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1. Introduction

Fixed point theory is one of the most exciting problems in current mathematics, and it may be an
existing area of functional analysis.Furthermore, this topic has served as a platform for various
researchers during the last several years. Within the subject of analysis,the theory of metric spaces
has grown significantly.We know that the set of positive real numbers R* is not complete in metric
space. Inorder to overcome this problem the concept known as MMS was introduced by Bashirove in
2008. Further Ozavsar and Cevikel in 2017 investigated and developed the multiplicative contraction
principle and proved some common fixed point results. Thereafter, the theory of a multiplicative
metric space has been developed by many authors[2,3,4,5,6,7,8,9].In this process Afrah A. N. Abdou
[1] poved a theorem in MMS in 2016.The purpose of this paper is to prove two common fixed point
theorems on MMS utilizing the concept like semi-compatible mapping, WCM,reciprocally
continuous mappings,strongly semi compatible mappings,conditionally reciprocally continuous
mappings and and OWC mappings. Additionally we provided three examples to validate our results.
We first provide some helpful definitions and examples before presenting our findings.

Preliminaries
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Definition 2.1 Let X # @ setand d: X x X — R™ then (X, d) is said to be MMS if it meets the
requirements as below:
Mdu,v)y=1foralluy,veXandd(u,v) =1 u=v
(i) d(u,v) =d(v,u) forall u,v € X
@) d(u,v) <d(u,w)-d(w,v) forall u,v,w € X
(multiplicative triangle inequality)
Definition 2.2 A sequence {u;} in a MMS (X, d) is said to be
(1) multiplicative convergent sequence to u if for every multiplicative open ball Bs(u) =
{{1d(u,v) < 6},6 > 1, thereexists a positive integer N such that u; € Bs(u) forall j = 1i.e
d(uj,u) - lasj - oo.
(i) multiplicative cauchy sequence if for all § > 13 N € N such that d(u;,u; ) < & forall j,k > N
i.ed(u,u) - 1lasj, k- oo.
Definition 2.3 The pair of mapping (G, /) of a MMS(X, d) is said to be
(i) Compatible if lim d(GJu;,JGu;) = 1, whenever a sequence {uw;} in X like that Gu; = Ju; =y for

j—)OO
some y € X.
(if) Weakly compatible if Gy = Jy for some y € X such that GJy = JGy.
(iii) Occasionally weakly compatible if for y € X such that Gy = Jy implies that d(GJy,JGy) = 1.
(iii) Reciprocally continuous if lim,_,« d(GJuj, Gy) = 1 lim;_, d(JGu;,Jy) = 1 for a sequence
{v;} in X such that lim Gu; = lim Ju; = y for some y € X.

Jj—o Jj—oo

(iv) Semi compatible if lim;_., d(/Gu;, Gy) = 1 whenever {u;} is a sequence in X such that
lim Gu; = }Lrg]uj =y forsomey € X.

j—co
(v) Conditionally semi compatible if a sequence {uj} is a sequence in X such that }Lrg Guj = }Lrg]uj
IS non empty for a sequence {vj} € X satisfying }Lr?o Gvj = }Lrg]vj = u for some p € X then
limj_o d(JGu;, Gy) = 1 and lim;_o, d(GJw;, Jy) = 1.

(vi) Strongly semi-compatible mappings if they satisfy OWC and conditionally semi-compatible
property.

(vii) Conditionally reciprocally continuous if and only if lim;_,, d(G]uj, Gy) =1 and

lim;_,o, d(JGu;,Jy) = 1 whenever a sequence {u;} € X satisfying }Lr{}o Gu; = }Lr?o]uj is non-empty
there exists another sequence {v;} € X satisfying lim Gv; = limJy;=y asy € X.

Now we present the example for strongly semi-compatible mappings and conditionally reciprocally
continuous mappings.

Example 2.1: Let X = [1,6] and d: X x X — [1, o) be defined as d(8,n) = e! =" v B,n € X then
(X,d) isa MMS.
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Define the self-mappings G and J as

3 +n? if1<n<2 4 if 1<
<n<2
G(n) = and ={ .

Consider a sequence {n,} givenby n, =1 +% for k > 0.
. . 1 . 1\2
limy o GO1i) = Jim G (1 + E) = lim [3 + (1 + E) ] =4 and

limy 0 /() = Jim J (1+3) = lim4 = 4.
Therefore limy,_,., G() = limy_. J(n) = 4 = u, is non-empty.

Consider another sequence {n,} given by B, = 2 +% for k > 0.

—00

1
limyco G(Bi0) = Jim G (2 + ) = Jim [@l =1 and

limye oo J (Bi)) = lim (2+3) = lim 2+2-1] =1.

Therefore limy,_ ., G(n) = lim,_ J(n) =1 = u, (say) .
This gives Gu, = G(1) = 4and Ju, = J(1) = 4.

Further limy..,GJ (Bi) =1limyoGJ (2 +5) = limyeoG [1 + 1] = lim [3 +(1+ %)2 ] = 4 and

2+(2+%)

_ 1
4 = jim J 1+E]_4'

60 = Jimf6 (2+7) = fm s
Therefore limy,_,d(G] By, Ju; ) = 1 andlimy_, o, d(JG By, Gu, ) = 1.

This shows that the couple (G, J) is conditionally semi-compatible in MMS.

Now G (1) =J(1) =4 and (2) =J(2) = 1, showing that 1,2 are coincidence points.

Then GJ(2) = JG(2) = 4 implies d(G/(2),JG(2)) = 1and GJ(1) = % ,JG(1) = 3 implies
d(GJ(1),]JG(1)) # 1.

As a result, the two self maps G and J are OWC.

Therefore the self maps G and J are strongly semi-compatible mappings in MMS.

Example 2.2: Let X = [0,4] and d: X x X — [1, ) be defined as d(8,n) = e!#~1 v B, € X then
(X, d) is a MMS.

Define the self-mappings G and I as

_)3+n? ifo<n<1 _{3+n ifo<n<1
G = and I(n) = i
o {5—77 if 1<n<4 () n—3 ifl<n<4
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Consider a sequence sequences n;, = {4 - %} where k > 0.

limy o GO1i)) = Jim G (4-%) =1lim [5 - (4-3)] = 1and

k— oo

limy o 1(7) = Jim I (4 - %) = lim [(4 - %) - 3] =1.
Therefore limy_ . G(n) = lim,_ I(n) = 1 = u, (non-empty).
Furether limy_,GI(n,) = 4 and limy_IG(n,) = —2.
Which gives limy_, . d(GIn, IGny ) #+ 1.

Hence the couple (G, I) is not compatible.

Consider a sequence sequences S = {1 — %} where k > 0.

limy o G(B0) = lim G (1-%) = lim [3 +(1- %)2] = 4 and

k—coo
limy e 1(B0) = lim I (1-3) = lim 3+1-1] =4
Therefore limy_ o, G(By) = limy_o [(By) = 4 = u, (say).
Furthermore limy, o, GI((B)) = 1 and limy_,/G((By)) = 1.
Also we absorve that Gu, = Iu, = 1.
Thus limy_,d(GIf, Gu, ) = 1 but limy_d(IGLy, 1, ) # 1.
Hence two self-maps G and | are conditionally reciprocally continuous in MMS.
Afrah A.N.Abdou [1] established the following Theorem in MMS.
Theorem 2.1
Assume that (X, d) is a complete MMS and the mappings 4, S, B and T are defined on X such that
(B1) S(X) € B(X) and T(X) < A(X)
(B2)

d(Sa, TB) <

d(Aa, Sa)d(BB,TB) d(Aa, TB)d(BS, Aa))\I*
1+d(4a,BB) ' 1+ d(Aa,BB) })l

¢ (max {d(Aa, Bp),

forall a,8,€ X ,where 0 < 1 < 1.

Where ¢: [0, ) — [0, ) is a continuous and monotone increasing function such that ¢ (t) < t for
allt > 0.

(B3) one of A,B, S, and Tis continuous

(B4) both the pairs (4, S) and (B, T) are compatible.

Then the four maps 4, B, S and T share a unique common fixed point in X.
We now generalize Theorem 2.1 as below.
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Now we proceed to our main result.

3. Results and Discussion

3.1 Theorem:

Suppose that in a complete MMS (X,d), the four self-mappings A,S,B and T meeting the
requirements

(C1) S(X) € B(X) and T(X) € A(X)
(C2)

d(Au, Su)d(Bv,Tv) d(Au,Tv)d(Bv, Au)})l'1

d Tv) < d(Au, B
(Su.Tv) < ld’ (max { A BY) A By) " 1+ d(Aw Bv)
forall u,v € X where 0 < 41 < 1.

Where ¢: [0, ) — [0, ) is a continuous and monotone increasing function such that ¢(t) <t for
allt > 0.

(C3) the pair (B, T) is reciprocally continuous and semi-compatible
(C4) the pair (4,S) is weakly compatible mappings.
Then there exists a unique common fixed point for the above mappings.

Proof: Since By S(X) < B(X), we can consider a point u, € X there exists u; € X such that
Suy = Buy = vy Atthisu; € X 3apointu, in X 3 Tu, = Au, = v, and so on.

Likewise, we are able to define Bu,j 1 = Suyj = vyj; AUyjyp = TUpjiq = V54 fOrj =10,1,2, ...
Now it is possible to establish that th e sequence {v;}

d(v2), vaje1) = d(Suzj, Ttizj11)

A
d(Aqu,Suzj)d(Bu2j+1, Tu2j+1) d(Auzj,Tu2j+1)d(Bu2j+1,Au2j)}>l
1+ d(Auyj, Buyjyq) ' 1+ d(Auyj, Bugjiq)

< [4; (max {d(Au2 i»BB),

< [p(max{d(vsj-1,v2)), d(v2), v2j41) , d(v2)1, 1721‘+1)})]/1
< [p(max{d(vaj-1,v2))- d(v2), v2j) D]

= [d(vzj—b1’21)]/1-[61(”21:1’21'+1)]/1
which implies that

A
d(v2j,v2j41) S [d(v2jo1, v2) 7 = [d(v2)-1, VZJ')]h
Where h = 1'_1—1 € (0,1). Similaly,we have

d(U2j+2» U2j+1) = d(Su2j+2, Tu2j+1)
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d(Au2j+2, Su2j+2)d(Bu2j+1, Tu2j+1) d(Au2j+2, Tu2j+1)d(Bu2j+1, Auyjy
1+ d(Auyjsz Busjyq) ' 14 d(Auyjyp Busjer)

< lqb (max {d(Au2j+2, Buzj+1)»

< [91’("”7‘”{‘71(”21"1721‘+1)'‘71(’721+2»1721‘+1)'51(1721"‘72141)})])WL
[ (max{d(vz), v2ji1)- d(V2ji2 V2js1) })]A

=< [d(VZJ‘»”21‘+1)]/1-[d('721'+2»’721‘+1)]/1

which implies that

IA

A
d(V2j+1;U2j+2) =< [d(vzj'V2j+2)]1_l = [d(vzj;v2j+1)]h
Thus it follows that, for all j > 1,
d(v),v141) < [d(vj-0, )] < [d(vj2v0)]" < [d (v, v
Therefore, j, k € N with j < k, by the multiplicative triangle inequality , we obtain
d(vj,vk) < d(vj,vj+1).d(vj+1,vj+2) e d(Vp—q1, V1)
< [d(w, v DIV [dWo, v o oo [d (g, )]

< [d(v,, U1)]1’1_h-

hk—l

Which means that d(v;, vy ) — 1 as j, k — oo.

Hence {v;} is multiplicative cauchy sequence.

By the completeness of X3z € X 3 v; - P asj - oo,

Accordingly, the sequences Au,;, Su,j, Tuzji1, Buyjg = P asj — oo.

By (C3) the couple (B, T) is reciprocally continuous lim;_., d(BTu;, Byp) = 1

lim;_o, d(TBu;, TY) = 1. (1)

Also the couple (B, T) is semi-compatible, we have lim;_,, d(BTu]-,Tt/)) =1 (2

From (1) and (2) we get By =Ty 3)

Since T'(X) € A(X)which gives then thereexists y € X such that Ay = Au; since Au; -  as

Jj — oo,
Which impliesAy =y (4)
Now we prove that Ay = Sy =

Putting u = y and v = u; in (C2) we have

d(Sy, Ty) <

d(Ay,Sy)d(Bu;, Ty;) d(4y, Tuj)d(Buj,Ay)Dr
1+ d(Ay,Buj) " 1+d(4y, Buj)

¢ <max {d(Ay, Buj),
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d(Sy, S)d (W, ) d(Sy,w)d(w,Sy)} r
1+d(Sy,y) ~ 1+d(Sy,y)

a(Sy,y) < |¢ <max {d(SV, V),

sy, ) < [p(dcsy, y)]"

d(sy, p) < [p(d(sy,w)]’
Which gives Sy = y.
Therefore Ay =Sy =¢.

Since the couple (4, S) is WCM and y is coincidence point then ASy = SAy we have Ay = 5.
(%)

Putting u = ¥ and v = v; in (C2) we have

d(Sy,Tv;) <

d(Ap, sY)d(Bv, Tv;) d(Ap, Tv,)d(Bv;, Aw,b)})r
1+d(4p,By;) ' 1+d(Ay,By)

[0) <max {d(Al/), ij),

d(Sp,¥) <

d(Sp, SY)d, ) d(Sp, p)dap, S \]!
1+d(Sy,y) ’ 1+d(Sy,y)

¢ (max {d(&/). ¥),

d(sw, ) < [p(alsp, )]

d(Ssy, ) < [d(Sy,)]*

Which implies Y = Sy (6)

From (5) and (6) we obtain Ay = Sy =¢. (7)
In the inequality (C2) puttingu =yand v =y

d(Ay, Sy)d(B, TY) d(Ay, TY)d(Bp, AN \]
1+dAy,BY) 1+ d(Ay,BY)

d(Sy,Ty) < Id) <max {d(Ay, BY),

A, P)d (T, TY) d(w,w)d(rw,w)})r

d(, Ty) < [cb (max{d(ll"T‘/’)' 1+d@W,Ty) ' 1+d@W,Ty)

d@, TY) < [¢(d@, T))]"

d(, T) < [d(, TP)]*

Which implies ¢y = Ty (8)

From (3) and (8) it gives

Y =Ty =By (9)

From (7) and (9) we have Ay = Sy =Ty = By = .

This demonstrates that the common fixed point for the maps above is .

For Uniqueness: Assume that p be another fixed point then p = Sp = Ap = Tp = Bp.
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Puttingu =y and v = p in (C2)

d(Ap, SY)d(Bp, Tp) d(Ap, Tp)d(Bp, AY))\]"
1+d(Ay,Bp) ' 1+d(Ay,Bp)

d(Sy,Tp) < |¢ (max {d(AllJ, Bp),

dwmmd@w)dWMﬂﬂn¢?ﬂz
1+d@,p) ~ 1+d@,p)

T (o P
a,p) < [p(dw,p)]"
d(,p) < [d(, p)]*, a contradiction

which implies y = p.

This demonstrates v is the unique common fixed point of four self-mappings.

3.1 Example:

Suppose X = [0,1] be defined in MMS (X, d) with d(8,n) = e! £l v B,n € X.
We define self-mappings A4,S,B and T as

(1-n ifOSnsl 1— 122 ifosns1
sm)=i1§n A O I
. if z<n<1 U if 7<n=1

4n? —4n+1 ifosnsi 1-3n ifOSnﬁi

T(n) = 1?7 if%<ns1 and A(n) = % if%<77S1-

1] € B(X) = E1] U (i 3] - E1] and

12’3

Clearly S(X) = Eﬂ U G 1] = (

T =)ol = s =[Gl =[]

25

(SN

so that condition (C1) is fulfilled.

Suppose we have a sequence n;, = {% — %} for k > 0.

1 1 1 1

Now limy, e A(;) = limy o A (Z - E) = lim [1 -3(3- ;)] =2 and
0 SO0 = i § (3 =2) = i || 2,

This gives limy . A(My) = limg_ o S(My) = i.

AlISO Lm0 B(1i) = limyeo B (5 —7) = lim [1 —12(3- %)2] =2 and

limysco T(7) = liMyeo T (5 = 1) = Jim [4 (3- %)2 —4(3-2)+ 1] =2

k—oo
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1

This gives limy e B(i) = limgoo T (i) =

Therefore limy,_,o, A(ny) = limy o S(My) =limy_e B(My) = limy T (M) =i = L.

o5 (8)=7(2) =

This implies

limyoBT (2~ 2) =limy_..B (4 (%- %)2 ~4(2-D+ 1) = limyB [} 42+ 2] = Jim [+
4 2 1

et =1

and

2
1Moo TB (i) = limyesoo TB (5 = 1) = limyeooT [1 —12(3-1) ] =2- 24 2himT [t -2

K 4 k2 Kk koo K2
d=tim [ G-+ 2 Gge D)+ =5

This implies limy...d (BTny., Bu) =d (5,5) = 1 andlimyc,d(TByy, Tw) =d (3,) = 1.
This proves that the couple (B, T) is reciprocally continuous and semi-compatible in MMS.

Further A G) =S G) = iwhich imliies thati is the coincidence point of A and S.

Hence A5 (2) = 4 (2) = 2and 54 (2) = 5 (£) = 2 which gives (As (2),sa G)) -1

Hence the couple (4, S) is weakly compatible mappings.

11
But lim o, AS(1,) = lim,_,., AS G - %) = limy 0,4 ll_(; k)l = lim 4 E T X
2
— lim l‘*(%%) —3(3%)”1 EE
k—oo 6 4

! i 1)y 6D ] ims [P (2 2)] =
im0 SA(M,) =limy_,SA (4 k) = llmk_)mSl . l =limS |-+ ( )] =

k—oo 4 3 \k k2
1 1/2 4
lim 7_4(Z+§(E"k_2)) _4
k—oo

18 9

3-4(2-1 ETED L)
Similarly  limy,_,,, BT G - %) =1limy ., B (%) = limy_,, B E +=| = lim l%l ==
and
514
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11 2+4(3-p) [3-+G-3)
hmTB(nk)_hmTB(Z_E)_,y_rﬂoT —1 _k—moT[Z_ﬁ —’ll_rgo 3
1
T4
Therefore lim,_, . d(ASn, SAn,) = d G%) # 1 and limy_d(BTn,, TBn) = d (%i) # 1.

Demonstrating that the compatibility condition is not satisfied.
1 1 1 1 1
Ao A(3)=s(3)=8(;)=7() =3
It has been observed that the unique common fixed point to four self-mapping A4,S,B and T is %.

We now demonstrate another theorem on MMS.

3.2 Theorem: Suppose that in a complete MMS (X, d), the four self-mappings 4, S, B and T meeting
the requirements

(D1) S(X) € B(X) and T(X) € A(X)
(D2)

d(Au,Su)d(Bv,Tv) d(Au,Tv)d(Bv,Au) A
1+d(Au,Bv) ' 1+ d(Au,Bv) })l

d(Su,Tv) < [d) <max {d(Au,Bv),

forall u,v € X where 0 < 1 < 1.

Where ¢: [0, ) — [0, ) is a continuous and monotone increasing function such that ¢ (t) < t for
allt > 0.

(D3) the pair (B, T) is strongly semi-compatible and conditinally reciprocally continuous
(D4) the pair (4,5) is OWC.

Then there exists a unique common fixed point for the above mappings.

Proof: As in theorem (3.1), {vj} is cauchy sequence.

By the completeness of X3z € X 3 v; >y asj — oo.

Accordingly, the sequences Au,;, Su,j, Tuzji1, Buyjg = P asj — oo.

By (D3) the couple (B, T) is strongly semi-compatible whenever B(u,;) = T(uz;) = ¥ (non-
empty) implies {vj} is a sequence in X so that B(vj) = T(vj) = y forsome y € X then
d(BTvj,By) = 1and d(TBvj,Ty) = 1asj —» oo. (1)

Also the coulple (B, T) is conditinally reciprocally continuous implies

d(BTvj,Ty) = 1 and d(TBvj,By) = 1asj —» . (2)

From (1) and (2) it gives d(Ty,By) =1 (3)

Since T(X) € A(X) implies y; € X such that d(Ty, Ay,) = 1.
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Therefore Ty = By = Ay;. (4)

Now we show that Sy; = Ay;.

In the inequality (D2) puttingu =y;andv = y

d(Ay.,Sy)d(By,Ty) d(Ay,,Ty)d(By, Ah)}>r

d(Sy, Ty) < ’
Sy, Ty) 1+ d(Ay,By) 1+ d(Ay,, By)

(0] <max {d(Ah. By),

A
d(Ayy, Sy1)d(Ay,, Ayy) d(AVpAh)d(AVLAh)})l

d(Sy,, A )S[ <max{dA ,Ayy), ,
ERE ¢ Ay, Ars 1+ d(Ay1, Ayy1) 1+ d(Ay,, Ayy)

d(Sy1,Ay,) < [‘i)(d(AVp5]/1))])L

d(Sy1, Ay1) < [d(Ayy, Syt

Which implies Sy; = Ay, (5)

From (4) and (5) it gives Ty = By = Ay, = Sy; = P, (say). (6)

But the couple (B, T) is strongly semi-compatible mappings d(By,Ty) = 1 and d(BTy,TBy) = 1
Implies By, = Ty;.

Since the couple (4, S) is OWC implies Ay, = Sy, which gives ASy; = SAy,

implies Ay, = Sy;,.

Now we show that Sy, = ;.

In the inequality (D2) puttingu =y, andv =y

d(Apy, S¥,)d(By, Ty) d(Avy, Ty)d(By, Ap))\]!
1+ d(Ay, By) " 1+ d(Ay4,By)

d(s’l)p T]/) S d) (max {d(AllJli B]/),

as j — oo thisimplies

d(Stpy, SP1)d (W1, 1) d(swl,y)dw,swl)})r
1+dSy,y) 1+ d(Syy,9)

d(s’l)p 1,[)1) < ¢ <max {d(5¢1: l'bl);

AP po) < [p(d(s9 )]

d(Spy, 1) < [d(Sy, )]

implies SY; = ;.

Therefore Ay, = Sy, =¢,.  (7)

Now we show that Ty, = ¥,

In the inequality (D2) putting u = ¥, and v = i,
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d(Sl/)l, Tlpl)
¢ (max {d(AIPp Bi),

<

d (AP, Sy)d(By, Thy) d(Ay, szl)d(Bwl.Awl)})r
1+ d(4y,, BY,) ' 1+ d(Ay4, By,)

as j — oo thisimplies

Ay, Y1)d(Tty, Tihy) d(zpl,Twl)d(Twl,wl)})r
T+dW, Ty 1+d@y, Ty

d(¥1, TY1) < |¢ (”max {d(l/)pTl/h),

Ay, T) < [p(d@r, THD)]'

d(y, Tpy) < [d(y, T1)]?

implies ¥, = Ty;.

Therefore By, = Ty, = ;. (8)

From (7) and (8) we get Ay, = SY; = By, = TY; = ;.

Thus v, is a fixed point that is common to all four self-maps A, S, B and T.

For Uniqueness: Assume that p be another fixed point then p = Sp = Ap = Tp = Bp.
Puttingu =y and v = p in (C2)

S0 T) < d(Ap, SY)d(Bp, Tp) d(Ap, Tp)d(Bp, Azp)})r

1+d(Ay,Bp) 1+ d(Ay,Bp)

¢ (max {d(Allh Bp),

d(,p) <

A, ¥)d(p, p) d(¢,p)d(p,¢)}>r
1+d@W,p) ' 1+d@,p)

¢ <max {d(llh P,

dw,p) < [p(dp,p)]"

d(, p) < [d(, p)]*, a contradiction

which implies y = p.

This demonstrates v is the unique common fixed point of four self-mappings.
3.2 Example:

Suppose X = [0,1] be defined in MMS (X, d) with d(8,n) = e/f v g, € X.
We define self-mappings G,/,H and I as

2n+1
6

sin?(2mn) — 2sin2m + 1 1

sin2tny — cos4mn +1
v ifosn<

1—-n 1
3 4 -

1
HOSnSZ
S = ; B(m)
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— ifo<n<; A ifO<n<,

T(n) = 2sin2mn+cos2mn—1 if 1 <n< 1 and A(U) = sin2mn—cos2mn+1 if 1 <n< 1.
4 4 2 4
11 1 11 1 1 1
Clearly S) = |23 v {3} = [33] = B0 = [0.3] v]o.3) = [o.3] anc
11 1 1 11
T =[gi]vlod) = [0z s a0 =L von =00,
so that condition (D1) is fulfilled.
Suppose we have a sequence 1, = {% - %} fork > 0.
i Y 1 1\ _ sin2n(%—%)—cos4n(%—%)+1 1

NOW lime 0 B(i) = limyses B (5 — 1) = lim = =2 and

11
iMoo T() = limgoe T (3 = 2) = lim [@l =1

This gives limy_,., B(nx) = limg_e T(M) =i =u, and Ty, = By, = %.

1 1
Further lim,_,,BT(nx) = ’lim BT G - %) =limy_ B <1+4(4 k)> _

8
lsinZnG—ﬁ)—cos4ﬂ(%_ﬁ)+ll =% and

limy.B |5 = =-| = lim

k— oo

: _ 1 1
Jm B = im 75 (3 —7)

1+ cos <2n (% — %))H
o 1+4 7

 mT sinZR(Z—ﬁ)—cos4n(Z—ﬁ)+1 i / :1

k—co 12 k—oo 8 4‘
. . 11
limye e d(BTy, Thr) = lim d(TBy, Buy) = (5,5) = 1.
Now take another sequence ), = {i + %} fork > 0.

1-(14d
Now limk—mo B(r]k) = limk—mo B (i + %) = Illm I‘#l = i and
2sin2m( s+ ) +cos2m(3+-) -1
mmwﬂma=mmmTG+3=£$lm“Qwam*)l:i
518
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This gives limy_,,, B(ny) = limy_, T(Mx) =i =u, and Tu, = Bu, = i.

1.1
1 -

- 1 AT
Further limy_,BT(n;) = ’lim BT G + Z) — limy...B <ZSln21T(4+k)+c052‘r[(4+k) 1) _

4
limk_moB (Zsin2nG+%)+4c052nG+%)—1) _

inzm(i-1)- 11
limy.es B |7 = 22| =lim B |3 — | = Jim [S‘“Z“(4 zw)-costn(s Zk)“l _1 and
11

1+4<_1+ <24 G k))>

k
limkquB(nk) =limy_., TB (i N %) -

limk_moT

lsinZn(l—i)—cos4n(l—i)+1l
4 2k 4 2k —

12

Also

limyod (BT, Bitz) = (5,3) = 1 and limyeood (TBry, Titp) =4l (5,5) = 1

This shows that the self-maps T and B are conditionally reciprocally continuous in MMS.

Similarly limy o, d (BT, Tit,) =d Gl) =1 and lim, o, d (TB1y, Bi,) =d (1 1) =1.

4 4’ 4

This shows that the self-maps T and B are conditionally semi compatible in MMS.
1 .. . 1 1 . . 1 1
Moreover " and 1 are coincidence points d (B (Z) ,T (Z)) = 1 implies d (BT (Z) ,TB (Z)) = 1,but

d(B(1),T(1)) = 1and d(BT(1),TB(1)) # 1.

As a result, the couple (B, T) satisfies OWC.

Therefore the self-maps B and T are strongly semi compatible mappings in MMS.
But

1

11
limyenAS 11 =limyoAS (3= 2) = limye_o lz—zgz k)l “timaftr 2] =

k—oo
lim [M] =% and

k—oo

~%%)

3-2(

N[N

1 1
lim SA =i SA(l 1>—1' 51+3(7_E) =1li Sl =1
ok (nk)_kl—{rolo 2 k) T ioe 5 e’ 12 75k T e
1
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4 k—oo

similarly  limy BT (%~ 1) = limy_.oB <1+ZG_%)) = limyeB [t =] = lim [1- (3= 2)] =

1
= and
2

N —

1)

7500 = i (- 3) = e 1= (2 )] =7 [+ 1] = o
Bot PN = 00 \2 7 k) Tl 2 kllﬁloZk_k‘l?o 4

1
4
. 31 . 11
Therefore lim,_, . d(ASn, SAn,) = d (Z'E) # 1 and limy_d(BTn,, TBn) = d (E’Z) * 1.

Demonstrating that the compatibility condition is not satisfied.

Further A (%) =S G) = %which imliies that% is the coincidence point of A and S.

B (1) =T (1) = X which imliies that = is the coincidence pointof Band T.
2 2 2 2

Hence AS G) =A G) = %and SA (%) =S G) = %Which gives d (AS (%) ,SA (%)) =1

also BT G) =B G) = %and TB (%) =T G) = %Which gives d (BT G) ,TB (%)) =1.

Hence the couple (4, S) and (B, T) are weakly compatible mappings but not compatible.

1 1 1 1 1
Ao A(3)=5(;)=8(;)=T(;) =3
It has been observed that the unique common fixed point to four self-mapping A4,S,B and T is %

4. Conclusion

In this paper the concepts of semi-compatible mapping, WCM , reciprocally continuous |,
conditionally reciprocally continuous mappings and and OWC mappings are used for obtaining the
generalization of existing common fixed point theorems proved in [1] which are weaker than those
classes of compatible mappings and continuous mappings. Further, these results are also
substantiated with appropriate examples.
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