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1. Introduction

This study examines finite, simple and undirected graphs. Whitney initially presented the concept of a
line graph in 1932 [1]. In 1983, Maria Chudnovsky [5] proposed using line graphs as a very
fundamental lesson in graph theory. T. Hamada and I. Yoshimura were the ones who first suggested
the center graph of the graph [6].

Vertex partitioning is an important concept in graph theory. Partitioning and imposing on vertex sets
yielded new concepts and outcomes. In 1977, Lesinak and H. Straight introduced the concept
Cocoloring and found some basic results [3]. Kowsalya. V, Vernold Vivin. J and Venkatachalam. M
[2] found the star chromatic number for sunlet graph families and their line, middle, central and total
graphs. Vernold Vivin. J, Kowsalya. V, and Vimal Kumar. S [7] found the star chromatic number for
prism graph families and their derived graphs. Star Cocoloring concept was introduced by M.
Poobalaranjani[4].

A clique is defined as a subset W of a simple graph G = (V, E) that produces a complete subgraph of
G. If W has cardinality K, it is referred to as k-clique. A subset U of V is considered independent if it
creates an empty subgraph of G. If U has cardinality K, it is referred to k-independent set.

2. Preliminaries

2.1: Prism Graph: The Prism graph is a planar, polyhedral graph that resembles the skeleton of an m-
prism. An m-prism graph is the same as the generalised Petersen graph Py, 13 with 2m vertices and 3m

edges. It is denoted by Y,,

2.2: Sunlet Graph: The sunlet graph on 2m vertices is obtained by attaching n pendant edges to the
cycle C,, and it is denoted by S,,.
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2.3: Line Graph: Line graph L(G) is

e L(G) isagraph in which each vertex corresponds to an edge of G.
e Two L(G) vertices are said to be adjacent if their respective lines share an endpoint
in G.

2.4: Middle Graph: The newly added middle vertices of G's surrounding edges are joined to form the
Middle Graph M(G). It is made by accurately splitting each edge of G once.

2.5: Star Cocoloring: Let G be a graph k,l,r be non-negative integers then a (k,1,r) - s - cocoloring of
G is a partition of the vertex set of G into sets 14, I,, I, ..., I, C1, Cy, C5, ..., C;, S1, S3, S3, ..., S such that
I, is an independent set each C; is a clique and each S, is a star K4 ;3 Where t > 3.

2.6: Star Cochromatic Number: The Star Cochromatic Number g is defined as

z*(G) = min{q: there exists k,l,r such that k,l > 0,r
>1;Gis (k,l,r) —s —colorableand k+1l+r=q}

3. Main Results:

3.1: Star Cochromatic Number of Prism Graphs
Theorem 3.1.1: The Star Cochromatic Number of Prism Graph q[Y;,] form = 3 is q[Y,,] = [%]

Proof:
Let Y, be prism graph with 2m vertices and 3m edges and V[Y;,] = {v,:1 <n <m}u{u,:1 <
n < m}. Consider the color class C = {c4, ¢, c3, ---'C[m]}-
2

Define mapping o:{v,;:1 <n <m}uUf{u,:1 <n <m} - ¢, Vk=123,..
Case-(i): m = 0 mod 4

o 0(Ugk, Usk—1, Usk+1, Vak) = Cax

o 0(V4k—2, Vak—3, Vak—1 Uak-2) = Cap—1
Case-(ii): m =1 mod 4

o 0 (Ugk—2 Uak—1, Usk—3 Vak—2) = Cak—1

o  0(Vak Vaks1) Vak—1, Uak) = Cok

o o(v,uy) = c[m]

2

Case-(iii): m =2 mod 4
Assign the coloring as follows:

o 0(Ugks1, Uskr Uak+2 Vak+1) = Cax
®  0(Vak+3) Vak+2) Vak+a Uak43) = Cog—1
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There exists an uncolored set of vertices {vy,v,,vs, Vs, U, Ug, Uy, Uz} In which the vertices
{v,,v1,v3,u,} forms ky 3 which is to be colored with C[ﬂ]—1 and the vertices {u4, us, vy, U, } forms
2

an independent set is colored with new color c[m]
2

Case-(iv): m =3 mod 4
Assign the coloring as follows:
o 0(Ugk) Usg—1, Uaks1, Var) = Cox

o  0(Vyk—2 Vak—3) Vak—1, Usk—2) = Cax—1
o o(uy,uy) = c[m]
2

To Prove: z*[Y,,] < [%] z*[¥,,] exists (m — 12) — K; 5 stars, each color class is colored with one
color. Hence, there exists an independent set remains uncolored we need one more color to complete
the graph. Therefore, assumption is contradictory. Hence q[Y,,] = [%] .

3.2: Star Cochromatic Number of Line Graph of Prism Graphs

Theorem 3.2.1: The Star Chromatic Number of Line Graph of Prism Graph q[L(Y;;)] form = 3 is
m+2

qlL(Ym)] = [T]

Proof:

Let Y,,, be prism graph with 2m vertices and 3m edges and V[Y;,,] = {v:1 <n <m}u{u,:1 <
n < m}and [L(Y,,)] be line graph of prism graph with 3m vertices and 6m edges where V[L(Y,,)] =
fv;l <n <m}u{u,:1 <n <m}u{w,:1 <n <m}. Consider the color class C =
{c1,¢5,C3, ...,C[mT-I—Z]}. Define mapping o:{v,:1 <n <m}Uf{u,:1 <n <m}u{w,;:1 <n <

m} - ¢, Vk=123,..
Case-(i): m = even
Assign the coloring as follows:
o 0(Uyk—3, Vak—3) Vak—2 Wak—3 Wak—2) = Cak—1

o 0(Ugk—1, Vak—1, Vak, Wak—1, Wak) = Cai

o oa(uy) = C[mezy

Case-(ii): m = odd

o  0(Usk—2, Vak—-3, Vak—2) Wag—3, Wak—2) = Cax—1
o 0(Usk) Vag—1, Vak» Wak—1, War) = Cai
o o(ug-1) = C[m_”]_l

2

o a(v,wy,) = C[m_-l—z]
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m+2

To Prove: z*[L(Y,,)] < say [— — 2; z*[L(Y,,)] exists ( ) K, 5 stars, each color class is

colored with one color. Hence, there exists an independent set and clique remains uncolored we need
two more colors to complete the graph. Therefore, assumption is contradictory. Hence z*[L(Yy,)] =

=)

[m+2

3.3: Star Cochromatic Number of Middle Graph of Prism Graphs

Theorem 3.3.1: The Star Chromatic Number of Middle Graph of Prism Graph q[M (Y;;,)] for m
0mod 2is q[Yy,] = [mTH]

Proof:

Let Y, be prism graph with 2m vertices and 3m edges and V[Y;,] ={v:1 <n <m}u{u,:1 <
n < m}and [M(Y,,)] be middle graph of prism graph where subdividing each edge exactly once and
join the adjacent vertices, the vertex set of V[M(Y,,)] ={v:1 <n <m}u{y;:1 <n <m}u
{fu,:1 <n <m}u{u,:1 <n <m}ufw,:1 <n <m}. Consider the color class C =
{Cl,CZ,C3,...,C[mT+4]}. Define mapping o:{v,:1 <n <m}uU{vy:1 <n <m}uU {u,:1 <n <

m}Uf{u,;:1 <n <m}ufw,;:1 <n <m} - ¢, Vk=1.23,..
Assign the coloring as follows:
' ' ’ ’ I _
* (W3 Vak—3 Vak—2 Uak—3 Vak—2) Vak—2) Wak—2) = Cok—1

' ' ’ ’ ’ _
®  0(Wak—1, Vag—1, Vak> Uak—1, Uak Uakr Vak) = Cak
o 0(uzk-1,V2k-1) = C[m+4]_1

2

0wz = cmay

To Prove: z*[M(Y,,)] < [mTH] say [mTH] —1; z*[M(Y,,)] exists (?) — Ky 3 stars, is colored with =

colors. Hence, there exists an independent set remains uncolored we need two more colors to complete

the graph. Therefore, assumption is contradictory. Hence z*[M(Y,,)] = m+4]

4.1: Star Cochromatic Number of Sunlet Graphs
Theorem 4.1.1: The Star Chromatic Number of Sunlet Graph q[S,,] form > 3 is q[S,,] [mT”]

Proof:

Let S,, be the sunlet graph with 2m vertices and 3m edgesand V[S,,] = {v,:1 <n <m}u{u,:1 <
n < m}. Consider the color class C = {c,,¢c;, c3, C[m_H]} Define mapping o:{v,:1 <n <m}u
3

{fu, ;1 <nm<m} - ¢ Vk=123,..
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Case-(i): m = 0mod 3

o 0(Vek—1,Ver—5Vek—3 Usk—4) = C2x—1
o 0(Vgk—1,Vek—2, Voks Usk—1) = Cazk
o 0(uUzg_p Uszx) = C[m_ﬁl

3

« +3]. . . . .
To Prove: z*[S,,] < [mT] z*[Sp] exists 3m — K; 3 stars, each color class is colored with one color.
There exists an independent set (u3j_5, U3 ) remains uncolored we need one more color to complete
+3
the graph. Therefore, assumption is contradictory. Hence g[S,,] = |= ]
Case-(ii)): m = 1mod 3
o 0(Vok-1,Vok-5)Vok-3) Uk-4) = Cok—1
o 0(Vek-1,Vk—2) Vol Uek-1) = Cak
o d(VyUy) = C[m_+3]_1
3
o 0(usr—2 Us) = C[m_+3]
3
Case-(iii): m = 2 mod 3
o 0(Vok-1,Vok-5)Vok-3) Uek-4) = Cok—1
o 0(Vek-1,Vok—2) Vol Uek—1) = Cak
o (U V1) = C[m_+3]_1
3
b O-(u3k—2! Uz, um) = C[m_-l-B]
+3
To Prove: z*[S,,] < [m ] ] exists 3m — K; 5 stars, each color class is colored with one color.

Hence, there exists an mdependent set and clique remains uncolored we need two more colors to
complete the graph. Assumption is contradictory. Hence qlY, [m+3]

4.2: Star Cochromatic Number of Line Graph of Sunlet Graphs
Theorem 4.2.1: The Star Chromatic Number of Line Graph of Sunlet Graph q[L(S,,)] form = 4 is
m
ol = [3]
Proof:

Let S,, be sunlet graph with 2m vertices and 3m edges and V[S,,] = {v;:1 <n <m}u{u,:1 <

n <m} and [L(S,,)] be line graph of prism graph with 3m vertices where V[L(S,)] =

{fv:1 <n <m}u{u,:1 <n <mj}. Consider the color class C = {c;, cz,c3,...,c[m]}. Define
2

mapping o:{v,:1 <n <m}U{u,:1 <n <m} - ¢ Vk=123,..
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Case-(i): m = 0mod 3

®  0(Vek—1,Vek—5Vek—3 Vek—5 Usk—4) = Cok—1
o 0(Vsk—1,Vek-2 Vokr Vek—2, Usk—1) = Cak
o o(uz) = [z

2

Case-(ii): m = 1mod 3

*  0(Vsk—1, V5 Vok—3) Vek—5 Usk—1) = Cax—1
o 0(Vsk—1,Vek—2 Vokr Vek—2, Usk—1) = Cak
o (U Uy) = €]

2

o o(ug) = [
Case-(iii):m =2 mod 3

*  0(Vsk—1) V-5 Vok—3s V-5 Usk—1) = Cax—1
o 0(Vsk—1,Vek-2 Vokr Vek—2, Usk—1) = Cak
o (U Vip—1) = C[m]_l

2

L U(u3k» Um, um—l) = C[E]
2

To Prove: z*[L(S,)] < [%] say [%] —1; z*[L(S,,)] exists (g) — K 3 stars, each color class is
colored with % colors. Hence, there exists an independent set remains uncolored we need one more

colors to complete the graph. Therefore, assumption is contradictory. Hence z*[L(S,,)] = [%]

4.3: Star Cochromatic Number of Middle Graph of Sunlet Graphs

Theorem 4.3.1: The Star Chromatic Number of Middle Graph of Sunlet Graph q[M(S,,)] for m =
0mod 3is q[M(S,,)] = [mTM]

Proof:

Let S,, be sunlet graph with 2m vertices and 3m edges and V[S,,] = {v;:1 <n <m}u{u,:1 <
n < m}and [M(S,,)] be middle graph of sunlet graph where subdividing each edge exactly once and
join the adjacent vertices, the vertex set of V[M(S,,)] ={v,:1 <n <m}u{v,:1 <n <m}u
{fu,:1 <n <m}uf{y,:1 <n < m}. Consider the color class C = {cy, ¢y, C3, cImTH]} Define

mapping o:{v;:1 <n <m}u{v;:1 <n <m}uU {u:1 <n <m}ufuy;:l <n <m}- ¢
Vk=1.23..

Assign the coloring as follows:

! ! ! ! 1 _

® 0(Vek—1s Usn—a,Uen—3s Vek—5 Vek—3» Vok—ar Vok—3) = Cak—1
’ ’ ’ 1 ’ _

* 0(Vek—1,Usn—1,Uen» Vek—2» Vokr Vok—1, Vek) = Cak
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o (g, var—2) = C[m_’f‘*]
3

To Prove: z*[M(S,,)] < [mTH] say [mTH] —1; z*[M(S,,)] exists (?) — K 5 stars, is colored with %

colors. Hence, there exists an independent set remains uncolored we need one more color to complete
m+4

the graph. Assumption is contradiction. Hence z*[M (S,,)] |

5. Conclusion:

In this article, we examined the star cochromatic number of prism graphs, the line graph of prism
graphs, the middle graph of prism graphs, the star cochromatic index for sunlet graphs, the line graph
of sunlet graphs and the middle graph of sunlet graphs. Further improvements will encompass more
central, line, total and middle graphs in various graph families.
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