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1. Introduction

When tackling complex problems in physics and engineering, one essential concept often arises is
the steady state solution. In many cases, these steady state solutions are derived from boundary value
problems (BVPs), which involve solving differential equations with specific conditions at the
boundaries. Since the steady-state heat equation is important in many domains, various techniques
exist to obtain the solution analytically and numerically.

There has been a lot of literature on the solutions of steady state heat equations. Many special
functions such as Hypergeometric function [2], G-function [1], H-function [3, 10] and I-functions [8]
involved in the solutions of different boundary value problems [4, 6].

In this paper, we use PSI-function (Pragathi - Satyanarayana’s I-function) [5] to solve a boundary
value problem. This function was proved to be the generalization of | — functions defined by Saxena
[8] and Arjun K Rathie [7]. The integral representation of PSI-function in terms of Mellin-Barnes
type integration is as follows:

(aj’“j?Aj)l,n;(aii’“ii;Aﬁ)nu,pi _ 1
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https://internationalpubls.com 649



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 7s (2024)

n

F_[rBj (b —ﬂjs)Jl_‘:IlF

A (1—aj +ajs)

Z[ I re (1—bji+/zjis)ﬁ r (aji—aﬁs)}

Py j=m+1 j=n+1

Where ¢(s)= (1.2)

Useful functions and Integral Formulae:

1. The general class of polynomials [11] is defined as follows:
m() S (1) K
Sr(0)= 2 2 A (13)

where n = 0,1, 2,...; m is arbitrary positive integer and the coefficients Anx (n, kK > 0) are arbitrary
constants.

2. The Struve’s function [9] is defined as follows:
© - t V+2t+1
His (o) 3 el (L4)
o S (kt+y)O(v+ At +u)
where Re (k)>0, Re (4)>0, Re (y)>0 and Re (v + u) >0.
3. The orthogonal property for cosine functions [2] is :
c 0 for n#m
j co{%jco{%)dx = { ” (1.5)
¢ c c c for n=m
4. The integral formula due to Kumar [2] is :
joalz(cosﬁj (cosz—ﬂx] dx = ar(n+1) (1.6)
a a 2”“1‘(2 +m +1j1“(2 -m +1j

Boundary Value Problem:

We consider a boundary value problem for a rectangular plate as shown in figure 1.1 with boundary
conditions.

Y TR
0.4/2)] - (a/2,b/2)

Insulated end [nsulated end

(0,0) (a/2,0)

Figure 1.1 Rectangular plate with insulated ends
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In this article, we are going to find the steady state temperature . (X, y) for the rectangular plate
whose edges x = 0 and x =a/2 are insulated.

2 2
Here the Laplace’s equation is defined as a—é‘ + 8—‘2‘ =0, 0<x< E,O <y< b 2.7)
ox° oy 2 2
Considering the boundary conditions: on :a—ﬂ =0, 0< y<9 , (1.8)
OX|,o OX|.2 2
2
1#(x,0)=0
b 2\ )\’ )\ a
and g4 x,— |=f(X)=|cos— | S;| hl cos— | [|¥|z]| cos— 0<x<— (1.9
2 a a a 2

for section 3,

and y(x,gj =f(x)= (cosﬁ]n Hfl'k{h(cosﬁj p}‘l’{z(cosﬁ) U} ,0<x< a (1.10)
2 a " a a 2

for section 4.

In the next section, it is to derive integral formulae that are useful in solving the given boundary
value problem.

2. Main integral

Theorem 1. Prove that

al2 X n 27pr . 7X 2p X 20 a [ (—I) h k

'[ cos— | cos —— |S;| hjcos— | |¥|z|cos— | |dx = A | *
0 a a a a 2™ e k4

, (_n_2:0k120';1)’(aj’051;Aj)m’(aji’O‘ji;”'\‘ji)nﬂ‘pi

Voo e n j (21)

(bj’ﬂj;Bi)l,m’(bii’ﬂji;Bji)m+l,‘1i,(_§_/)k_p’a;l)’(_g_pk+p’o-;l

Proof: Substituitng corresponding formulae mentioned in (1.1) and (1.3) in the left hand side of the

theorem 1, we will get

(oo 22l o o) o

n 1/t 2pk 20s
=La/2(cosﬂj CO{ZﬂpX][Z‘i(—Dm A,khk(cos%} 1 J.¢(S)ZS(COSz) ds dx

a a Jiz k! 2m L a
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Simplifying,
[I/t] al2 X n+20k+20s 27Zp

'k S cos— cos dx |z°ds
S | oo oo 22

Applying (1.6), we get

(- J- #(s ar(n+2,0k +20s +1)

tk
Aih
k- 2n+zpk+zos+1r(n+2pk+208+ p+1}r(n+2pk2+208_

Using the notation of (1.1) and (1.2), we can write the above integration as -

-2 81, (1)
Mk T g

(—n—2pk,20';1) (a aJ’AJ) (al|’a|’AJ|)n+l,pi

m,.n+1 Z
pi+1,G;+2;r

Theorem 2. Prove that

n 2p 20 o
I/Z(cosﬁ) COS @ijlu h(cosﬁj 04 z(cosﬂj a Z h
0 a a N a a 2n+l — 22p

, (—n—2,0)’(t)’20-’1) (a aJ’AJ) (al"al"AJ')nﬂ,pi

\Pm .n+1
© (b 5, l) (b5 B5: By ) '(_E—PY(t)—p,G;lj,

pi+1,0;+4;r

m+1,q;

(bl’ﬂl’ J)l ’(bii’ﬂii;Bii)mu,m’(_g_pk_p,o-;lj,(_g_pk+p,o-;lj

y(t)
j «

(—g—py(t)+ p,o-;l),(l—kt—I,O;l),(l—v—/lt—u,O;l)

(2.2)

Proof: Substituitng corresponding formulae mentioned in (1.1) and (1.4) in the left hand side, we

will get

n 2p 20
Jalz(cosﬁ} cos(ZﬂpXij,"{h(cosﬁj }‘Pliz(cosﬁj }dx
0 a a a a
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© (h / 2)v+2t+1 1 alz( zjnJer(v+2t+1)+zos {Zﬂpx .
tzl“ kt+1)C(v+ At +u) 27 IL¢(S IO “a “Na dx °ds

Applying (1.6), we get

0 V+2t+1 1
Z (h/Z) = (S)
B kt+| J(v+At+u) 27t
ar(n+2p(v+2t+1) + 205 +1) s
2n+2p(v+2t+1)+203+11,(n+2,o(v+2t2+1) +208 +1+ p+1}r(n+2p(v+2t2+1) +205+1 p+1)

Let us assume y(t) =v + 2t + 1. Then

i h/2) a ,

—r 22r 2n+1
%V(S) 20y() +2 ar1(n+2py(t)+20;+1)t 2os+1 212 ds
7 1_(n+ py(;+ oS+ +p+1j.l“(n+ py(;+ oS+ _p+1j

Using the notation of (1.1) and (1.2) , we can write the above integral in PSI-function representation
as -

a © h y(t)
= 2n+1 Z(_l)t(ﬁj *

t=0

(—n—2py(t),20';1) (a aJ’AJ) (all’a"AJ')n+1,p-

(bj’ﬂj;Bi) (bll’ﬂjl )m+l (—E—PY(t)—D,O';lj,

m,.n+1
pi+1,0;+4;r 40-

(—g—py(t)+ p,o-;lj,(l—kt—I,O;l),(l—v—/lt—u,O;l)

3. Solution of steady state temperature in rectangular plate involving General Class of
Polynomial and PSI-function of one variable:

We wish to find the steady-state temperature u (X, y) in a rectangular plate described in Section.1
whose vertical edges x=0, x=a/2 are insulated.
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Using General Class of polynomial [11] and PSI function [5], one of the boundary condition can be
defined as

ﬂ(X, Ej =f(x)= (cosﬁ)n Sf{h(cosﬁ)zp}{’[z(cosﬁjﬂ O<x<2 (3.1)
2 a a a 2

From the general solution of (1.7) given by Zill et al,[12], the superposition principle is -

u(x,y)= Aby+iA.Sinh[2;W)co{2;”Xj, 0< x<%,0< y<g (3.2)
r=1

Substituting y=b/2 in (3.2) gives

,u(x,;)) +ZA Slnh[rﬂb] {”T”XJ,O<X<%,0<y<g (3.3)

Which is a half-range expansion in cosine series. We integrate (3.3) both sides w.r.t. x between the
limits 0 and a/2.

= _[:lzy[x,gjdxz,%gf:/ dx+ZAS|nh(rﬂbjo Cos (zrf(jdx
al2 b b a
=, ﬂ(x'ﬂ"“”bzi

From (3.1), we have

J.Oalz(cos%jnsf[h(cos%j p}‘l{z(cos%) J}dx = Ao.g.%
= A = %Lﬁlz[cos%jns{h(cos%J p}‘l{z[cos%) G}dx

Applying Theorem 1, and taking p = 0 in (2.1), we arrive to

L), (1) g |2
AO:b_zn—lg k!tk ALk (4_Pj quiﬂ,qlwz;r _G

(-n—2pk,2071) (2,5 A), (35,4, A)Mp

it jir =i i

(bjyﬂ“ J) (bJ"’BJ" J')m+lﬂi,(_g_pkyg;l}(_g_pkya;]‘j

(3.4)

To find A, multiplying (3.3) both sides with Cos[zr—ﬂxj and integrating w.r.t. x between the limits
a

0 and a/2, we get
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J'Oalzy(x,g) {Zﬂrxjd =A- J. (Zﬂpxjdx+ZAsmh b o ) (cos erxj(cos 2i;bxjdx

From (1.5),

I"alz[cosgjnCOSKZTWJS:{h(cos%jzp}P{Z(COS%TC’X = A%Sinh(%J
e ol e

a

Applying Theorem.1 and assuming p =rin (2.1), we arrive to

L QN ()
A= S, (1],
sinh(meZ” i K

a

(-n-2pk,20), (a5 A ) (B A

, IR jir T )n+l Pi
\{,m+n+l+ o (35)
ke (bj’ﬂj’ ])1m (bji1ﬂji;Bji)m+1,qi’(_g_pk_r’o-;lj,(_g_pk-'_no-;l)

Hence the general solution from (3.4) and (3.5) is given by

2ray 2r 7x

W, (hY| Ly : S'”h( a j { a )
& (4_) bV 02 zn—lsinh[mbj v(6,)|  (36)
a

(—n—2,0k,20';1) (a a]’A]) (ajl’aJI’AJ')mlp

m,.n+1 i
l/l(gl)_leﬁlyqurz;r (bl’ﬁl’ J)lm (b]uﬂ]u Jl)m+lq, (_E_pk'G;lj’(_g_pk’a;lj (37)
and
(-n-2pk.207) (. A ) (g A)
w(6,)= ¥y 0| = ‘ n n
PHLa2r| g0 (bng, J)lm (b”,ﬂ", J,)mlq (—E—pk—r,o;lj,(—i—pk+r,o;1j
(3.8)

4. Solution of steady state temperature in rectangular plate involving Struve’s function and
Pragathi-Satyanarayana’s I-function of one variable:
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we wish to find the steady-state temperature u (X, y) in a rectangular plate described in Section 1
whose vertical edges x=0, x=a/2 are insulated.

Using Struve’s function [9] and PSI function [5], one of the boundary condition can be defined as

,U[X,Ej =f(x)= [cosﬁ)n H/ u{h(cos—j p}‘l{z(cosﬁj a} ,0<x< a 4.2)
2 a a a 2

From the general solution of (1.7) given by Zill et al,[12], the superposition principle is —

w(x,y)= y+ZASmh[2rﬂijo{2rﬂx}0<X<%’0<y<g 4.2)
a

a

Substituting y=b/2 in (4.2) gives

( j A) ZASlnh(rﬂbj S(Zr_;zxjo x<20<y<9 (4.3)

a

which is a half-range expansion in cosine series. We integrate (4.3) both sides w.r.t. X between the
limits 0 and a/2.

al2 b b a2 0 . rzb \ear2 2r 72X
= jo ,u[x,zjdx:,%zfo dx+§AS|nh(?jj‘o Co( " )dx

al2 b b a
= ], “(X’EJ"“’%EE

From (4.1), we have

al2 2k ) x| . b
JO [coszj Hvlu{h(coszj }‘P{z(cos;} }dx_AO.E.

Applying Theorem.2 and taking p = 0 in (2.2), we arrive to

al2 > yy
A)__J. [ de bznlg (22p+lj

(_ n-— Zpy(t),ZO',l) (a aJ ! AJ) (all ! al' ! AJ' )n+1 p;

(bl’ﬂl’ J)lm (bJI'IBJI’ J')m+1q (—g—py(t),G;lj,(l—kt—l,O;l),(l—V—/H—u,O;l)’

(4.4)

N | ©

m,.n+1
pi+La; +4;r

To find A, multiplying (4.2) both sides with Cos[zr—ﬂxj and integrating w.r.t. x between the limits
a

0 and a/2, we get,
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Lalz ( ZJCOS(Za jdx A—smh( ij

Using (4.1) and simplifying, we will get
(—n—2py(t),20;1),(aj,aj;Aj)Ln,(aji,aji;Aji) |

A=—t i(—l)t( : )y«) ot L -
o 2p+1 c Dpg+ar| o n
2”'1sinh(rﬂbj =0 2% B (bj’ﬂj;Bj)l,m’(bjilﬂji;B]i)mH,Qi’[_E_py(t)_rla;lj,

(_g_py(mr,a;lj,(l—kt—|,0;1),(1—v—zt—u,o;1)

Hence the general solution from (4.4) and (4.5) is given by

2rre 2rzrx
u(x,y)=i(—1)‘-( h Jym > +ismh( ay)co{ & jeu(ez) (4.6)

s 22p1 p.2nt l// ~ 2n_1smh(l’7rbj
a
Where
(- n—2py(t),20;1),(aj,aj;A) (a”,a A )n+1,pi
0 :\Pm,.n+l A
‘//( 1) PLar| 4o (bj,ﬂ,a J) (b“,ﬂ“, J')m+1q (_g_py(t),o;lj,(l—kt—I,O;l),(l—V—ftt—U,O;l)
(4.7)
(-n-2py(t).20:1),(a;,;:Ay) (aii'“ii;Aii)n+1,pi
!//(9) \Pr[r)]+n1+;+4r o
o8, (0008, [L-p0-rrt)
(—g—py(t)+r,a;l),(l—kt—I,O;l),(l—v—ﬁt—u,O;l) (4.8)

5. Expansion Formulae

0] Substituting y = b/2 in the solution (3,6), we arrive to

e
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it |)tk 1 wcos(marx)
3! ( ] V(O 22— (0) (5.1)

k=0 ! r=1

Where y(6,) and /(6,) are assumed as in (3.7) and (3.8).
(i) Substituting y = b/2 in the solution (4.6), we arrive to

fod)- (oo o)

© h VYOl 1 » CO (Zﬂarxj
- kzc;(_l)t(zz”*l) > —w(6 )+§TW(02) (5.2)

Where y(6,) and y(6,) are assumed as in (4.7) and (4.8).

6. Special Cases
> Taking Aji = Aj = Bji= Bj= 1 in (4.6), we get f(x) in terms of Struve’s function and I function
of one variable given by Saxena [8] and we obtain modified (4.7) and (4.8) as -

(-n-2py(t),2071), (aj 19 )1,n ’ (aji & )n+1, b

m,.n+ z
l//(@l)z Ipi'+l,qf+4;r 4_0— n
(bj 1 ﬂj )Lm 1 (bji ' ﬂji )erlyqi " E - /)y(t)7 0-11 ' (1_ kt - I ’0’1)7 (1_ V- At - U,O,l)

and

(—n—Zpy(t),Zcr;l),(aj,a ) (au'au)
W(QZ) lg]+2t11+4r ‘ n n
L) o (bj,ﬂ) (J,,ﬂ“)mﬂyq‘,(—Z—py(t)—r,a;lj,(—2—py(t)+r,o-;l),(l—kt—I,O;l),(l—v—/lt—u,0;1)
> Taking r =1, a; =a;b;=b;,A; = A,B; = B;in (4.6), we get f(x) in terms of Struve’s

function and I-function of one variable given by Arjun K Rathie [6], we obtain modified (4.7) and
(4.8) as

n+lp;

(-n-2py().200) (2, ;3 A,
YA
0)= i
w(0)=¥pis ¥ b,p8,). [_E_py(t),a;lj,(l—kt—I,O;l),(l—V—/”tt—U,O;l)
and

(-n-2py(t).20:2)(a, aJ,AJ)

/A
92 \Pm+2t11+4
Vo=l o (b,.5,:8,)., (—E-py(t)_1,0-;1j{_2_py(t)+1,o-;1),(1—kt—I,O;l),(l—V—/H—U,O;l)

Similarly we can impose above said conditions to (3.6) and we can arrive the solution in terms of
general class of polynomials and I-function of one variable by Saxena [8] and Arjun K Rathie [7]
respectively.
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7. Conclusion

In this paper, we presented a novel technique to obtain the solution of a boundary value problem
using PSI-function. Initially, we have introduced two theorems that pertain to the multiplication of
general class of polynomials and Struve's function in conjunction with the PSI-function.
Subsequently, by using the outcomes of the established theorems, the solutions to the boundary value
problems are derived in relation to the PSI-function of a single variable. In this study by specializing
several parameters as well as variables lead to wide variety of useful special functions (or product of
such special functions) expressible in terms of I-function defined by Saxena [8], defined by Rathie
[7]. One can further specialize the results to H-function [3, 10], Meijer’s G-function [1], E-function
[10] and hypergeometric function [2].
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