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1. INTRODUCTION

Numerous ideas exist for universal algebras that extend an associative ring (R, +,.. ). Several
near-rings and semi-ring types, in particular, have shown to be quite beneficial. If both (T, +) and
(T,.) are commutative semi-groups with + being a binary operation and. being a ternary
multiplication fulfilling a(b+c)d = abd+acd, ab(c + d)= abc + abd, (a+b)cd = abd + bcd,V a, b, ¢, d
€T, then an algebra (T, +,.) is considered a ter.semi-ring. Elaborately ternary semi-ring was
researched by G. Srinivasa Rao et al. [10-14]. This paper delves into a few theorems related to the
anti-fuzzy ter.sub-semi-ring of a semi-ring.

2. PRELIMINARIES

Def.2.1: Let P += @. A fuzzy subset y of P isamapping y : P — [0, 1].

Def.2.2: Let T be a ter.semi-ring. A fuzzy subset S of T is said to be a fuzzy ter.sub-semi-ring

(FTSSR) of T if (i) xs(a +b)=min{ x5 (a), xs (0)}.(ii) xs(@bc) =min{ x5 (a), xs(b), xs(©)}, Va,
b, ceT.

Ex.:2.3: Let Z be aring of integers and S = (Z\N) € Z, set of all negative integers with zero. Then
(Z\N, +, .) forms a ternary semi-ring S with zero with respect to binary addition and ternary
multiplication. Define a fuzzy subset A: Z — [0, 1], we have

1, if x € (Z\N)
0, otherwise

A(x):{
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Then A(X) is a fuzzy ternary sub-semi-ring of S.

Ex.2.4: Consider the set of integers modulo 5, non-positive integers Zz = {0, -1, -2, -3, -4}under the
usual addition and ternary multiplication, we have

+ 0 -1 -2 -3 -4
0 0 1 |2 [-3 |4 0 -1 12 |3 |4
-1 1 ) -3 -4 0 0 0 0 0 0 0
2 -2 -3 -4 0 -4 -1 0 1 2 3 4
-3 -3 4 0 -1 -2 -2 0 2 4 1 3
-4 -4 0 -1 -2 -3 -3 0 3 1 4 2
-4 0 4 3 2 1

Clearly (Z5, +, .) is a ternary semi ring. Let afuzzy set A:Zs —[0, 1] be defined as A (0) =1, A (-1) =
03,1(-2)=1,A(-3)=0.3,A(-4)=1and A (-5)=0.3. Thus (Z5, *+, ., A) is a fuzzy ternary semi-ring.

Ex.2.5: Let R = N, be the set of all-natural numbers with zero and I' = {0, 1}. Define a mapping R x
['x R x T xR — R as aabfc by ternary multiplication of a, a, b, g, c foralla,b,ce Rand o, € T.
Clearly R is a ternary gamma semi-ring. Define : R — [0, 1] as
0.4, if xisodd
Alx) =1 0.6, if is even
0.7, ifx=0
Clearly A is a fuzzy ternary gamma semi-ring.

Ex.2.6: Let R = [0, 1], ' = N. Define + and ternary multiplication ‘. ¢ defined as a + b = max {a, b}
and aabfc = min {aobfc}

Def.2.7: Let T be a ter.semi-ring. A fuzzy subset S of T is said to be an anti-fuzzy ter.sub-semi-ring

(AFSSR) of T when (i) xs(a+b) <max{ ys(a), zs(b)}(ii) xs(abc) <max{ xs(a), zs(b), xs(c)
}.Va b, ceT.

Def.2.8: Let T be a ter.semi-ring. An anti-fuzzy ter.sub-semi-ring (AFTSSR) S of T is said to be an
anti-fuzzy normal ter.sub-semi-ring (AFNSSR) of T if it satisfies the following conditions:

(i) 7:(a+b)= 7o (b+a), (ii) z;(abc) = z,(cha), Va, b, ceT.

Def.2.9: Let (T, +, .) and (T4, +, .) be any two ter.semi-rings(TSR). Let h: T —T; be any function
and P be an AFTSSR in T, U be an AFTSSR in h(T) = Ty, defined by z,, (b) = im(b);gu (a), forall a

in T and b in T1. Then P is called a pre-image of U with respect to h and is denoted by h™*(U).

Def.2.10: Let (T, +, .) and (T4, +, .) be any two TSRs. A mapping from h: T —Tjis said to be a TSR
homomorphism if h(a + b) = h(a) + h(b), h(abc) = h(a) h(b)h(c), Va, b, ceT.

Def.2.11: Let (T, +,.) and (T4, +, .) be any two TSRs. A mapping from h: T —T; is said to be a TSR
anti-hnomomorphism if h(a + b) = h(a) + h(b), h(abc) = h(c) h(b) h(a), Va, b,ce T.
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Def.2.12: Let (T, +,.) and (T4, +, .) be any two TSRs. Function f: T —T; is a TSR isomorphism, if f
iIs homomorphism, one-to-one and onto.

Def.2.13: Let (T, +,.) and (T4, +, .) be any two TSRs. Then the function f: T —T; is a TSR is said to
be a ter.semi-ring anti-isomorphism, if f is anti-homomorphism, one-to-one and onto.

Def.2.14: Let P be an AFTSSR of a ter.semi-ring (T, +, ) and x in T. Then the pseudo anti-fuzzy
coset (xP)” is defined by ( (X x, )p)(U) = p(X z» (u), for every u in T and for some p in P.

3. PROPERTIES OF ANTI-FUZZY TERNARY TER.SUBSEMIRING OF A TERNARY
SEMIRING

Th.3.1: Union of any two AFTSSR of a ter.semi-ring T is an AFTSSR of T.

Pf.: Let P and Q be any two AFTSSRs of a ter.semi-ring T and pand q in T. Let P={( p, x, (@) )/a
eT}and Q={(q, z, (&) YacT}and also let U = PUQ = {( a, z, () lac T}, where max{ y, (a),
Zq (@} = xy (@) Now, gy (o + B) = max{ zp (a + B), xq (@ + B)} < max{max { z, (), x» (B) },
max{ zq (@), x (B)}} = max{max{ zp (@), xq (@) }, max{ xp (B), 2o (B) } } = max{ xy (@), xu
(B)}. Therefore, y, (¢ + f) <max{ y, (@), z, A} Ya,B € R. And, x,(apy)=max{ y.(aBy),
Zo(apy))} < max{{max z, (@), 7, (B). ¢ ()}, max{max zq (0), o (B): xo(r)}}=max{max{ 7
(@), xq ()}max{ xp (B), 2o (A}, max{ xp (), xq M}}= max{ z, (@), 2y (B), xy (v)}. Therefore,

2o (@fy) < max{ x, (@), x, B), xo M} Yo, B, yeT. Therefore, U is an AFTSSR of a TSRT.
Hence the union of any two AFTSSRs of a TSRT is an AFTSSR of T.

Th.3.2: The arbitrary union of a family of AFTSSRs of TSRT is an AFTSSR of T.

Pf.: Let {S;:ie A} be an arbitrary family of AFTSSRs of a TSRT and let P = USi . Leta, fand yin
T. Then, 7, (o + f) =SiuAp s (@ + ) SS;UAIO max{ s (a), xs (B)} =max{ S;UAp{zsi (), S;UAD{zsi (B)
}= max{;(p(a), ZP(IB)} Therefore, y; (o + B) < max{;gp(a), Zp(ﬂ)}’ Vo, B ye T. And,
2e(aBy)=5up 1 (afy) < Supmax{ xs (@), x5 (B), x5 (}}= max{Sup{ x, (@), Sup { s (8)}.

ieA ieA ieA ieA

Sup{)(si (7)}}: max{;gp(a), ZP(ﬂ)’ ZP(V)L Therefore, lp(aﬂy)f maX{ZP(a)v ZP(IB)’ ZP(?/)

ieA
}, Va,B,ye T. Thatis, P isan AFTSSR of a TSRT. Thus, the union of a family of AFTSSRs of R
isan AFTSSR of T.

Th.3.3: If P, Q and R, any AFTSSRs of the TSRs T3, T, and Tj respectively, then anti-product P x Q
xRisan AFTSSR of Ty x To X Ta.

Proof: Let P, Q and R are any AFTSSRs of the TSRs Ti, T, and T3 respectively. Let a;, a; and as be
in Ty, by, by and bz be in Ty, ¢4, ¢; and ¢z be in T3, Then (ay, by, 1), (a2, b2, ¢2) and (as, bs, c3) are in
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T. X T, X Ts. Now, ;gprxR[(al,bl,cl )+(a2,b2,c2)+(a3,b3,c3)] =
Zoowl@ +8, +a5,0 +b, +by,c ¢, +¢,)] = max{ go(a+a,+a;) ,  yolb +b,+b;) |
zele +c,+¢5) } < maxd{max{ z0(a,), 75(@,) . xe(as) Jmax{ 7o (b)), 7o(b,) . 7o(bs))}, max{
1:(€) 2r(6), 2a(c3)} = max{max{ 75 (a), 7o(b:), xr(c;)}max{ 7(a,), 24(b,), xr(c,)} max{
20(85), 20 (0), 2:(C5)} = Max{ 7p.qr (81,1,C,)s Zpugur(82:0,.C,), Zpigun(@s.bs,C5) 3. Therefore,
Toowl@ +8, +85,0, +b, + by, ¢+, +¢)] < max{ gpow(@bic) . Heow(@.bc)
Zoor(80:05,C) 1 AISO, zp0.pl(@sbic )@, by, 6,080, 05,6)] = 2o (@dsas.bibibycicoc;) =
max{ Zp(alazas)’ Zq(blbzba)v ?(R(Clczcs) } < max{max{ Zp(al) ' ZP(az) ' Zp(as)}’max{ Zq(bl)’
2o(0,), 2o(0,))} max { za(c,), 2a(C,), a(cy) 33 = maxgmax{ z5(a,), 7o (b,), 7a(c,)}, max{
max{ z5(a,) , zo(0,)  7:(C.) 3 max{ ze(a;) , zo(0:) . 2(c:) 3= max{ zpow(aibicy)
Heor(@2:02,C2) + oo (5,03,C5) }. Therefore, z,..x[(a,,b;,c Xa,,b,,c, Xay,by,c,)] < max{
oo (@:01,C)s Zeior(@2:0,1C,), Zpor(@sibs,c5) 3} Hence P x Q x R is an AFTSSR of TSR of
TiXTyXTa.

Th.3.4: Pisan AFTSSR of T if and only if U is an AFTSSR of TxXTxT, when P is a fuzzy subset of
a TSRT and U is a strongest anti-fuzzy relation of T.

Pf.: Given that P is an AFTSSR of a TSR T. Then for any a = (a1, by, ¢1), b = (a, b2, ¢2) and c=(as,
bs, Cs), are in Tx Tx T. We have, y,(a+b) =z, [(as, b1, c1)+(@z by, )]

=Xu (a1+a2,b1+b2,c1+c2): max xy (a’l+a2’bl+b2’cl+c2))} < max{max{ x, (a1)’ Au (az)}’max{
Zu (b1)’ Zu (bz))} max{ x, (C1)v Au (Cz) 1= max{max{ z, (&), z,(a,)}.max{ z, (b1) v Xu (bz))}’
max{ z,(¢,), 7, (c.) 3} = max{ 7, (a,.b,,¢,), 2, (82, b,.¢,))} = max{ 7, (@), 2, (b) }. Therefore,
z(@+b) < max{ g (@), b))} Va b ceT x T x T And, z,(abc) =
2u [(ambl’cl)(az’bZ’CZXaale’Cs)] = Xu (aiaza?,’blbzba"chZCS) = max { x (aiazas) v Au (blb2b3) ,
2u (Clczcs) } < max {max{ y, (al) v Au (az) » Xu (as)}’ max{ x, (bl) » Xu (bz) » Xu (bs) ¥, max{
Au (Cl) Ay (Cz) v Xu (Cs) 1 = max{{max{ x, (a'.L) AY (az) » Xu (as)}v max{ x, (bl) v Xu (bz) ,
Xu (b3) Y max{ xy (Cl) v Xu (Cz) » Au (Cs) 3 = max{ x (al’bl’cl)’ Zu (aZ’bz!Cz) 1 Xu (a3,b3,c3) }=
max{ z, (@), x, (), x,(c)}. Therefore, y,(abc)< max{y,(a), z,(b), z,(c)}, Va, b, ce TXTxT.

This proves that P is an AFTSSR of TxTxT. Conversely assume that U is an AFTSSR of TxTxT,
then for any a = (' a, by, ¢1), b=(az, b2, c;) and c=(as, bz, c3),are in T x T x T, we have max{

2o +a,), 7o +b,), 2u(c,+¢,)¥ = 2l +b, +c,a, +b, +¢, )|= 2y [(a1, by, ci)+( @z bs, €2)]
=20(@+b)< {7,(a), 2, (b)} = max{ 1, (@a,b.c,), 2, (@b, ¢,)) 3= max{max{ 1z, (&), z(0),
Zu(cl) } max{ Zu(az)v Zu(bz)v Zu(cz)}- If Zu(ai"'az) Zlu(bl"'bz)’ = Zu(ai) = Zu(bl)'
2u (az) Z X (bz)i we get, xy (a1+a2) < max{ gy (a1)’ Zu (az)}1 Va; and & in T. And, max {
2 (@ya,8,) ' Zu (blbzbs) ' 2u (Clczcs) }= 2 (@ib,c;,a,b,¢,,a,0,C, ) =
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Xu [(ai’bl’cl)(aZ’bZ’CZ)(aB’b3’C3)] = xl(abe) < max{ z,(a), 7 (b), 2 (c)}= max{ x,(a.b,c,),
Zu (azibz!cz) » Xu (a3’b3103)} =max{ max{ x, (a'l) v Xu (az) v Xu (3-3)}1 max{ (bl) v Xu (bz) ,
Xu (b3)}, max{ (Cl)1 Xu (Cz)’ Xu (Cs)}}-lf Zu (aiazas)zlu (blb2b3)’ZU (ai) Z Xy (bl)’ Xu (az) z
20 (0,), 70 (a5) = 7, (by), we get z,(a,a,85)< max{ z,(a), 7(@,), 7 (a;)} Vay, a, asin T
Therefore, P is an AFTSSR of T.

Th.3.5: P is an AFTSSR of a TSR (T, +, - ) if and only if y,(a+ ) < max{ z,(a), x,(8) },
2o lapy) smax{ z, (@), 2 (B), 2o (»)} Vo, Bandy inT.

Proof: It is trivial.

Th.3.6: If P is an AFTSSR of a TSR (T, +, *), then H = {o/ aeT: y,(a) =0} is either H=@ or a
ter.sub-semi-ring(TSSR) of T.

Pf.: If each element doesn’t satisfies this condition, then H =@. If o, B€ H, then y, (a + ) < max {
2u(@), 74 (B)}= maximum{0, 0}=0. . , (e + ) = 0. And, z, (aBy)< maximum{ z, (@), z, ()
. 70 (#)} = maximum{0,0,0} = 0. .. 7, (afB7)=0 =a + B, afy € H. Therefore, H is a TSSR of T.
Hence H=0 or a TSSR of T.

Th.3.7:1f P be an AFTSSR of a TSR (T, +, -), then if y, (e + B) = 1, then either y,(a) =1 or y,(B)
=1, Va pinT.

Pf.: Let « and B in T. By the definition y,(a+8) < max { z, (@), 7, ()}, = 1 <max {z,(a),
70 (B)3}. Therefore, either y,(a) =1or x,(8) =1.

Th.3.8: Let P be an AFTSSR of a TSR T and f, an isomorphism from a TSRT onto S. Then P-f is an
AFTSSR of T.

Pf.. Leta, pand yin T and P be an AFTSSR of a TSRT. Then we have, (y,o f )(a + B) = ¥ (flo +
B) = xp (f(0)* f(8)) < max { p (f(a)), xp (F(B))} smax{(xpo ) (a).(zpo T)P} = (xpof)(at
B) < max {(zp T )@).(zp o)A} And (oo T )ay) = 1o (o)) = 2o F@FB)() < max{ z,

(f(@)), 2 (F(B)), 2p (f(¥))}< max {(xp o F )(@), (oo F)B). (2o o T)NI= (e o f)(afy) < max{(
o F)@),(xpoT)PB), (xpof)y)} Thus(ypo f)isan AFTSSR of a TSRT.

Th.3.9: Let P be an AFTSSR of a TSRT and h be an anti-isomorphism from a TSRT onto S. Then
e ohisan AFTSSR of T.

Pf.. Leta,band cin T and P be an AFTSSR of a TSRT. Then we have, (y,oh )(a+ f)= x, (h(a
+B)) = xe(h(@) + h(B) ) = max{y, (@), zp ("(B)) } < max{(xpoh) (@).(xp oh)B)} = (
Zp o N)(a + B) < max{( zp o h)(a).(xp o h)(B)}. And (xp o N)(aBy)= x5 (N(0B))= 26 (h(V)D(B)N())
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< max{ z» ((a)), x» (h(B), xp (h(¥))} < max {(xp oh)(@).(xp o N)(B), (xpoh)¥) }, = (x5 oh)
(apy) <max{( xp o h)(@),( xp oN)(B), (xp oh)(y)}. Therefore, y, oh is AFTSSR of a TSRT.

Th.3.10: Suppose P be an AFTSSR of a TSR (T, +, .). The pseudo anti-fuzzy coset ( x,)" is an
AFTSSR of a TSRT, forain T.

Pf.: Let P be an AFTSSR of a TSR T. For every o, B and y in T, we have,((X 7, )°)(@ + B) = p(X) 7»
(o + B) < pImax{ xp (@), xp (B)} = max{p(x) zp (@), P(x) xp (B} = max{( (x z»)" ) (@), (X e
P)B} (X xp) )+ f) <max {(Xxp)") (@), (X 25)°)(B) }. Now, ((x x5 )°)( aBy) = p(a) xp ()
< p(x) max { x5 (@), xp (B), 2 (1)}= max {p(x) x (@) ), P(X) 2 (B)} = max {((x x5 )")(@), (X z5)")
(B), (x 2 )N}

S (e ) (aBy) < max L ((¢ e P))(@), (X 26 )7)(B), (% 25 ))()} Hence ((X xp )°)is an AFTSSR
of a TSRT.

Th.3.11: Let (T, +, .) and (T4, +, .) be any two TSRs. The homomorphic image of an AFTSSR of T
isan AFTSSR of T;.

Pf.: Given (T, +,.) and (T4, +, .) are two TSRs. Let f:T— Ty be a homomorphism. Then, f(a + ) =
f(a) + f(8) and f(aBy) = f(W)f(B)f(y), Va,Band yin T. Let Q = f(P), where P is an AFTSSR of T. To
prove, Q is an AFTSSR of T1. Now, for f(a), f(8), f(y) in Ty, zo (f(a) + f(B)) = 2o (fla +5) )< x5 (@
+ f) < max{ yp (@), xp (B)}= xq (f(0) +H(8)) < max{ y, (), xo (F(B))}. Again, z, ((@)f(B)(y)) =
2o ((@By)) < xq (afy) < max{ x4 (@), xq (B), 2o M} = xq F@B)()) < max{ x4 (@), 2o (B) x4
(»}. Hence Q is an AFTSSR of Tj.

Th.3.12: Let (T, +, .)and (Ty, +, .) be any two TSRs. The homomorphic pre-image of an AFTSSR
of T isan AFTSSR of T.

Pf.. Given (T, +, .)and (T4, +, .) are two TSRs. Let f:T — T; be a homomorphism. Then, f(a + f) =
f(a) + f(B) and f(apy) = f()f(B)f(y), Va, B,y € T. Let Q = f(P), where P is an AFTSSR of T. We have
to prove that P is AFTSSR of T. Leta, fand y in T. Then, x, (a + B)= o (fla + B))= 1, (f(a) +
f(B)) = max{ x, (@), o (FBN} = max { xp (@), xp B)} = Xxp (& + B) < max { xp (@), xr (B)}-
Again, gz, (f(apy)) = xq (f(apy)) = xq ((@B)() < max{ x, (@), xq (B), xq ()I}= max{ x; (a),
2o B), 2o 0}= 1o (f(apy)) <max{ y, (o), x> (B), xp (»)}. Hence P isan AFTSSR of T.

Th.3.13: If (T, +,.) and (T4, +, .) are two TSRs, then anti-homomorphic image of an AFTSSR of T is
an AFTSSR of Tj.

Pf.: Given (T, +,.) and (T4, +, .) are two TSRs. Let f:T —T; a homomorphism. Then, f(a + ) = f(f)
+ f(a) and f(apy) = 1(p)I(H)f(a), Va, B,y € T. Let Q = f(P), where P is an AFTSSR of T. We prove
that Q is an AFTSSR of T1. Now, for f(a), f(8), f()in T1, x, (f(@) + f(8))= x, (fla + B)= 1o (B + @)

https://internationalpubls.com 362



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 7s (2024)

< max{ g, (6), xp (0)}= max{ zp (@), x» (B)} = xq (f(@) + f(B))= max{ x, (). x» (B)}- Again, z,
(F)FBN()= 2o ((vBe)) ) = xp (1) =max{ o (), e (B), 2p (@)}= Max{ zp (@), 2» (B), 2» )1,
= 2o ((@)fB)f(y)) < max{ yq (f(@)), 7o (F(B)). o (f(»))}. Hence Q is an AFTSSR of T,.

Th.3.14: Let (T, +, .) and (T4, +, .) be any two TSRs. The anti-homo-morphic pre-image of an
AFTSSR of Ty is an AFTSSR of T.

Pf.: Given (T, +, .) and (Ty, +, .) are two TSRs. Let f:T—T; be a homomorphism. Then, f(a + ) =
f(B) + f(a) and f(apy) = 1()I(A)f(a), Va, B,y € T. Let Q = f(P), where P is an AFTSSR of T. We
have to prove that P is an AFTSSR of T. Leta, fand yin T. Then y, (a+ p) = x, (fla + f)) = x4

(f(a) + £(8)) < max{ xq (f(7)), 2o (F(B), 2 (F(e))}= max{ x4 (f()), xq (F(B)), o (F(¥))}= max{ z, (),
20 B)y 20 M} = e (a + )= max{ yp (@), zp (B), 2o ()} Again, xp (a87))= 2o ((fy))= 24
(OB (e))=max{{ xo (1)), xq (1B): 2o (((@)}= max{ xq (f(a)), xq (f(B)), 2o (F(NI= max{ xp
(@), 20 B): 20 N} = 2o ((afy))= max{ yp (@), xp (B), xe (7))} Hence P is an AFTSSR of T.
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