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INTRODUCTION.

In this year 1965, first, fuzzy set had been introduced by Zadeh [15]. Succeeding years, fuzzy set
was grown in different ways. The following are extension of fuzzy set, they are vague set,
intuitionistic fuzzy set, bipolar valued fuzzy set and etc.
Vague set by W. L. Gau and D.]. Buehrer [7]; Fuzzy group by Azriel Rosenfeld  [2];  Bipolar
valued fuzzy subset by W.R.Zhang[16]; Vague group by RanjitBiswas [12]; Bipolar vague set by
Cicily Flora. S and Arockiarani.l [4]; Bipolar valued fuzzy subgroup by Anitha.M.S., et.al.[1]; In
similar way, [3], [11], [13], [14], [5], [6], [8]. [9] and [10] were useful to write this paper.

1.PRELIMINARIES.
Definition 1.1 [15] A map R: M — [0,1] is called a fuzzy subset(FS) of M.

Definition 1.2 [7] The ordered structure U = {(3,[07(3),1 — Ur(3)]):3 € W}is called a
vague set(VS) of w,where Ur:w — [0,1] is a truth membership map and Up:w — [0,1] is a
false membership map, such that U;(3) + Up(3) < 1, for all 3in W,

Definition 1.3 [7] The interval [U+(3),1 — Ur(3)] is called the vague value of 3inU
and it is denoted by U(3),i.e.,U(3) = [0U7(3),1 — Ur(3)].
Example 1.4. 0 = {<3,[0.5, 0.6] >, <v, [0.7,0.8] >, <n, [0.4, 0.9] >} is a vague set of R = {3, v, n}.

Definition 1.5 [16] The ordered structure ¥ = {(3, It (3),%‘(3)): 3 € W} is called a bipolar
valued fuzzy subset of w,where I*:w — [0,1] is a positive membership map and T™:w —
[—1,0] is a negative membership map.
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Definition 1.6 [4] The ordered structure U = {(3,[0+(3),1 - U7 3)],[-1 - U7(3),07(R3)]):3 €
W} is called a bipolar valued vague subset of w,where Uf:w - [0,1],0f:w -
[0,1], O7:w — [—1,0],and Uz:w — [—1, 0] are mapping such that

U53)+0+(3) <1,-1 <073) + UzR), for all 3 in W. Bipolar valued vague subset

Uis denoted as U = {(3,0"’(3),0_(3)):3 € W}, where Ut(3) =[0£(3),1-0+@3)] and U~ (3) =
[—1 — U7 (3),07@3)]. Itis denoted as Byy,S

Example 1.7. U = { < 3, [0.5, 0.75], [-0.55, —-0.32] >, < v, [0.7, 0.8], [-0.45, —0.23] >, < m, [0.4, 0.9],
[ -0.005, —0.002] >} isa By S of ® = {3,0,n}.

Definition 1.8 [4] Let U =(U*, U")Yand ® =( &*, ®~) be two By, Ss of a set W. Then
(U cGifandonly if U (3) <" (z)and U (z) = 6 (3), for allz € W.
(i) U N6 ={(z, min(0* (), 6*(2)), max(U~(z), 6~ (2)) )/ 2 € W}

Definition 19 [5] ABy,S C=(C* C°) ofaring3issaidto ba a bipolar valued
vague subring of 3 (ByySR) if € has,

(i) €*(» — w) = rmin{C* (n), C* (w)},

(i) €* (yw) = rmin{C* (y), €+ (w)},

(i) € (y — w) < rmax{C (v),C (w)},

(iv) €~ (yw) < rmax{C (y),C~ (w)}, for ally,w € 3,

where rmin{[x, s], [t,u]} = [min{r, t}, min{s, u}] and

rmax{[x,s], [t, u]} = [max{r, t}, max{s, u}].

Example 1.10. W = { < 0,[0.006,0.008], [ 0.009,— 0.006] >, < 1,[0.005,0.007],

[-0.008,-0.005] >, < 2,[0.005,0.007], [-0.008,—0.005] > } is a By SR of the ring

Zs = {0,1,2}.

Definition 1.11 AB,,SR C€=(C*, €°) of aring3issaid to ba a bipolar valued
vague normal subring of 3 (ByyNSR) if € has,

(i) € (yw) = C*(wy),

(ii) € (yw) = € (wy), for all y, w € 3.

Definition 1.12. [5] Let & = ( &*, &) be By S of the set N, the strongest By, relation on Ny,

that is a By relation on & is W = {{(y, {), W+ (v, {), W™ (y, ¢)) / for all vy, { N, }, where W+ (y, {)
=rmin{K*(y), K ()} and W~ (v, {) = rmax{K (y), K ({)}, forall y, {eN;.

Definition 1.13. [5]Let & = ( &, 8 ) and W = ( W*, W~) be By, Ss of the sets B, and BV,

respectively. The product of & and 23, denoted by & x I3, is defined as & x W = {((», J),
(KXW (o¢, 0), (KXW) (%, Q) / for all (3, {)eB; X B,}, where (KxW) (3, {) = rmin{ K" (»), W*({)}
and ({xW) (», ¢) = rmax{K (x), W ({)}.
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Definition 1.14. Let W = ( W*,W™) be a By, S of a set N. Then the height of M is

S = (HMY), H(IM™)) which is defined as H(M*) = rsupM* (w) and

HET) = rinf M~ (w) forall w € N.

Definition 1.15. Let W = ( W*, W) be a ByyS of aset B.Then @(M) = ( H(MT), BD(M™))

is defined as (M) (w) = Mt (w)+[1] — H(MT) and B(M ) (w) = M~ () — [1] — H(WM) for
all w € B.

2 - THEOREMS.
Theorem 2.1. [5] If U =( U+, U~)isa By SR of aring R,, then UF(—8) = U+(8),

U0-(—8) = 07(8),0"(0) = U*(8), U~ (o) < U~(8), for all 8 € R,, where o is an first operation
identity element of R,.

Theorem 2.2. If U =(U*, U7) is a ByyNSR of a ring R, then U*(-8) = U*(8),

U0-(—8)= 07(8),0%(0) = U*(8), U=(0) < U7(8), for all 8 € R,, where o is an first operation
identity element of R,.

Proof. By the theorem 2.1, it can be easily shown.

Theorem 2.3. [5] Let U = (U*, U~) be a By SR of the ring R,. (i) If U*(é-v) = [0], then
either U*(§) = [0] or U (v) = [0], for all &, v eRy; (ii) if UT(Ev) = [0], then either UT (&)
= [0]or U*(v) = [0], for all &,veRy; (iii) if U~(§-v) = [0], then either U~(£) = [0] or

U~(v) = [0], for all §,veRy; (iv) if U~(&v) = [0], then either U~(£) = [0] or U~ (v) =
[0], for all £, veR,.

Theorem 2.4, Let U = (U*, U~) be a ByyNSR of the ring R;. (i) If U*(é§-v) = [0], then
either U*() = [0] or Ut (v) = [0], for all §,veRy; (ii) if U+ (fv) = [0], then either U (&)
= [0]or Ut (v) = [0], for all §,veRy; (iii) if U~(E~v) = [0], then either U~(£) = [0] or

U~(v) = [0], for all §,veRy; (iv) if U~(&v) = [0], then either U=(£) = [0] or U~(v) =
[0], for all §,veR,.

Proof. By the theorem 2.3, it can be easily shown.

Theorem 2.5. [5] If U =(U*, (") isa ByySR of thering A;,then G = {h € A;:
U*(p) = [1]and G~ (b) = [—1]} is either empty or a subring of A;.

Theorem 2.6. If U = ((*, U is a ByyNSR of the ring A,, then & = {p € A;:
U*() = [1]and G~ (p) = [—1]} is either empty or a subring of A;.

Proof. By the theorem 2.5, it can be easily shown.

Theorem 2.7.[5] If U= (U+,07)Yand § = (F*, &) are two By, SRs of aring W, then
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their intersection U N § is also a By, SR of W.
Theorem 2.8. If U= (0%, 07 )and § = (§*, &) are two ByyNSRs of a ring W, then
their intersection U N § is also a ByyNSR of W.

Proof. Let »,v be inR;. Let UNE = W. By Theorem 2.7, R N Wis also a By, SR of R;. Then
U*(ev) = rmin{U* (ev), FHGev)} = rmin{U* (vx), F+ ()} = Ut (vx), V¥ x, v in Ry And U~ () =
rmax{U~(v), § ()} = rmax{U-(vx), F ()} =U(vx), V », v in R;. Hence UNnF =
Uis also a ByyNSR of ‘R;.

Theorem 2.9. [5] If By, By, ... and PB,,, are By, SRs of the ring A;, then their
intersection B; NP, N...N B, is also a ByySR of A;.

Theorem 2.10. If B, B, ... and B,, are ByyNSRs of the ring A,, then their
intersection B; NP, N...N B,, is also a ByyNSR of A;.

Proof. By the theorem 2.9, it can be easily shown.

Theorem 2.11. [5] If By, B,, ... are ByySRs of the ring A,, then their intersection
B, NP, N...isalso a ByySR of A,.

Theorem 2.12. If B4, By, ... are ByyNSRs of the ring A,, then their intersection
B, NP, N... is also a ByyNSR of A,.

Proof. By the theorem 2.11, it can be easily shown.

Theorem 2.13. [5] Let B be a By, S of aring A and 9 be the stronget Byy relation of A. Then B is
a ByySR of Aifand only if M is a By, SR of AxA.

Theorem 2.14. Let B be a ByyS of aring A and 9t be the stronget By, relation of A. Then B is a
ByyNSR of A if and only if 9t is a ByyNSR of AxA.

Proof. Let o,v, ,& be in A. Then (o, ¢) and (v, §) are in AxA. By Theorem 2.13, M is a By, SR of
AxA, then W*[(0, {)(v, §)] = W*(ov, ¢€) = mMIn{P(ov), B*(¢ &)} = rmin {P*(ve), B(£{)}=
W (v, £ §) =W [(v, §)(e. N1 V (0, 9), (v, §)eAxA. And W~ [(e, {)(v, )] = W~ (ov,

¢¢) = rmax{P~(ev), B~(¢5)} = rmax{P~(ve), B~ (§)} = W~ (vo, §7)
=W~ [(v, £)(o, O, ¥ (o, 0), (v, §)e AxA. Hence W is a ByyNSR of AxA.

Conversely, assume that I is a ByyNSR of AxA. By Theorem 2.13, 98 is a By, SR of A,
rmin{P*(ov), B"({¢)} = W*(ov, {§) = W*[(0, {)(v, §)] = W*[(v, §)(e, )] = W*(ve, £7) =
rmin{$PB*(vo), B (£Q)}, put { = o and & = o, where o is an first operation identity element of A, then
PB(ov) = B (o), V 0, ve A And rmax{B~(ov), B(§)} = W (ov, {§) =W [(e,
O, ] =W [(v, £)(e, )] = W (ve, £7) = rmax{P~(ve), P~ (£¢)}, put { = o and § = o, where o is
an first operation identity element of A, then 7 (ov) = B (vo), V o, ve A. Hence B is a ByyNSR of
A
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Theorem 2.15. [5] Let By, B, ... , B,, be ByySsofaring A and M be the strongest By,  n-
dimensional relation of A. Then B, B, ..., B,, are ByySR of Aif and only if Mis a By, SR
of AxA...xA (m times).

Theorem 2.16. Let By, By, ... , B,, be ByySsofaring A and M be the strongest By
n-dimensional relation of A. Then B, B, B are
ByyNSR of A if and only if M is a ByyNSR of AxA...xA (m times).

Proof. By the theorem 2.15, it can be easily shown.

Theorem 2.17. [5] If B and W are ByySRs of the rings A; and A,respectively, then B x W is a
ByySR of the ring A; x A,.

Theorem 2.18. If P and W are ByyNSRs of the rings A; and A,respectively, then B x W is a
ByyNSR of the ring A; x A,.

Proof. Let o,v be in A; and ¢, & be in Az. Then (o, ¢), (v, §)e AixA,. By Theorem 2.17, B x W is a
ByySR of the ring A; x A, then (BxW)*[(0, {)(v, €)1 = (PxW)" (v, §) = rmin{$" (ov),
¥ (¢&)}= rmin{PB*(ve), W*(£0)} = (PxW)" (ve, £0)= (PxW)"[(v, £)(2, ). ¥ (0, ), (v, &) eAyxA,.
And (BxB) [(0, (v, §)] = (BxW) (ov, ¢€) = rmax{P (ov), W (¢¢)} = rmax{P (vo), W ($7)}=
(PxW) (vo, £7) = (BxW) [, &)@, D1, ¥ (o, {), (v, §)eArxA;. Hence PxW is a ByyNSR of
A1xA,.

o

Theorem 2.19. [5] If By, By, ..., B,, are ByySRs of the rings A, A,, ..., A,
respectively, then B; X B, X ... X B, isa ByySR of thering A; x A, x .. x A,
Theorem 2.20. If B4, B, ..., B,y are ByyNSRs of the rings A, A,, ..., A,
respectively, then B; X B, X ... X B, is a ByyNSR of the ring A; x A, x ... x A,,.
Proof. By the theorem 2.19, it can be easily shown.

Theorem 2.21. [5] If Bisa ByySR of the ring A, then @(B) isa By, SR of A,.
Theorem 2.22.1f B is a ByyNSR of the ring A, then @(B) is a ByyNSR of A;.

Proof. Let o,u be in A;. By Theorem 221, @(B) is a ByySR of A;, @®(B*)(ov)
= BH(V)HI]-H(BY) = BT W)H1-H(B*) = BB (we), V o, veAr. And S(P)(ov)
= P (V)H[1]-H(B7) = P~ (We)H[1] — H(PB™) = BB ) (o), V o, veAr. Hence @(P) is a
ByyNSR of A,.

Theorem 2.23. [5] Let B is a By, SR of the ring A,.
(i) Then ®(B*) (o) = [1 Jand ®(P~) (o) = [—1], where o is an identity of A,.
(i)) B* (o) = [1]and P~ (o) = [-1] = B(PT)(w) = P*(w) and
(P ) (w) = P~ (w), for all w € A, where o is an identity of A,.
(iii) For w € A;, B+ (w) = P*(0) and P~ (w) = P~ (o) =
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(B (w) = [1] and B(B~)(w) = [—1], where o is an identity of A,.

(iv) For w € A, if B+ (w) = [1]and B~ (w) = [—1], then & (B*)(w) = [1] and

S(P7)(w) = [-1].

(V) ®(@(P)) = &(P).

(vi) ®(B) is a ByyySR of the ring A,containing P.

(vii) B is a ByyySR of the ring A, < ®(B) = B.

(viii) If ®(P) < W, Wis a ByySR of the ring A,, then W is a ByyySR.
Theorem 2.24. Let B is a ByyNSR of the ring A;.

(i) Then ®(B*)(0) = [1 Jand ®(P~) (o) = [—1], where o is an identity of A,.
(ii) B* (o) = [1]and B~ (0) = [-1] = B(PH)(w) = B*(w) and

(P ) (w) = P~ (w), for all w € A, where o is an identity of A,.

(iii) For w € A;, B+ (w) = P*(0) and P~ (w) = P~ (o) <

OB (w) = [1] and &(B~)(w) = [—1], where o is an identity of A,.

(iv) For w € A,,if ¥ (w) = [1]and B~ (w) = [—1], then & (P*)(w) = [1] and

S(P7)(w) = [-1].

(V) &(B(B)) = S(P). ]

(Vi) ®(P) is a ByyyNSR of the ring A containing B.

(vii) B is a ByyyNSR of the ring A, < ®(B) = P.

(viii) If ®(P) < W, W is a ByyNSR of the ring A, then W is a ByyyNSR.
Proof. By the theorem 2.23, it can be easily shown.

CONCLUSION
Using the above theorems, we can find more results. It can be extended into different types of

algebra.
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