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Abstract:  

Menger space is a probabilistic metric space introduced by K. Menger [15] in 1942 as 

one of the generalizations of metric space. The two different types of contraction 

mappings in probabilistic metric spaces are the creation of V.M. Sehgal [20-21], and 

T.L. Hicks [14]. Since then many researchers have introduced generalizations of these 

contraction mappings and established fixed point theorems in Menger space.   

In this paper, we discuss Menger space and contraction mapping in Menger space. Also, 

presents the interrelationship between some contraction mapping with examples. 
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1. Introduction 

In the early 19
th

 century mathematicians were studying various spaces, mainly spaces of functions 

where they had various notions of convergence. For each space, its concepts of convergence were 

introduced and studied. To overcome this problem, in 1906 French mathematician M. Frechet [11] 

gave the axiomatic notions of metric space, this name metric space was given by F. Hausdorff in 

1914. These metric spaces provide a deterministic framework for measuring distances between two 

points. Representing or giving the deterministic approach for the distance between two points in 

space by a single number is over-idealization. In such cases where we can’t predict the distance by a 

single number, give a probable answer. So, looking at the distance concept as a statistical/ 

probabilistic rather than a determinate one is appropriate. The Austrian mathematician Karl Menger 

in 1942 had given the idea of statistical metric space later called probabilistic metric space to 

overcome uncertainties in cases of the distance between points in spaces. The idea is to replace the 

distance function with a probability distance function.  

And  (   )( )    ( (   )    )       That is the value of the distribution function in between 

  and   is equal to the probability that the distance between   and   is less than  . So, Menger space 

is a space in which the concept of distance is considered to be probabilistic, rather than deterministic 

and the theory of Menger spaces is of fundamental importance in probabilistic functional analysis. 

Schweizer and Sklar [22] have investigated several of these structures. Particularly, a lot of work has 

been done on the existence of fixed points of mappings in such spaces. For more details on these 

spaces see references [2-4], [8-10], [23]- [28]. 

Fundamental works in probabilistic metric spaces for mathematics researchers were done by V. M. 

Sehgal [20], who introduced a natural probabilistic version of Banach contraction [1]. Using this 

contraction, V. M. Sehgal and A.T. Bharucha Reid [21] established the first fixed point theorem in 
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Menger space in 1972. Another probabilistic contraction mapping was introduced by T. L. Hicks in 

1983[14]. Then after many researchers introduced its extension and generalized forms see references 

[5-7], [[17-19]. 

2. Preliminaries notes: 

 Definition 2.1 [5]: A function F:     + 
is said to be a distribution function  if a function is  

non-decreasing function, left continuous with inf *   ( )        +      , 

 and  sup*  ( )       +         

We denote L for the set of all distribution functions, and H stands for the heavy side function, which 

is defined as:      

                                     ( )   {
            
             

  

For reference, we also record the definition of metric space. 

Definition 2.2 [8]: A metric space is an ordered pair (   )  where   is an abstract set and   is a 

mapping of       , satisfying the following axioms: 

 M1:          (   )    if and only if        ( Identity); 

M2:          (   )                               ( Positivity); 

M3:          (   )   (   )                  ( Symmetry); 

M4:          (   )   (   )   (   )    ( Triangle inequality). 

Definition 2.2 [7]: Let            (set of all distribution functions) be a distribution function 

i.e.,   associates a distribution function  (   ) with every pair (   ) of points in a non-empty set  . 

Then, a pair (   ) is said to be a Probabilistic metric space (abbreviated as Pm-space) if the 

distribution function   (   )  also denoted by       satisfies the following conditions: 

             (I)            ( )    for every       if and only if       , 

 (II)           ( )     for every       ,  

            (III)          ( )      ( )   for every        and  

 (IV)          (   )    if and only if     ( )    and     ( )     

Here,     ( ) represents the value of               

Example 2.1: Let (   ) be metric space where   ,   -with usual metric  (   )  |   | and 

distribution function   defined as: 

                              ( )   {
  
 (   )

             
            

   for all        

Then,  (   ) be PM space. 

Definition 2.3 [13]: A function     ,   -    ,   -   ,   - is referred to as a Triangular norm   
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             (shortly T-norm) if it satisfies the following conditions: 

            T1:         (   )       

            T2:       (   )     for all    ,   -, 

            T3:       (   )     (   ) for all      ,   -, 

            T4:                       then   (   )     (   ) and  

           T5:   (  (   )  )     (    (   )), where         ,   -  

Example 2.2 of t-norms 

 (   )     *(   )     + and  (   )      *   + 

The four basic standard t-norms are: 

(i) The minimum t-norm,   , is defined by   (   )      *   +, 

(ii) The product t-norm,   , is defined by   (   )     , 

(iii) The Lukasiewicz t-norm,   , is defined by   (   )      *       +, 

(iv) The weakest t-norm, the drastic product,   , is defined by 

  (   )  {
   (   )       (   )       

          
 

Concerning the point-wise ordering, we have the following inequalities 

           . 

Definition 2.4: [13] A Menger space is a triplet (     )  where   is a non-empty set,   is a function 

defined on     to the set of distribution functions and   is a  -norm such that the following are 

satisfied:   

             (I)            ( )    for every       if and only if       , 

           (II)           ( )     for every       , 

           (III)          ( )      ( )   for every        and  

 (IV)          (   )   (    ( )     ( )),  for every                    

 

Definition 2.5: [6] Let (     ) be a Menger Space and   be a continuous t-norm  

(i) A sequence *  + in   is said to converge to a point   in   (written     )  

if for every      and   (   ), there exists positive integer      such that  

     ( )      for all       . 

(ii) A sequence *  + in   is said to be a Cauchy if, for every     and   (   ), there    

exists positive integer      such that       ( )      for all         . 

(iii) A Menger space (     ) is said to be complete if every Cauchy sequence is convergent in     
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(iv) A mapping       is said to be continuous in Menger space (     ) at point     if for 

each   (   ) there exists a real number   (   ) satisfying the condition: 

    ( )                    ( )       for each     and        

Definition 2.6: [8]   Fixed point of a self-mapping function       is an element     such  

                                 that  ( )   . 

Example 2.3:     ( )     have two fixed points      but   ( )       have no fixed point. 

 

Definition 2.7: [8] Common fixed point of self-mapping functions         is an element 

    

                         such that  ( )     ( )  

Example 2.4: Let         be functions such that  ( )     and  ( )      , then   is a 

common      

                       fixed point of   and     

Definition 2.8: [1] Let (   ) be a metric space. Then, a mapping        is said to be a 

contraction mapping if there exists a fixed constant   ,   ) such that  ( ( )  ( ))  

   (   )          

Example 2.5:  Let function    ,   -  ,   - be defined by  

                           ( )    
        ,   - 
           (   -

  

                       Then,    is a contraction but   is not a contraction. (why?) 

3. Contraction Mapping in Menger Space: 

In 1966, V. M. Sehgal [20] first defined probabilistic contraction in his PhD dissertation at Wayne 

State University as: 

Definition 3.1: Let (   ) be a probabilistic metric space. A mapping       is a probabilistic 

contraction or Sehgal contraction if there exists    (   ) such that         (  )      ( ) 

for all        and    .  

The interpretation of Sehgal Contraction is as follows: The probability that the distance between the 

image points    and     is less than    is at least equal to the probability that the distance 

between     that is less than  . 

In 1983, T.L. Hicks [14] defined another contraction mapping in probabilistic metric space as:  

 Definition 3.2: A mapping       in probabilistic metric space (   ) is said to be Hicks 

contraction or C-contraction if there exists   (   ) such that for every      , and every      

    ( )               (  )        
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In 2005, D. Mihet [16] introduced a weaker form of Hicks contraction and defined it as: 

 Definition 3.3: A mapping       is said to be weak - Hicks contraction (w-H contraction) if 

there exists   (   ) such that, for all      . 

(   )   (   )      ( )               (  )        

Example: Let   ,   )  and     ( )  
    (   )

    (   )
              Then, (     ) be a complete 

Menger space under triangular norm         .  It can be seen that the mapping      , 

 ( )   *          
        

 

is a     contraction for   (   )  

3.1 Generalized form of probabilistic contraction: 

A probabilistic (m, k) contraction is a generalization of Sehgal contraction, where     and 

  (   ) and is defined as: 

Definition 3.1.1:  [13] If (   ) is a PM - space,     and   (   ), a function       is called 

probabilistic (m, k)-contraction if for any       there is an   with       such that for every 

   , 

         ( 
  )      ( )  

If     and   (   ) then a probabilistic (   )-Sehgal contraction,   is a probabilistic                     

Sehgal contraction. 

As a generalization of C-contraction, we have 

Definition 3.1.2: [13] If (   ) is a PM - space,     and   (   ), a function       is called 

a (m, k)-C-contraction if for any       there is an   with       such that for every    . 

    ( )               ( 
  )         

If     and   (   ) then a probabilistic (   )-C-contraction   is a probabilistic C-contraction. 

g-contraction mapping is another generalization of Hick’s C-contraction in probabilistic metric 

space which is defined as: 

Definition 3.1.3: [16] Let     be two mappings defined on a Menger space (     ) with values 

into itself, and let us suppose that   is bijective. The mapping   is called a probabilistic g-

contraction with a constant   (   ) if 

    and   ( )  ( )( )      impies   ( )  ( )(  )        

4. Results and Conclusions: 

4.1 Interrelationship: 

4.1.1 Every metric space is a probabilistic metric space: 

Every metric space can be shown as a probabilistic metric space if we set 

     ( )   (   (   )) for every pair of points (   ) in the metric space. 
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This can be illustrated as follows: 

    ( )   (   (   )) 

                                                                  (   )        

                                                                  ( )            as  ( )is a distribution function. This 

shows that     ( )    for every       if and only if         

For proving     ( )   , consider 

    ( )   (   (   ))        (   )     

For proving,     ( )      ( )  consider 

    ( )   (   (   )) 

                                                                  (   (   )) as  (   )   (   ) 

                                                                      ( ) 

Finally, we consider  

    ( )   (   (   )) 

                                                                    ( )      (   )    

                                                                         

    ( )   (   (   )) 

                                                                        ( )      (   )    

      

Therefore,  

    (   )   (     (   )) 

                                                               (   ), for  (   ))   , for every      

                                                                                      

Thus,     (   )    if and only if     ( )    and     ( )     

Theorem 4.1.1:  Let (   ) be a complete metric space and       be a mapping satisfying the 

following condition: there exists a constant   (   )  such that  ( ( )  ( ))     (   )       

   Then,   has a fixed point   in  , and for any         
     

Proof:  Defining mapping       by     ( )   (   (   ))                

We know that (       ) is a complete Menger space. Since, for each      we have  

      (  )   (    (     )) 

                                                                         (     (   )) 

                                                                               (   (   ) 

                                                                                  ( ) 

This implies that       is contraction mapping in    Hence, by theorem, every contraction 

mapping in complete Menger space has a fixed point in   ,-, we have a fixed point in    
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4.1.2: Contraction condition and their relationship: 

 Sehgal contraction:        (  )      ( ); 

 Generalized  (m, k)- Sehgal contraction:          ( 
  )      ( ); 

 Hicks C-contraction:     ( )               (  )        

 w-H contraction:      ( )               (  )        

 g-contraction:   ( )  ( )( )      impies   ( )  ( )(  )      ; 

 (m, k)-C-contraction:     ( )               ( 
  )         

4.1.3: Interrelationship:  

 (m, k) contraction ⟹ C-contraction ⟹ Sehgal contraction ⟹ Banach contraction 

 g-contraction ⟹ C-contraction 

 C-contraction ⟹ w-H contraction. 

Conclusions:  Menger solves the uncertainty cases of the distances between two points in spaces by 

introducing the probabilistic distance function in metric space. The structure of the probabilistic 

metric space allows probabilistic generalizations of the contraction mapping principle in some 

inequivalent ways. Probabilistic contraction mappings extend the study and research in probabilistic 

metric space which helps not only in mathematical cases but also in the geometric study of quantum 

mechanics.  

Lastly, this paper helps mathematicians and researchers in the study of contraction mapping, its 

generalization, and its interrelationship in probabilistic metric space. 

Acknowledgement: Authors are grateful to editors and reviewers for their kind suggestions for 

making betterment of this article. The corresponding author also remembers and thanks to University 

Grants Commission, Nepal for considering financial support to PhD scholars for their research 

activities.  

References 

[1] Banach S. (1922), Sur les operations dans les ensembles abstraits et leur applications aux equations integral. Fund. 

Math.  3, 133-181.  

[2] Bharucha-Reid, A. T. (1976), Fixed point theorems in probabilistic metric spaces, Bull. Amer. Amer. Soc. 82, 641-

657. 

[3] Boscan, Gh. (1974), On some fixed point theorems in probabilistic metric spaces, Math. Balkanica 4, 67-70. 

[4] Chang, S. S. (1983), On some fixed point theorems in PM spaces and its applications, Z, Wahrsch. Verw. Gebiete 

63, 463-474. 

[5] Chaudhary A. K., Manandhar K. B., Jha K., and Murthy, P. P. (2021), A common fixed point theorem in Menger 

space with compatible mapping of type (P), International Journal of Math. Sci. & Engg. Appls., 15(2), 59-70. 

[6] Chaudhary A. K., Manandhar K. B., and Jha K. (2022), A common fixed point theorem in Menger space with 

compatible mapping of type (K), Advances in Mathematics: Scientific Journal, 11(10), 883-892. 

[7]  Chaudhary A. K. (2023), Occasionally weakly compatible mappings and common fixed points in Menger space, 

Results in Nonlinear Analysis 6 (4), 47–54. 

[8] Chaudhary A. K., and Jha K. (2019), Contraction conditions in Probabilistic Metric Space, American Journal of 

Mathematics and Statistics, 9(5), 199-202. 

[9] Ciric, Lj. B. (1975), On fixed points of generalized contractions on probabilistic metric spaces, Pub. Inst. Math. 

Beograd 18(32), 71-78. 



Communications on Applied Nonlinear Analysis 

ISSN: 1074-133X 

Vol 31 No. 7s (2024) 

 

648 
https://internationalpubls.com 

[10] Egbert, R.J. (1968), Products, and Quotients of probabilistic metric spaces, Pacific J. Math. 24, 437-455. 

[11] Frechet (1906), M., Sur quelques points du calcul fonctionnel,Rendic. Circ. Mat. Palermo,1-74. 

[12] Golet I. (2004), On Contractions in Probabilistic Metric Space, Radovi Mathematic Ki., 13, 87-92. 

[13] Hadzic O and Pap E (2010), Probabilistic Fixed-Point Theory in Probabilistic Metric Space. Kluwer Academic 

Publisher, London. 536 

[14] Hicks T.L. (1983), Fixed Point Theory in Probabilistic Metric Spaces, Review of research faculty of Novi Sad 13, 

63-72. 

[15] Menger K. (1942), Statistical Matrices, Proceedings of National Academy of Sciences of USA, 28, 535-537. 

[16] Mihet D (2005), Weak Hicks Contractions, Fixed Point Theory 6(1)71-78. 

[17] Radu V. (1985), On Some Fixed-Point theorems in PM space, Lecture Notes on Maths1233, 125-133. 

[18] Mishra S.N. (1991), Common fixed points of compatible mappings in probabilistic metric space, Math. Japon.36, 

283-289. 

[19] Pathak H. K, Cho Y. J., Chang S. S., and Kang S. M. (1996), Compatible mappings of type (P) and fixed point 

theorem in metric spaces and Probabilistic metric spaces, Novi Sad J. Math., Vol. 26(2), 87-109.  

[20] Sehgal V. M. (1966), Some common fixed point theorem in functional analysis and probability, PhD Thesis, Wayne 

State University, USA. 

[21]  Sehgal VM and Bharucha-Reid AT (1972), Fixed Point contraction mapping in Probabilistic Metric Space. Math 

System Theory, 6, 97-102. 

[22] Sklar A and Schweizer B (2005) Probabilistic Metric space. Dover Publications, INC, Mineola, New York. 

[23] Serstnev, A. N. (1963), The notion of random normed spaces, Dokl. Akad. Nauk. USSR 149, 280-283. 

[24] Sherwood, H. (1966), On the completion of probabilistic metric spaces, Z. Wahrsch. verw Gebiete. 6, 62-64.  

[25] Sherwood, H. (1971), Complete probabilistic metric spaces, Z. Wahrsch. verw Gebiete. 20, 62-64. 

[26] Spacek, A. (1956), Note on K. Menger probabilistic geometry, Czechoslovak Math. J. 6, 72-74. 

[27] Stevens, R. R. (1968), Metrically generated probabilistic metric spaces, Fund. Math. 61, 259-269. 

[28] Stojakovic (1985), M., Fixed point theorems in probabilistic metric spaces, Kobe J. Math. 2, 1-9.  


