl

2n—2

2n —2
Z e A(C(T))—1+(2n—3)(2n—4)<

| det A(C(T))| 773
)

RE(C(T)) = X212 1p

2

RE(C(T)) = 1 +J 2 1+ -3)(2"—4) (w)m

A(C(TY) 2,

Example 3.1. The following graph is corresponding to the approximation space I = (U, R) where R
induces 3 equivalence classes.

Let U = (x4, x5, X3, X4, X5, Xg)

Here E = {X1,X,, X3} where X; = {x1,x3}, X, = {x3, %4, %6}, X35 = {x5}
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Here V(C(T)) = { RS(X1),RS(X;),RS(X3),RS(x1), RS(x2), RS(x1 U X3),
RS(X; U x2), RS(x1 U x3), RS(X; U X3), RS(x; U X3), RS(X1 U X3),
RS(x, U X3),RS(X, UX3),RS(x; U X, UX3),RS(X; Ux, UXs),

RS(x; Ux, UX3)}

The minimum dominating matrix A, (C(T)) is given by

Ap(C(M) = ]

111001
111010
111100
001000
010000
(1 00000

RS(X,)

RS(X,) RS(X,)

RS(X,UX,) RS(X1UX3)

RS(X,UX,)

Figure 1: Rough complemented graph
The spectrum of minimum dominating energy are [3.3028,1®, —0.3028, (—1)®]

The maximal independent and dominating matrix of GRC (T) is given by
001

—_— O O = =
S = O = o =
S O = O = =
S O = = O

S = O & =
o © O o O

The characteristic polynomial, spectrum and maximal independent domination energy are as follows.
f(GRC(T), L) = A(A* = 2)(A> =302 =1+ 4)
— (—1.4142 -1.1149 0 1.2541 1.4142 2.8608
Spec (GRC(T)) = (T} )

1 1 1 1
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€ (C(T)) = 8.0582.
Here the maximal independent and domination number |ID(C(T))| =2""1-1=3.

4. Generation of various graph energies using Python for the Rough complemented graph

In this section, Python Code is provided for Siedel, Randic and Minimum dominating energies for
the graph GRC(T). Additionally, the energies are compared using bar diagram for various values of
n.

Certain auxiliary functions used for displaying and increasing the visual appeal of the graphs and
their energies are not included in the code presented. Libraries used to aid code reusability have been
imported at the top of the first code section.

Graph generation code

import numpy as np
import networkx as nx
from itertools import chain, combinations
import matplotlib.pyplot as plt
import csv # Utility Functions
def powerset(iterable):
s = set(iterable)
return set(chain.from_iterable(combinations(s, r) for r in range(len(s)+1)))
def EnergyOfMatrix(A):
eigVals = np.linalg.eigvals(A) # Compute eigenvalues of A

sumADbsEigVals = sum(abs(eigvals)) # Compute sum of absolute values of
eigenvalues

return sumAbsEigVals
def EnergyOfGraph(G):
return EnergyOfMatrix(nx.adjacency_matrix(G).todense())
n = int(input(""Enter the value of n: ™))
n_nat = set(range(1, n + 1))
powerset_n_nat = powerset(n_nat)
powerset_n_nat_min_1 = powerset(range(2, n + 1))

i_d_set = set(# Independent Dominating Set
1, %)
for x in powerset_n_nat_min_1.difference(set(range(2, n + 1)))

)

vertices = set( elem for elem in powerset(n_nat) if (elem not in [tuple(), tuple(n_nat)]))
edges = set(
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(vertl, vert2)
for vertl in vertices
for vert2 in vertices
if (
(Ien(set(vertl).intersection(set(vert2))) == 0)
or (vertl == vert2 and (vertl ini_d_set))
)
) # %%
graph = nx.Graph()
graph.add_nodes_from(vertices)
graph.add_edges_from(edges)
graphdegrees = {node: val for (node, val) in graph.degree()}
siedel_edges =[] # Stores edges as
randic_edges =[] # (v1,v2,weight) triples
for vertl in vertices:
for vert2 in vertices:
if set(vertl) == set(vert2):
if len(vertl) == 1:
pass
elif len(set(vertl).intersection(set(vert2))) == 0:
siedel_edges.append((vertl, vert2, -1)) # min_dom.append((vertl,vert2,1))
randic_edges.append(
(vertl, vert2, 1/ np.sqrt((graphdegrees[vertl] * graphdegrees[vert2])))
)
elif len(set(vertl).intersection(set(vert2))) != 0:# min_dom.append((vertl,vert2,0))
siedel_edges.append((vertl, vert2, 1))
randic_edges.append((vertl, vert2, 0))
seidel_graph = nx.Graph()
seidel_graph.add_weighted_edges_from(siedel_edges)
randic_graph = nx.Graph()
randic_graph.add_weighted_edges_from(randic_edges)
min_dom_adj = nx.adjacency_matrix(graph).todense() # GRC T
for i in range(len(min_dom_adj)):
for j in range(len(min_dom_adj[0])):
if i==j:
if len(list(vertices)[i]) == 1:
min_dom_adj[i][i] =1
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min_dom_graph = nx.relabel_nodes(nx.from_numpy_array(min_dom_adj) {i:vert for
i,vert in enumerate(vertices)}) # mapping = {i:vert for i,vert in enumerate(vertices)}

Energy Calculation Code

Functions were written that would ease the process of calculating the Graph energies for any graph:

def EnergyOfMatrix(A):

eigVals = np.linalg.eigvals(A) # Compute eigenvalues of A

sumADbsEigVals = sum(abs(eigVals)) # Compute sum of absolute values of eigenvalues

return sumAbsEigVals
def EnergyOfGraph(G):

return EnergyOfMatrix(nx.adjacency_matrix(G).todense())

Generated Graphs and Charts

GRC(T) Graph, n=4

RS(X;

Siedel Graph, n=4

2UX3)

27 N
R — S ? N
‘ S e _ N _ =g - .
. —— /> > . %
ST AT = P Fr
ns( %é"v‘pﬁ W\ S dw#‘v"'-"‘
NS T AT, S~ Nl S
DA e s e AN e
Pz -."" s< S A

AN
/

Fig 3: The Siedel Graph
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Randic Graph, n=4 o v Y
o 0.2182 ——— —— 021g7.

. 0 _‘*_‘._ N
: T SR T

e ey
r 02182 v 0.2182 3

0.2182

Lo 0]

Minimum Dominating Graph, n=4

3
~
Rs(xzéux_‘)

RS(X@¥:uXs)

Energy of Minimum Dominating Graph: 20.392201458411738

Fig 5: Minimum dominating graph

Graph Energies Vs n For the Z() Graph

Graph Energy T102.07

Siedel Energy
H Randic Energy
I Minimum Dominating Energy 139821 137886 1379.38

10
6154 6105 61128
2604 2686 26914
10523 1882 117.15
5
5 aM 89 "
27
00 20.39 i
1342 o
1 13| 161 &,
5.
3.'
4 5 6 7 8 ]
n

313633 310048 3100.95

Energy
=

<.

E) 0

Fig 6: A comparison of the Adjacency Energy, Siedel Energy, Randic Energy and Minimum
Dominating Energy for GRC (T) graph for varying values of n.

5. Conclusion

In this study, the Rough complemented graph of the Rough semiring is defined using the equivalence
classes. Also the maximal independent and dominating set of GRC(T) graph is established.
Additionally, the minimum dominating, Siedel and Randic energies of the GRC(T) graph are
defined and the lower and upper bounds are derived. All the above mentioned energies can be found
using Python and several values of n are compared. Each notion is illustrated and supported by an
example.
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