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Abstract 

A Topological index is a molecular structure descriptor of a molecular graph and it has many 

applications in real world issues. The Zagreb Indices based on degree of vertices of a graph are 

widely studied in chemical graph theory in over the past few years. Degree based Zagreb 

indices of undirected graphs  𝐺𝑚,𝑛
𝑀 and  𝐺𝑛 graphs are computed in this paper. 

Conclusions: The authors of this paper have studied the Zagreb indices of undirected       

graphs 𝐺𝑛 when   𝑛 = 2𝛼, 𝛼 > 2 and undirected graph  𝐺𝑚,𝑛
𝑀  for some cases that is when   

𝑛 = 2𝑝, 𝑝 is prime,𝑚 > 𝑛, 𝑚 is prime and when   𝑚 > 𝑛, 𝑚, 𝑛 are odd primes.      

Keywords: Zagreb indices of a graph, undirected graph   𝐺𝑚,𝑛
𝑀, undirected graph   𝐺𝑛. 

 

1. Introduction 

Topological index is a numerical quantity which plays vital role in QSAR or QSPR studies. Different 

types of topological indices are introduced and studied so far. In 1972 Gutman [1], [2] introduced 

Zagreb indices to describe the properties of chemical compounds, the chemical structures are 

described by molecular graphs. This formula in graph theory represents atoms and chemical bonds as 

vertices and edges, respectively. Some bounds for the Zagreb indices discussed in [3-5]. The 

topological indices of graph operations are computed in [8,9]. New types of Zagreb indices are 

presented in [10].Siva Parvathi et al [11] calculated the Zagreb indices of selected chemical 

compounds of natural products. 

 Ivy Chakrabarthy et al [12] introduced the undirected graph 𝐺𝑛 and proved some basic properties. 

Ivy Chakrabarthy et al [13] introduced the undirected graph  𝐺𝑚,𝑛
𝑀  and proved some basic 

properties of 𝐺𝑚,𝑛
𝑀 graph. Recently Eswaramma et al [14] calculated energy of this  𝐺𝑚,𝑛

𝑀 graph. 

Anusha et al[15]calculated the Zagreb indices of Arithmetic graphs. 

 Motivated by these, we calculate the Zagreb indices of undirected 𝐺𝑚,𝑛
𝑀graph, undirected 𝐺𝑛graph. 

Definitions 

Consider the simple graph G. Let 𝑑𝑖, 𝑑𝑗 be the degrees of the vertices 𝑣𝑖 , 𝑣𝑗  and 𝑒𝑖𝑗 be the edges 

joining the vertices 𝑣𝑖 , 𝑣𝑗  respectively.Then  

The First Zagreb index of graph G is defined as  

             𝑀1(𝐺) = 


+
)(,

)(
GEvv

ji

ji

dd
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The Second Zagreb index of graph G is defined as      

           𝑀2(𝐺) = 



)(,

)(
GEvv

ji

ji

dd

 

The hyper-Zagreb index was introduced by Shirdel et al [6] in 2013.The hyper Zagreb index of graph G 

is defined as   

          𝑀𝐻(𝐺) =
2

)(,

)(


+
GEvv

ji

ji

dd  

In [7], M.Ghorbani and N.Azimi defined different versions of the Zagreb indices based on the degree 

of vertices. 

First multiple Zagreb index of the graph G is defined as 

         𝑃𝑀1(𝐺)= 


+
)(,

)(
GEvv

ji

ji

dd  

Second multiple Zagreb index of the graph G is defined as 

         𝑃𝑀2(𝐺)= 



)(,

)(
GEvv

ji

ji

dd

 

2. Zagreb indices of an undirected graph  𝑮𝒎,𝒏
𝑴

 

The Undirected simple graph 𝐺𝑚,𝑛
𝑀 is 𝐺𝑚,𝑛

𝑀 = (𝑉, 𝐸) where the vertex set  𝑉 = {1,2, … . 𝑛} and two 

distinct vertices  𝑢, 𝑣 ∈ 𝑉 are adjacent if and only if 𝑢 ≠ 𝑣and 𝑢. 𝑣 is not divisible by 𝑚 on natural 

numbers subset which is finite where 𝑚, 𝑛 ∈ 𝑁. Some of the properties are  

      1. Let 𝑚 = 1 then the graph 𝐺𝑚,𝑛
𝑀 is a null graph with 𝑛 vertices. 

      2. For 1 < 𝑚 ≤ 𝑛,the graph 𝐺𝑚,𝑛
𝑀 is disconnected. 

      3. The graph   𝐺𝑚,𝑛
𝑀is connected for 𝑚 > 𝑛 

     4. The graph 𝐺𝑚,𝑛
𝑀  has the Maximum degree   𝑛 − 1. 

         Results on various Zagreb indices of the graph 𝐺𝑚,𝑛
𝑀 are presented in this section. 

Theorem 2.1: If  𝐺𝑚,𝑛
𝑀   be an undirected graph where   𝑛 = 2𝑝, 𝑝 is prime,    𝑚 > 𝑛  , 𝑚 is prime. Then  

 (i) First Zagreb index 𝑀1( 𝐺𝑚,𝑛
𝑀 ) is 𝑛(𝑛 − 1)2. 

 (ii)Second Zagreb index 𝑀2( 𝐺𝑚,𝑛
𝑀 ) is  

𝑛(𝑛−1)3

2
. 

 (iii)Hyper Zagreb index 𝑀𝐻( 𝐺𝑚,𝑛
𝑀 ) is 2𝑛(𝑛 − 1)3. 

 ( iv)First multiple Zagreb index  𝑃𝑀1( 𝐺𝑚,𝑛
𝑀 ) is 2(𝑛 − 1)

𝑛(𝑛−1)

2 . 

  (iv) Second multiple Zagreb index  𝑃𝑀2( 𝐺𝑚,𝑛
𝑀 ) is (𝑛 − 1)𝑛(𝑛−1). 

Proof:  Consider an undirected graph  𝐺𝑚,𝑛
𝑀 where   𝑛 = 2𝑝, 𝑝 is prime, 𝑚 > 𝑛,𝑚 is prime with 𝑉 =

{1,2,3 … 𝑛} as the vertex set, the vertex degree is (𝑛 − 1) for every 𝑣 ∈ 𝑉and 𝐸 is the edge set. 

Let 𝑑𝑖 , 𝑑𝑗 be the degrees of the vertices 𝑣𝑖 , 𝑣𝑗  and 𝑒𝑖𝑗 be the edges joining the vertices   𝑣𝑖 , 𝑣𝑗 . 
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Then     |𝑒𝑖𝑗| =
𝑛(𝑛−1)

2
  

(i)First Zagreb index of the graph  𝐺𝑚,𝑛
𝑀 is 

  𝑀1( 𝐺𝑚,𝑛
𝑀) = 



+
Evv

ji

ji

dd
,

)(  

                      = |𝑒𝑖𝑗|(𝑑𝑖 + 𝑑𝑗) 

                      = 
𝑛(𝑛−1)

2
[(𝑛 − 1) + (𝑛 − 1)] 

                      = 𝑛(𝑛 − 1)2. 

(ii)Second Zagreb index of the graph  𝐺𝑚,𝑛
𝑀  is 

 𝑀2( 𝐺𝑚,𝑛
𝑀

) = 



Evv

ji

ji

dd
,

)(   = |𝑒𝑖𝑗|(𝑑𝑖 × 𝑑𝑗) 

                     = 
𝑛(𝑛−1)

2
[(𝑛 − 1) × (𝑛 − 1)] 

                     = 
𝑛(𝑛−1)3

2
 

(iii) Hyper Zagreb index of the graph  𝐺𝑚,𝑛
𝑀  is 

 𝑀𝐻( 𝐺𝑚,𝑛
𝑀) =

2

)(,

)(


+
GEvv

ji

ji

dd  

                      = |𝑒𝑖𝑗|(𝑑𝑖 + 𝑑𝑗)2 

                     = 
𝑛(𝑛−1)

2
[(𝑛 − 1) + (𝑛 − 1)]2 

                     = 2𝑛(𝑛 − 1)3. 

(iv)First multiple Zagreb index of the graph  𝐺𝑚,𝑛
𝑀 is 

 𝑃𝑀1( 𝐺𝑚,𝑛
𝑀)= 



+
)(,

)(
GEvv

ji

ji

dd

 

                       = (𝑑𝑖 + 𝑑𝑗)|𝑒𝑖𝑗| 

                       = [(𝑛 − 1)+(𝑛 − 1)]
𝑛(𝑛−1)

2  

                       = (2(𝑛 − 1))
𝑛(𝑛−1)

2 . 

(v) Second multiple Zagreb index of the graph  𝐺𝑚,𝑛
𝑀  is 

𝑃𝑀2( 𝐺𝑚,𝑛
𝑀)= 




Evv

ji

ji

dd
,

)(

 

                      

= (𝑑𝑖 × 𝑑𝑗)|𝑒𝑖𝑗| 

                      = [(𝑛 − 1)(𝑛 − 1)]
𝑛(𝑛−1)

2  
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                      = (𝑛 − 1)𝑛(𝑛−1). 

 Theorem 2.2: If  𝐺𝑚,𝑛
𝑀   be an undirected graph where   𝑚 > 𝑛, 𝑚, 𝑛 are odd primes. Then  

(i) First Zagreb index 𝑀1( 𝐺𝑚,𝑛
𝑀 ) is 𝑛(𝑛 − 1)2. 

(ii)Second Zagreb index 𝑀2( 𝐺𝑚,𝑛
𝑀 ) is  

𝑛(𝑛−1)3

2
. 

(iii)Hyper Zagreb index 𝑀𝐻( 𝐺𝑚,𝑛
𝑀 ) is2𝑛(𝑛 − 1)3. 

 ( iv)First multiple Zagreb index  𝑃𝑀1( 𝐺𝑚,𝑛
𝑀 ) is 2(𝑛 − 1)

𝑛(𝑛−1)

2 . 

  (iv) Second multiple Zagreb index  𝑃𝑀2( 𝐺𝑚,𝑛
𝑀 ) is (𝑛 − 1)𝑛(𝑛−1). 

Proof:  Consider an undirected graph  𝐺𝑚,𝑛
𝑀 with  𝑚 > 𝑛, 𝑚, 𝑛 are odd primes and 𝑉 = {1,2,3 … 𝑛}is 

the vertex set .Here the degree of the vertex is (𝑛 − 1) for every 𝑣 ∈ 𝑉. 

Let 𝑑𝑖 , 𝑑𝑗 be the degrees of the vertices 𝑣𝑖 , 𝑣𝑗  and 𝑒𝑖𝑗 be the edges joining the vertices 𝑣𝑖 , 𝑣𝑗 . 

Then  |𝑒𝑖𝑗| =
𝑛(𝑛−1)

2
 . 

(i)First Zagreb index of the graph  𝐺𝑚,𝑛
𝑀 is 

 𝑀1( 𝐺𝑚,𝑛
𝑀) = 



+
Evv

ji

ji

dd
,

)(     

                     = |𝑒𝑖𝑗|(𝑑𝑖 + 𝑑𝑗) 

                     = 
𝑛(𝑛−1)

2
[(𝑛 − 1) + (𝑛 − 1)] 

                     = 𝑛(𝑛 − 1)2. 

(ii)Second Zagreb index of the graph  𝐺𝑚,𝑛
𝑀  is 

 𝑀2( 𝐺𝑚,𝑛
𝑀

) = 



Evv

ji

ji

dd
,

)(             

                     = |𝑒𝑖𝑗|(𝑑𝑖 × 𝑑𝑗) 

                     = 
𝑛(𝑛−1)

2
[(𝑛 − 1) × (𝑛 − 1)] 

                     = 
𝑛(𝑛−1)3

2
 

(iii) Hyper Zagreb index of the graph  𝐺𝑚,𝑛
𝑀  is  

   𝑀𝐻( 𝐺𝑚,𝑛
𝑀) =

2

,

)(


+
Evv

ji

ji

dd

 

                       

= |𝑒𝑖𝑗|(𝑑𝑖 + 𝑑𝑗)2 

                       = 
𝑛(𝑛−1)

2
[(𝑛 − 1) + (𝑛 − 1)]2 

                       = 2𝑛(𝑛 − 1)3. 

(iv)First multiple Zagreb index of the graph  𝐺𝑚,𝑛
𝑀 is 
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 𝑃𝑀1( 𝐺𝑚,𝑛
𝑀)= 



+
Evv

ji

ji

dd
,

)(

 

                      

= (𝑑𝑖 + 𝑑𝑗)|𝑒𝑖𝑗| 

                      = [(𝑛 − 1)+(𝑛 − 1)]
𝑛(𝑛−1)

2  

                      = (2(𝑛 − 1))
𝑛(𝑛−1)

2 . 

(v) Second multiple Zagreb index of the graph  𝐺𝑚,𝑛
𝑀  is 

𝑃𝑀2( 𝐺𝑚,𝑛
𝑀)= 




Evv

ji

ji

dd
,

)(    

                      = (𝑑𝑖 × 𝑑𝑗)|𝑒𝑖𝑗| 

                      = [(𝑛 − 1)(𝑛 − 1)]
𝑛(𝑛−1)

2  

                      = (𝑛 − 1)𝑛(𝑛−1). 

3. Zagreb Indices of the undirected graph  𝑮𝒏 

Let an undirected simple graph 𝐺𝑛 = (𝑉, 𝐸) whose vertex set 𝑉 is a subset of Natural numbers 

defined as 𝑉 = {𝑥 ∈ 𝑁/(𝑥, 𝑛) ≠ 1, 𝑥 < 𝑛} , where 𝑛 ∈ 𝑁and 𝑛 is not a prime number and a pair of 

vertices 𝑥, 𝑦 ∈ 𝑉 is adjacent if and only if gcd (𝑥, 𝑦) > 1.Some of the properties of graph  𝐺𝑛 as 

follows 

           1. The graph 𝐺𝑛 is complete if and only if  𝑛 = 𝑝𝑚 where 𝑝 is prime. 

           2. The graph 𝐺𝑛 is disconnected if and only if 𝑛 = 2𝑝 where 𝑝 is an odd prime. 

 Results on various Zagreb indices of the graph 𝐺𝑛  are presented in this section.  

Theorem 3.1: If  𝐺𝑛 be an undirected graph where   𝑛 = 2𝛼, > 2 . Then  

(i) First Zagreb index 𝑀1(𝐺𝑛) is   (2α−1 − 1)(2α−1 − 2)2. 

 (ii)Second Zagreb index 𝑀2(𝐺𝑛) is   
(2𝛼−1−1)(2𝛼−1−2)3

2
 . 

 (iii)Hyper Zagreb index 𝑀𝐻(𝐺𝑛) is 2(2𝛼−1 − 1)(2𝛼−1 − 2)3. 

 ( iv)First multiple Zagreb index  𝑃𝑀1(𝐺𝑛) is  (2(2𝛼−1 − 2))
(2𝛼−1−1)(2𝛼−1−2)

2 . 

  (iv) Second multiple Zagreb index  𝑃𝑀2(𝐺𝑛) is (2𝛼−1 − 2)(2𝛼−1−1)(2𝛼−1−2). 

Proof:  Consider an undirected graph 𝐺𝑛 where 𝑛 = 2𝛼, 𝛼 > 2  with the vertex set𝑉 =
{2,2.2,3.2, … . (2𝛼−1 − 1). 2}and 𝐸 is the edge set.Here the degree of the vertex is (2𝛼−1 − 2) for 

every   𝑣 ∈ 𝑉. 

Let 𝑑𝑖 , 𝑑𝑗 be the degrees of the vertices 𝑣𝑖 , 𝑣𝑗  and 𝑒𝑖𝑗 be the edges joining the vertices   𝑣𝑖 , 𝑣𝑗 . 

 Then    |𝑒𝑖𝑗| =
(2𝛼−1−1)(2𝛼−1−2)

2
  

(i)First Zagreb index of the graph 𝐺𝑛  where 𝑛 = 2𝛼, 𝛼 > 2 is 
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   𝑀1(𝐺𝑛) = 


+
Evv

ji

ji

dd
,

)(  

                = |𝑒𝑖𝑗|(𝑑𝑖 + 𝑑𝑗) 

                = 
(2𝛼−1−1)(2𝛼−1−2)

2
 [(2𝛼−1 − 2) + (2𝛼−1 − 2)] 

                = (2α−1 − 1)(2α−1 − 2)2. 

(ii)Second Zagreb index of the graph 𝐺𝑛 where    𝑛 = 2𝛼, 𝛼 > 2 is 

 𝑀2(𝐺𝑛) = 



Evv

ji

ji

dd
,

)(  

              = |𝑒𝑖𝑗|(𝑑𝑖 × 𝑑𝑗) 

              =
(2𝛼−1−1)(2𝛼−1−2)

2
[(2𝛼−1 − 2) × (2𝛼−1 − 2)]  

              = 
(2𝛼−1−1)(2𝛼−1−2)3

2
 

(iii) Hyper Zagreb index of the graph 𝐺𝑛 where    𝑛 = 2𝛼, 𝛼 > 2  is  

 𝑀𝐻(𝐺𝑛) =
2

,

)(


+
Evv

ji

ji

dd   

               = |𝑒𝑖𝑗|(𝑑𝑖 + 𝑑𝑗)2 

               = 
(2𝛼−1−1)(2𝛼−1−2)

2
 [(2𝛼−1 − 2) + (2𝛼−1 − 2)]2 

               = 2(2𝛼−1 − 1)(2𝛼−1 − 2)3. 

(iv) First multiple Zagreb index of the graph 𝐺𝑛 where   𝑛 = 2𝛼, 𝛼 > 2  is 

 𝑃𝑀1(𝐺𝑛)= 


+
Evv

ji

ji

dd
,

)(

 

               = (𝑑𝑖 + 𝑑𝑗)|𝑒𝑖𝑗|                              

               =[(2𝛼−1 − 2) + (2𝛼−1 − 2)]
(2𝛼−1−1)(2𝛼−1−2)

2  

               = (2(2𝛼−1 − 2))
(2𝛼−1−1)(2𝛼−1−2)

2 . 

(v) Second multiple Zagreb index of the graph 𝐺𝑛 where   𝑛 = 2𝛼, 𝛼 > 2  is 

      𝑃𝑀2(𝐺𝑛) = 



Evv

ji

ji

dd
,

)(  

                      = (𝑑𝑖 × 𝑑𝑗)|𝑒𝑖𝑗| 

                      = [(2𝛼−1 − 2)(2𝛼−1 − 2)]
(2𝛼−1−1)(2𝛼−1−2)

2  

                      = (2𝛼−1 − 2)(2𝛼−1−1)(2𝛼−1−2). 
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4. Conclusion 

The authors of this paper have studied the Zagreb indices of undirected graphs 𝐺𝑛 when   𝑛 = 2𝛼, 𝛼 >

2 and undirected graph  𝐺𝑚,𝑛
𝑀  for some cases that is when   𝑛 = 2𝑝, 𝑝 is prime,𝑚 > 𝑛, 𝑚 is prime and 

when   𝑚 > 𝑛, 𝑚, 𝑛 are odd primes.      
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