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1. Introduction

In the literature of graph theory, graph decomposition is one interesting problem where any graph is
decomposed into subgraphs [1]. Researchers have made different contributions to this domain.
Samuel Issacraj et al. studied forks, trees formed by subdividing a star of size three once, providing
conditions for fork-decomposition of some total graphs [2]. Ganguly et al. demonstrated the
decomposition of the real line R into complementary sets with empty ratio sets [3]. Hasan et al.
explored properties of stiff modules in QT AG modules [4]. Bhatt et al. computed a rank-1 tensor
approximation [5]. Gao et al. applied graph theory to crystal structure prediction [6]. Guo et al.
characterized hereditary vertex decomposable graphs, including well-known examples [7].
Bonizzoni et al. developed efficient algorithms for hypergraph decomposition [8]. Grohe et al.
contributed to graph minor decomposition [9]. Mesady et al. [10] studied edge decomposition on
circulant graphs while Dac et al. [11] explored a conjecture on digraph cycles. Most researchers
attempt to decompose specific kind of graphs. The questions that arise is “Is it possible to decompose
any given graph G? Can we decompose a random graph G into predefined type of graphs”. In this
article we develop an iterative technique to decompose any random graph into a specific type of
graphs called VDT graphs.

2. Preliminary Note

For any set S of vertices in G, the induced subgraph (S) is the maximal subgraph of G with vertex set
S. A tree is a connected graph without cycles. Forks are trees formed by subdividing a star of size
three exactly once. A path is a sequence of connected vertices. A comb is a graph shaped like a comb
with a central path and hanging edges. Graph decomposition involves dividing a graph into smaller
graphs such that every edge appears in exactly one of the smaller graphs. A dominating set D of G is
a set of vertices of G such that every vertex in V — D is adjacent to a vertex in D. If D has the
smallest possible cardinality of any dominating set of G, then D is called a minimum dominating set.
The cardinality of any minimum dominating set for G is called a domination number of G and is
denoted by y(G). A y — set denotes a dominating set for G with minimum cardinality [12]. In this
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article we have developed an iterative procedure for decomposing any random graph G into
subgraphs H;,H,,...,H, such that each H; is a VDT graphs, 1 <i<k.
3. VDT Graph

A graph G is said to be VDT graph if G has at least one y—set D such that (V -D) is a tree. We shall
denote such graphs as VDT graphs and the y — set D such that (V — D) is a tree as a y,p; —Set. The

graphs in Figure 1 is an example of VDT and non - VDT graph.

1 2 1 2

6 3 6 3
5 4 5 4
VDT graph Non — VDT graph

Fig 1. VDT and non-VDT graphs

Now let us prove few observations to decompose G into VDT graphs. In all these observations, let G
be a VDT graph and D a y,o; —Set for G.

Theorem 1 D contains all the pendant vertices.

Proof If possible, let v € D such that v is a pendant vertex. Let u be a support vertex with respect to
D. We know that both u, v cannot be contained in D since D' = D — v itself is a y - set for G, a

contradiction to our assumption that D is a vy, —Sét. So, if v € D, u ¢ D, implies (V — D) is
disconnected, a contradiction to our assumption that D is a y,y; —Set. Hence D contains all the
pendant vertices of G.

Theorem 2 For any support vertex u € G, [N(u) N X | = 1, where X is the set of all pendant vertices
of G.

Proof If possible, let u € G such that [N(u) N X | > 2. Without loss of generality let [N(u) N X | =k, k
> 2. Let X; € X = {v,,V,,...,V, }be the set of all pendant vertices adjacent to u. Then (V — D) is a

disconnected graph with at least k + 1 components, a contradiction to our assumption that D is a
Yvor —Set with respect to G, which implies [N(u) N X | = 1.

Theorem 3 The corona graph G ° K; isa VDT graph if G is a tree.

Proof Let G be a tree. Consider T ° Ky. Let T Ky = Y1 U Y2 = {u,,Uy,...,u, }U {Vv,,V,,..., v, } where

(Y1) is a tree and (Y>) is a null graph. From Theorem 1, we know that D contains all the pendant
vertices, implies Y, € D. Also, by Theorem 2, we know that every u;, 1 <i <Kk, is a support vertex.
By Theorem 2, we know that Y does not belong to D. Also, (Y1) is a tree, implies G ° K; isa VDT
graph if G is tree.
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In general G ° K3 need not be a VDT graph for any graph G. The graph in Figure 2 is an example of
corona graph that is not VDT. From these observations we know that there exist a family of graphs T
o Kj that are VDT for any tree T. For our purpose of decomposition, we shall choose the VDT trees
P,, P4, comb graphs. Now we continue further to determine a decomposition of any given graph into
P,, P4, comb graphs.

4.

Fig 2. Non VDT Corona Graph
VDT Graph Decomposition

Let G be any graph with n vertices. For our iteration procedure let us consider the graph G in Figure

3

Step 1 Determine the rooted tree T, for G from any arbitrary vertex using BFS algorithm. For our

as illustration.

Fig 3. Graph G for VDT graph decomposition

example the rooted tree is seen in Figure 4.

Step 2 Vertex Labelling of Tree T,

Let us label the tree T, obtained by BFS algorithm.

1.

2.
3.
4

Label the root vertex as vy;.

Label the vertices in level 2 as vy, vy, ..., Vo, from left to right.
Label the vertices in level 3 as vsy, v, ..., v3,, from left to right.

Continue this pattern and label the vertices at level k as vy, vy,
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Fig 4. Tree T, using BFS algorithm
Step 3 Include the remaining edges to the tree T; as seen in Figure 5.

———

Fig 5. T; with remaining edges added
Step 4 Edge Labelling

Any edge e = (v,

v,) is labelled as e;, . Note that here i represents the level of the vertices
level 3.

e,, 5, denotes an edge between vertices v,;, and Vg, , the edge is between vertices in level 1 and

The partial structure of the tree T; labelling is as seen in Figure 6.
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Fig 6. Labelling of T,

Step 5 Starting from vertex v,, trace a longest possible path by back tracking along the tree T; by
choosing a new edge each time. Label the resulting path as P, :v,, PRED(v,,),
PRED(PRED(v,,)), ..., V;; . Let us now attempt to include edges to the path P,, to generate a comb
graph if possible.

Step 6 Let v; be any random vertex in path P,;.

a. 1. Include a new edge e;, toP,, where k is the smallest possible value, 2 < k < v,

11

(if it exists) such that v; is adjacent to v, . Include v, and e;; toP,,.

Else
2. Choose the smallest possible p, 2 < p < v;.. (if it exists) such that v; is adjacent
to vi,,,. Include v;,,, and e;;,,, toP,,.
Else

3. Choose the smallest possible g, 2 < g < v;,. (if it exists) such that vij is adjacent

to v, ,,.Include v, ,,  and e toP,,.

iji-1q
Repeat 1, 2 or 3 for every vertex inP,, starting fromv,,. If there is at least one vertex say v, for
which step 6a fails, we terminate step 6a. Else we continue step 6 until we reach vertex v,,. If step 6a
is true for every vertex inP,;, then we include w vertices and w edges to P,, generated by step 6a
where |w| = [V (P, )|, 1 <w <k. The resulting graph is a comb say (P, o K,). Else

b. Retain the pathP,;,.

Step 7 Starting from vertex Vv,, trace a longest path by back tracking along the tree T; by
choosing a new edge each time. Label the resulting path as
P2 * Via» PRED(V,,), PRED(PRED(V,,)), ..., V;. Repeat step 6a for path P,, to generate a comb

(P, ° K,)ifitexists or retain P, (Step 6b).
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Step 8 Repeat step 5 for every v,,, 3 < i <, to generate a sequence X,, X,,..., X, where

X = Pio K, or
I I:)ki

////\ \ \\\\\

Vilg—@va vy Vi@ @ Vi Vil@—@ V2 Vi VidVi2 9@ V13 Vi
V18— @vy,
Vad Vi Vie@—@ vy Vg oV
Vi @@y, v vy, ® oV
v, Vi3 vy #—8 V5 Vig—@ Vi 44
Vi @ - 4 43 Vg = eV
Vsig—@Vis Vs Vsz Vio@—@ Vs vo ® vy Jc ® Vidy vag v . s o o "swo
) Hs IIs m

Ilm II 1

Fig 7. Iteration 1
Step 9 Repeat Step 5 to Step 8 for all the vertices in the level k — 1, k-2, . . ., 2. Executing step 5 to

step 8 once, we finally generate a sequence of subgraphs {Hl, H,, ..., HS} where each

Pki o Kl or . . .. . .
H, = . For our example iteration 1 is given in Figure 7.
ki

If all the edges of G are covered then terminate the procedure here.
Else

Stepl0Let L = G — {H, v H, U ... U H.}. If L is a connected graph, then repeat step 1 to step

9. Else if L is disconnected graph, then repeat step 1 to step 9 on all the X components say
G,, G,, ..., G,. Forour example the graph G is disconnected as seen in Figure 8.

Summarizing we repeat BFS algorithm multiple times to generate a sequence of trees T,, T,, ..., T,
as seen in Figure 9. From these trees we then decompose graph G into subgraphs H;, H,, ..., H,
P,oK, or

where each H, :{
Pki
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Fig 9. Rooted trees T, T3, T4 using Step 1

Fig 8. Subgraphs of graph G for VDT graph
decomposition

Figure 10 shows the decomposition for our example in iteration 2.
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Fig 11. Iteration 2
Step 11 If step 10 covers all the edges of G, then terminate the iterative procedure. Else repeat step 1
to step 9 on all the resulting graphs until all the edges of G are covered.
Our example terminates in iteration 3 as seen in Figure 11 and
H,,H,, H;, H,, H,, H¢, H,, Hg, Hy, Hy,, Hyy, Hy,, Hys, Hyy, Hig, Hiyg, Hyp, Hig, Hyg Hog
are the decompositions of graph G. Hence, we conclude the following theorem.
Theorem 4 Given any graph G, there exist a decomposition H;, H,, ..., H, such that each

H,, 1 <1 < s iseither comb graph or path.

Theorem 5 Given any graph G there exist a decomposition {Hl, H,, ..., Hk} for G such that each
H, isa VDT graph.
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Proof Let G be any given graph. Determine a decomposition X = H;, H,, ..., H, for G using
Theorem 4. We know that each H, is either a comb or a path. If H, isa comb thenitisa VDT

graph. If H, is a path P, then we continue as follows.

Va Vs Vo
® ® ©
v Y s
@ v, ‘@ ®
o o o
¥V, Vs Vs
F3 Vi Vs Vs Ve V.
* o o o o
@ o ] @ ® @
Var Vi Vs Vs Vs Vo
H s H H,, Hys H, H,,

Fig 12. Iteration 3

Let P, =v,e Vv,€,V,...V,, €,V, where e,_,=0mod3. Let us decompose P, into
paths P, P,, ..., P, where P, = v, e v,e,v,e,Vv,; P, =v,e,v.e Ve V,... P, =V, ;€ ,
Vn—2 en—2 Vn—l en—l Vn'

If e, ,=1mod3 then let us decompose P, into paths P, P,, .., P, where
P =v,ev,e,v,eVv,,P, =Vv,e, Ve V,e V,; ..P, =V €, V.

If e,, =2mod3 let us decompose P, into paths P, P,, ..., P, where P, = v, e, v, e, v, e,
Vi Py =V, 8 Vg 85 Vg 8 Vol o Pia = Vg 85 V4 €, V385 Voo Py SV, 8,

Vn—l; I:>k3 = Vn—l en—l Vn'

Hence from the decomposition X we obtain a new decomposition Y = {Hl, H,, ...,Hk}, k >s

such that each H, iseither P,, P,, P, o K , implies G can be decomposed into VDT graphs.

n

5. Conclusion

Graph decomposition has several significant applications. It reveals patterns and connectivity
between vertices within graphs by revealing hierarchical relationships and substructures. Different
methods and algorithms exist for graph decomposition. According to the graph, each approach offers
unique insights and advantages. In this article, we presented an algorithm for determining a
decomposition for any given graph into comb graphs, P, and P, which are VDT graphs. This
algorithm can be used to study graph decomposition in a variety of contexts. It can help identify and
understand the underlying structures of complex networks. Furthermore, it can be used to solve
problems related to graph decomposition in an efficient manner.
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