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1. Introduction :

Presenting the thought of Ternary I'-semiring S-Semimodule entitled I'S-semimodule alongside the
thoughts of semi-irreducible, irreducible, faithul I'S-semimodules with a goal to present the idea of
primitive I'-semiring in addition to prospect to present the idea of Jacobson radical. Now we
concentrate on primitive TT'-semiring by means of the operator semirings. We confirm that by [6] a
right operator semiring R is primitive iff T'-semiring S is primitive. In conclusion, “primitive h-ideal
of a TT'-semiring S utilizing the connection amid the Annihilator of an irreducible TT'S-semimodule
M in S with the aim of M in the right operator semiring R of TI'-semiring S”.

“Throughout this paper TI'-semiring - TI'-S,Ternary I'S-semimodule denoted by TI'S-S, Ternary I'S-
subsemimodule denoted by TI'S-SS, irreducible TI'-semimodule- ITT-S, irreducible TI'S-
semimodule- ITT'S-S , Primitive Ideal-Pl, right operator semiring-ROS

faithful irreducible TT'S-semimodule- FTT'S-S, faithful irreducible R-semimodule-FIR-S, irreducible
R-semimodule-IR-S, faithful irreducible R/ P* -semimodule- FI(R/P*)-S, additive commutative
monoid-ACM, TI'S-semiring- TI'SS”

Preliminaries

Definition 2.1: Let U, I'" be two additive commutative semigroups. Then U is entitled a ternary
gamma semiring presented 3 a mapping U xI"xU xI"xU —U suiting the next conditions:

(1) Xnys(@Apya) =xn(yszAp)yd = (xnysz)Apyq

(2) [(p+a)nresI=[(prres]+Ianres]
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3) [P7(a+1)es]=[(prags]+Ipnres]
() [P1as(r+s)I=[(pracr]+[pnacslvp.q.r.seU &n, 6.y, A €T
An ideal J in a TI'-semiring S is called a k-ideal if x, +y, €J,x, €S,y, € J = x € J.

In a TI-S semiring S an ideal I is entitled an  ‘h-ideal’ if
X\ +Y,+2,=Y,+2,%,2,€S&Y,,y, el = x el. permit S be a TT-S & free additive commutative

semigroup G generate by I'xSxI"xS. subsequently relation pon G, defined by If
Z[ri,ki] = Z[aj,lj] in R then ZSTitl,ki = ZSO'jt,ujijS,t eS.
i j i j

Semi-irreducible, Irreducible, Faithful TT'-Semimodules :

Definition 3.1: Permit S is a TI-S. An ACM ‘M’ is known as merely TIS-S, if
INxI'xSxI'xS — N (Images to be denoted by kvsit:k e N,v,neT") satisfying the following

conditions:

Q) (k+1Dvsyt =kvsyt +lvsnt

(i) kvsn(t+u) =kvsnt+kvsnu

(iii) kv(s+t)pu =kvsnyu + kvtnu

(iv) (kvsnt)eurv = kv(snteu)zv + kvsn(teurv)

(v) 0, n7teu =0, =kesz0; =ke0, zsVk,l € N,s,t,u,veS.

In addition to the above conditions if Zkge;zﬁf =kVk € N, where {e, f}is an identity element of S,

then N is believed to be a unitary right ternary I'S-semimodule.
A left TT'S-semimodule can be defined likewisely.

Example: 3.2: A TI'SS ‘S’, wherever the ‘additive commutative semigroup’ S of all 2x3matrices
above Q," &I is also ‘additive commutative semigroup’ of all 3x2matrices over the identical set &
neknl denote product of matrices of n,&,k,7,I;ne N,k,l € S & &,17 € T now the right unity of S is

10 00 00
n=&6=l0 1|7,=6=0 1|y=5=1 0|,
3
Z[yi,ei,gi,fi]where 00 00 00
] 100 0 01 0 1 0
f1=91=0 1 O,f2:e2=0 1 0,f3:e3= 3 .
3 3 0 01

A subset N(#¢) of a TI'S-S N is known as a TI'S-S of N if (i) k+leN , (ii)
kesyt e NVs,t e S,¢,7 €T, k,l € N holds the zero of N.

A TIS-SS N of a TI'S-subsemimodule O is named KI'S-subsemimodule O if
k+leN,leN,keO=keN. Let N be a T['S-SS of a TI'S-subsemimodule O. Subsequently k-
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closure of N, is described by N={jeO:j+k=1:k,leN}. ATIS-SS ‘N’ ofaTIS-S O is named
as ternary (hI'S-) subsemimodule of O if x, +n,+z, =n,+z,n,n,eN,x,z €0=x eN.

Let N be a TI'S-SS of a TI'S-S ‘O’. Afterward h-closure of N, is named by N =
{oeN:o+n+z=n,+z,n,n,eN,ze0}.

Proposition 3.03: Let N be a TI'S-SS ‘N’ of a TI'S-S “O”. Afterward kI'S-( hI'S-) subsemimodule
iff N=N.
Proof: The confirmation involves routine check. A TI'S-S ‘O’ is known as cancellative if

k+l=k+mk,ImeO=1=m.

All through the remainder of the paper TI'S-S is ‘cancellative’.
Definition 3.04: A TI'S-S {0} = O'is called as ‘irreducible’ iff random set u,v e O among u=v for
anyk e N3f;,g;,h;,i; €S,07,7,€I(j =1,2,3,4,..5s &i=1,2,3,4,...1,5,r € Z") such that
sk+D ur fioyg + > vahui, =Y udh i+ > v fiog, . A TIS-S ‘O’ is said to be semi-
i j j i
irreducible iff OI'ST'S # {0} & O doesn’t have any kI'S-subsemimodule except 0 & O.

The thoughts of both semi-irreducibility& irreducibility concur by the idea of irreducibility in a TI'-
ring S([7].[81.[9D)-

Proposition 3.05: An ideal Q of a TI'-semiring S & a TI'S-S ‘N’

by NT'ST'Q ={0}. Then, at that point, the accompanying assertions are valid.

1) If N is semi-irreducible & neN afterward n=0 iff
nrseq=0Vr,eel'&VseS,qeQ i.e,n=0iff NI'STQ ={0}.
2 If N is irreducible & u,veN afterward u=v iff

> urkaol = vrkal, V7,0, e, vk, |, €S,i=12,....p;p is any positive integer.
i=1 i=1

Proof: (1) Given N is semi-irreducible & nzseq=0Vr7r,ecl'&VseS,qeQ . Let
N, ={yeN:yI'STQ={0}}. =neN,.

Let k,1e N, . Then (k+1)I'STQ c kKI'STQ+IT'STQ ={0}. Thus (k+1)e N,

Thus N, is a TI'S-subsemimodule of N. Let (k+1),leN, &keN. Then
(k+1)7scq=0&I7rscq=0Vr,0eT' &VqeQ,seS.

= krsoq=krsoq+lrsoq=(k+1)rsoqVr,c eI’ &VqeQ,seS hence kI'STQ ={0}.

Hence k € N,proving N, isaternary K-subsemimodule of N. -- NI'ST'Q #{0}, N, # N. - Sissemi-
irreducible  subsequently N, ={0}. .. n=0. On the contrary, if n=0 then
nrseq=0vVr,ecl'&VseS,qeQ.

(2) Let N be irreducible & u,ve N su=v. - NI'STQ#{0},dneN,teS&qeQ>nrtoq 0.
Again since N is irreducible, for this n,
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3f, 9,01, €SA<i<rl<j<s;r,seZ” suchthat

n +Zr:w f.oQ, +ZS:V/1hj,uij = Zs:umjaij +Zr:w1 f, 100;.
j=1 j=1 i=1

i=1

nzote p +Zur f.og,ntdp +ZV/1hj,uijzztgp = Zurhjaijt9p +Zvﬂ, fugtdp
i-1 =1 i-1

j=1

Hence
VteS&peP,d,e,1,0,n,u,8,¢,A€T.

=nstep+ Y urfiog + D vahui| => urhoi/ +> vafug/
=1 j=t i=1 i=1

Where g, =gntIpeP&i/' =iztgpeP.
Since N is cancellative and notep =0 S0 atleast one of

Y urfog = > vrfiog &Y uh,ui, = > vah, i/ holds. The converse part follows easily.
i=1 i=1 j=1 j=1
Proposition 3.6: Let N bea TT'S-S & N ={0}. Subsequently N is semi-irreducible iff for every non-

zZero ne N,NI'STS =N e for any
keN3k,l, €S,0,,7,eT(j=1234.5&i=123,4..r,5,reZ") sk+> nr,fio.0, =D nih i,
i i

Proof: Let N = 0be semi-irreducible. Then NI'ST'S #{0}. Let neN>n=0.

Hence by Proposition 3.5, NT'ST'S = {0}; so NI'SI'S = {0}.

Since NI'STS is a ternary KI'S -subsemimodule of N, NI'SI'S = N. Hence for any NI'ST'S ={0}.
Hence forany ke N3k;,l, €S,0,,7, €I'(j =12,3,4..s&i=12,3,4...r,s,r € Z") such that

k+2nri f.o. 0, :anjhj,ujij
i ]

In opposition, assume for any n(=0) € N,n['ST'S = N. Let {0} = N is ternary KI'S -subsemimodule

of N. 3meM>n=0. So, by the given condition NI'SI'S = N. Hence for any for any

ke Nﬂfi,gi,hj,ij €S,0,7,€l(1=12,3,..r& j=12,3,..5,r,se€Z") such that

k+> nrfoig, =D nAhui, Since M is a kIS -subsemimodule of N &
i i

Y nrf0.9,, D> nAh i, €M ke N. Hence M=N. Now if NI'ST'S ={0}then nI'SI'S ={0}vn e N.
i j

In particular, NI'ST'S ={0}for any nonzero ne N. Hence n['ST'S ={0}for any n(=0) e N. = N=0-

a disagreement.
Consequently N is ‘semi-irreducible’.

Corollary 3.07: If a TT-S N is ‘irreducible’, subsequently n['ST'S = N & semi-irreducible.
Proof: LetNbean ITT-S. = N =#{0}. ..3n(#0)e N.

any ke N3f,, gi,hj,ij €S,0,7,€l(j=123,.5&i=123,..r,5,reZ")
EY k+ani f.o.0, :Znﬂjhjyjij. N is semi-irreducible TI'-semimodule, by proposition (3.6),
i j
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Subsequently NT'ST'S #{0} = nI'ST'S ={0}. SincenI'ST'S is a ternary KI'S -subsemimodule of N,

n['ST'S = N.
Proposition 3.08: In a TT'-S ‘S’, R exist its ROS. Next N is an ITI'S-S iff N is an IR-S.
Proof: Let N be an ITI'S-S. Characterize R-action on M as go behind: meant for

f,geN, Z[Z’I, kleR, f, gZ[rl, ki]= Zfrgik If

Z . k]= Z[cf I,]in R then D srtik =D sojtuk,vs,teS. Since N is an irreducible TI'S-
i j

semimodule, n'ST'S = N. (Corollary 3.7). Then for

ne N3f,,g,.h,i,eN,z,,0,€l,s,v,eS(t=12,.q&k=12,..p;q,peZ")

E) n+z f.r.9.0V, = thﬂtit,utvt. So,
t

ZnZIklalll +Z fir 9o sekirl, :zht/’itkiyili'
i i ti
= (l)Z:n;(,kﬁ,I, +> fr g0 seakyl =D hAigvk gl
i ki ]
Again
= (Z)Zn¢joj77j P; +Z fincgioisiak; il :th&itgtvtkjé/jlj'
i k,j t.j

- From (1) and (2)N is cancellative.

anlklélll Zn¢joj77j pj'

Accordingly the R-action define on N is well defined. Currently validate that N as R-semimodule.
Let u,ve N,u=v.

keN3f,g;,h,,i;eS,5,0,€l> k-l-ZUTi f.o.0 +Zvijhj,ujij =Z:uﬂ,jhj,ujij +ZVTi f.o.g, (using
i j j i

irreducibility of N as TI'S-semimodule).
:>k+u2[r,, e B ERYDY) A N7 |J]+v2[r,, 0, 0] where
j

Z[Ti’ fifUngi]’Z[}bj,hj,ﬂj,ij]e R.

Consequently N is an IR-S ([6]).
On the contrary, presume N is an IR-S. Name T-action of S on N as go after: for
feN,m,gel'&s,s, €S, foS¢S = flm,s,,6,5,]. N is a TT'S-S.

—uve N,u;«tv&keN,HZ[ri,fi,ai,gi],Z[;Lj,hj,,uj,ij]eRa
:>k+uZ[rl,fI,O'I,g]+VZ[iJ,h ] = UZMJ'h e IJ]+VZ[TI, f,,o0,,0,].S.
S k+dunf, Ig,Jer/i i = Zu/”tjhjylllJrZw c.0;.

Consequently by description N is an ITT'S-S.
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Let S be a TI'-S. Zeroed of S, is identified as Z(S) ={y, €S:y,+z, =12,;z € S}. evidently, 0 is a

associate of Z(S) of a TI'-S ‘S’ among zero (0) component. Z(S) of a TT'-S ‘S’ is an ‘h-ideal’. Permit
O is a TIS-S. = (0: O) ={yeS:ol'yI's={0}&oI'sl'y=0vV0oe0,VseS} where

Kk
OI'yI's ={Zoiwiyil9isi :0,€0,m,,8 €T, y,,s,€S,keZ"}. We call (0: O) the annihilator of O in S.
i=1

Designate it by A (O). A TI'S-S ‘O’ is held elect faithful if A;(O)=2Z(S).

Proposition 3.09: A TI'S-S ‘O’. Afterward A,(O) is an ‘h-ideal’ of S. Likewise, O is faithful
I'(S/ A (O))- semi module.

Proof: Obviously A (O) is an additive subsemigroup of S. Currently y e A(O),7,9<I',seS. Next
OI'(y9SzS) = (0Or'y)$SzS ={0}. Hence y9SzS € A;(O) verifying as R- ideal. Correspondingly we
confirm A (O)is a L/La ideal of S.

After that Yy+S+2=S,+2 wherever y,2€S,s,5, € A, (O). Afterward
Y., Y, € A (O),ontwy, =ony,ot=0&ontwy, =ony,ot =0voc O &Vt €S.

Now y+s +z2=5,+z= ontox+ontwy, + ontwz =ontwy, + ontwz.

This leads to ontwy =0 ontwy, =ontwy, =0 & O is additively cancellative.
Similarly, we can show that onywt =0voe O & Vy,t e S.

Thus x e A, (O) and hence A(O) is an ‘h-ideal’ of S.

Currently describe a I'-action of S/1A(0) on 0] as below:
0e(s/ A (O))s(t/ A (O)) =0e(SgS):s,teS,e,cel, s/ A (0)eS/ A (O).

If t/ A (O)=t"/ A;(O) then t+i, +z =t'+i,+zVi,i, e AJ(O) &z €S.

i1, € A;(O), we have ovsgi, = ovsgi, =0.

t+i+z =t'+i,+2
Now = 0gsut + 0gSvi, +0gSvz, = 0gSut’ +0gsvi, +0gsvz, Vo€ 0,5 S &g,v el
= ogsut =ogsut'vVoe O,¢,veT.

~.T-action of S/ A;(O)on O is well defined.
Presently seeing that is O is a I'(S / A (O)) -semimodule.

It stays to confirm that A;;, o,(0) =Z(S/A;(O)).

Clearly Z(S /A (0)) < Ays, 0 (O)-
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X/ As(0) € A 0)(0) = o't/ A (O)I'(x/ A;(0)) =0
Now let &oI'(x/ A (O))I'(t/ A(O))=0
Leovinx=0&ovxnt =0vo O &t e S.

Thus x € A;(O) and hence

Consequently, x/ A;(0) e Z(S/ A;(O))
Thus AS/AS(O) (O) c 2(S7A(O)).

Hence Ay, o (0) S Z(S/ A (0)).
Proposition3.10: A TT'SS ‘O’& R exist as ROS. Afterward
(i) A (O)* = A, (0)&A,(O)*= A (0); Anywhere M is an ITT'S-S
(i) Z(S) = Z(R)*, Z(S)* = Z(R).

A )" ={3 6, ¥1<R:S(X [0, y.]) < A (O)}

=210, yl<r: orsrT(Zfei,yi]) c A O)}
Proof: ={Z::[‘9u y;leR:M (Z[leyi]) ={0}} = A:(0).

A (O)*={yeS:[I'tJc A,(0)}

={y eS:O[I',t]={0}}

={yeS:OI'Tl'y ={0}}= A (O).
(i) Via known 6.14-1proposition & zeroid is an ‘h-ideal’, Z(S)=(Z(S)*)*&Z(R) = (Z(R)*)™*'.
Accordingly demonstrating one of 2 relations is adequate. Permit xe Z(R)*. Subsequently
Z(R) o[I',x] ..SI'SI'x< SZ(R) < Z(S). . S have ‘left unity’, x e Z(S). = Z(R)*< Z(S). Now
let Z[é?i,xi]e[F,Z(S)] wherever Vi=12,3,4,..m,x. € Z(S). =X +z =z for some z eS.

i=1

[6,x1+[6,2]1=16,z]1vi=12,34...m.

=Y I6.x1+ 20 [6,21=3"16,2] 216,21 Z(R) &IN,Z(S)<=Z(R). =Z(R)*2Z(S)
where) " [6,z]<R.

S Z(S)=Z(R)*.

Proposition3.11: Let S be a TI'-S moreover R exist its ROS. Afterward O isa FTI'S-Siff O is a

FI R-S.

Proof: Let O be a FTT'S-S. Subsequently via Proposition 3.8, O is an ITI'S-S. Over A;(O) =Z(S).

L AG(O)¥ =2Z(S)*. Via 3.10-proposition, A, (O)=Z(R). Therefore O is a FITI'S-S. Speak follows
by switching the above contention.
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Definition3.12: A TI'-S S is known to be primitive if it has a FTT'S-S. P is an ‘ideal’ of S is entitled
Primitive if the Bourne factor TI'S (S / P) is primitive. So a TT'S S is ‘primitive’ if {0} is a PI.

Lemma3.13: A TT-S ‘S’ & R is its ROS ‘Q’ be a proper ideal of S. Subsequently R(S/Q),R/Q*
are isomorphic, anywhere R(S /Q)is the ROS of the Bourne factor TT'S S/Q.

Proposition3.14: Let S be a TI'-S & R be its ROS. If P is a Pl of S followed by a PI P* of R.
Proof: Permit P be a Pl of S. Afterward S/P is a ‘primitive’ TI'S.

Jan irreducible faithfuly T'(S / P) -semimodule O. O is a faithful irreducible R(S /Q)- semimodule
via 3.11-proposition wherever R(S/Q) is the ROS of (S/P) . - R/P¥ R(S/P) are
isomorphic(3.13-lemma), O is a FI (R/ P*")-S. Accordingly, R/P* is a ‘primitive semiring’ ([6]),
ie., P*¥is Pl

Proposition 3.15 A TT-S ‘S’ & R exist its ROS. If U is a Pl of R afterward U * is a Pl of S.

Proof: Presume U is a Pl of R. Subsequently R/U is a ‘primitive ternary semiring’. Accordingly, 3
aFIR/U-S ‘O’. O is a faithful irreducible T'(S /U*)-semimodule via 3.11-proposition, So S/U*
is a primitive TT'S, where U* is a Pl of the TI'S S.

From the over two recommendations & Hypothesis 6.6([1]) the accompanying hypothesis follows
without any problem:

Theorem3.17: Let S be a TT'-S & R be its ROS. 3a bijection all PI’s of S & the set of all PI’s of R
using the mapping P — P*',wherever an ideal P of S.

Theorem3.18: A TT-S ‘S’ is ‘primitive’ iff its ROS ‘R’ is ‘primitive’.

Proof: Permit S be a ‘primitive’ TT'S. 3 FTTS-S ‘O’.

Subsequently, via 3.11-proposition, O is a FIR-S. Accordingly, R is a primitive semiring -[6]. Contrary
follows via reversing the above argument.

Ultimately, the accompanying portrayal of ‘primitive h-ideal’ of a TT'S closely resembles that of a PI.

Theorem 3.19: A ‘h-ideal’ P of a TT'-S S is ‘primitive’ iff P = A, (O) for some ITT'S-S O.

Proof: Let the ‘h-ideal’ P of the TT'S S be primitive. Via proposition 3.14, proposition-6.11([1]) P*
is a ‘primitive h-ideal’ of R .. P* = A,(O)([6]), wherever O is an ‘irreducible R-semimodule’

(Proposition 3.8). Thus (P*)*= A,(O)*= P = A (O) (3.10-proposition). By reversing the above
argument converse follows.
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