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1. Introduction

In 1922, S. Banach [1] presented the well-known Banach contraction mapping theorem (BCMP) for
the complete metric space. Several generalizations of BCMP utilizing various contractive conditions
in the framework of metric, G-metric space, quasi-metric space, and b-metric space have been
published in the literature by a wide spectrum of mathematicians during the last several decades.

Khan [2] employed distance mapping to develop a new contractive condition in fixed point theory,
hence expanding the BCP into novel configurations. Abodyeh et al. [21] just suggested a new idea,
almost-perfect contraction, to create new contractive conditions in order to modify and expand some
well-known fixed point theorems.

Samet et al. [22] proposed the idea of « - admissibility. Karapinar et al. [23] developed the concept
of triangular admissibility. Abdeljawad [24] extended the concept of « - admissibility to a pair of
functions. Chary et al. [33] developed the novel idea if rectangular « -G -admissible mapping in
2021, as well as rectangular « - G -admissible concerning another function £ in G -metric space.

2. Preliminaries

Chary et al. [ 33] have been established the concepts of G —« —admissible mapping; G —«
—admissible with respect to ;G —«, f— Cauchy; «, S -complete G -metric space; a, f—G -

continuous; G —«a —admissible rectangular mapping; G —« —admissible rectangular with respect to
[ . These concepts are used in this work.
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3. Main Results

First, we will define the following terms.

Definition. 3.1. Let H, J be two self-mappings on Q and o : QxQxQ — R" U{0} be a function. The
pair (H,J) is called G - - admissible if $,v,p€Q and a(9,v,p) 2Llimply a(H3,Jv,Jp)>1and
a(J9,Hv,Hp)>1,

Definition 3.2. Let H,J be two self-mappings on Q and «, f:QxQxQ — R™ U{0}be a functions.

The pair (H,J) is called G-(@,/)- admissibility if $,v,peQ and a(3,v,p)> B(&v,p)imply
a(H4,Jv,Jp) > f(HS,Iv,)p)ana(JF, Hv,Hp) > B(I9, Hv,Hp).

2 -
Example 3.3. Define H, J from R to R by H$=$%and ng{;:g -;f j<8 Additionally, define
[ >

a,f:QxQxQ— R U{0}and a(3v,p)=e"""and B(Y,v,p)=¢e’then (H,J)is a pair of G-
(a, B) - admissibility.

Proof. Let $,v,peQ such that a(9,v,p) > B($,v, p)thene’ ™ >e’ So $+v+p>9and hence
v, pare non - negative real numbers. Therefore

a(H8,3v,Jp) = a(F V2, p?) =" """ >e% = B(HY,Iv,Ip)
imply that a(H$,3v,Jp) = B(HSY,Iv,p).

Now, if ¢ >0, then a(J9,Hv,Hp) = a(9,v2, p?) = "+ >e* = B(J% Hv,Hp) .

While if 9<0,then a(J9,Hv,Hp)=a(-$*v* p*) = gt 5 o LI Hv,Hp)
imply a(J9,Hv,Hp)> p(I9,Hv,Hp) .
Definition 3.4. Let G be a metric onQ. Let H, J be two self-mappings on Q, y be a perfect self -
mapping on R* U{0}, a, B:QxQxQ — R* U{0}be functions. We say that the pair (H,J)isan G
-(a, B,w)- contraction if there exists K €[01)such that $,v,p€Qand a(9,v,p)=B(I,v,p)
imply
w(G(HY, v, Ip)) < max{ky (G(9,v, p)), ki (G(I HI, HI)), kw (G(v, Jv, Iv)),

kyw(G(p,dp,Ip)) Ky (G(v,Hp,Hp)),ky (G(p,HY, HS)),

Ky (G(9, 3, JS)),%kz//(G(S, v, Jv)),%kw(e(v, 3p,3p)),

%kl//(G(p, R S )
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v (G(I$ Hv,Hp)) < max{ky (G(% v, p),ky(G(39,39)),ky(G(v,Hv,HV)),
ky (G(p,33,39)),ky (G(v,Hp,Hp)).ky (G(p,HS, HY)),

Ky (6(p,38,39), < ki (B(3, Hv, H)). ky (G(v, Hp, Ho))

%kl//(G(p,JS,JH))} ........................................ 2)
Example.3.5.DefineG:[O,%]x[o,%]x[o,%]aR*u{O}by G(Gv,p) = 3-vI|+|v-pl|+|p-9|
and H,J:[O,%]A[O,%]by H9=9%andJ9=9". Also define w on R"U{0}—> R"U{0}. By

v (9) = % and «,f: [0,%]x[o,%]x[o, %] — R U{0}by a(9,v,p)=e’and B(4,v,p)=e""""then
+

(H,J)isan g-(a, B,¥)- contraction.
1 v+
Proof. Given 4,v,p e {O,Z}is such that a(9,v, p) = B(4,v, p) thene’ >e"*”  Therefore, we

conclude thatv =p =0. Since 9 < % we have

w(G(HS, 3v,3p)) = y(G(92.00)) =p(29) = 1+2‘2 p_ % ﬁ - =%«//(G(l9,v, ”) and
w(GUIS HY.Hp) = (G5 00) =y (29 =22 <2 2 1 690,

1+29" ~31+29 3
So pair (H,J)isan G- (e, B,y) - contraction.
The main outcome of this study is

Theorem. 3.6. On the setQ, let a, 5:QxQxQ — R™ U{0}be two functions and H, J be two self-
mappings on Q. Assume there exists a metric G on Q such that the following hypothesis hold:

Let ,f:QxQxQ — R"U{0}be two functions onQ, with H and J being two self-mappings.
Assume there is a metric G on which the following hypothesis holds:

1. (G,Q) isan a, f—G —Complete metric space.
2. H and J are @, f—G —Continuous.
3. (H,))isan c-(a, B,¥)- Contraction.

4. (H,J) is a pair of (o, 8)—G - admissibility.
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5. If 9,v,peQ satisfy the condition a(3,v,v)>B(v,v) and a(v,p,®)2 B(v,p,®) then

a8, p,0) 2 B4, p,0)

6. There exists 9 e€Q Such that a(HSY),JHY,IJHI)=>L(HS,,IJHI,IJHI,)and
a(JHY),HE,,HS,) = S(IH Y, HSY,,HS,) Then both mappings H and J have common fixed point.

Proof: In considering premise (6), we begin with 9, € Q2 in such a way that
a(H$,,JHY,,JHY,) > f(HI,,IJHY,,JHY,)and a(JHS,,HI,,HI,) > f(IHY,, HI,;,HS,).
Now, Let$ =H$,, 4, =34 Then a(9,,3,%) = L(9,,9,9) and a(4,93,,9%) > £(3,%,.9%) .

In the view of hypothesis (4), we have

a(9,%,9,)=a(H4,19,19)> f(HY,,4,I%) = B(%,9,,9,)and
a(3,9,9)=a(I9,HI,HI) > BII,HI, HI) = B(3,9,9)
Again we put $, = H9,, Then, hypothesis (4) implies that
a(9,,9,9)=a(39,H3, HY,) > B, HI, HS) = B(3, %, %) and
a(9,,9,%)=a(H$,39,39) > B(HI,,I4,19) = (3, 9,.%)
putting $, = J9; and referring to hypothesis (4), we conclude
a(9,9,8,)=a(H3,39,3%) > B(HI,,19,I%,) = B(3,9,%) and
a(9,,9,9)=a(39,,H3, HY,) > B4, HI, HY,) = B(I,, %, %)

Proceeding in a similar fashion, we create a sequence {%,}eQ with 9, ., =HJS, and
l92n+2 = H‘92n+l

SO that 0[(19 ‘9n+1"9n+1) 2 ﬂ(‘gnv‘gn+l’ n+1)vn € N and a(‘gml’ 19n ! 19n) 2 ﬂ(‘gnJrl"gn"gn)vn € N .

Based on premise (5), we observe that a($,,94,,9.) > B(4,,9.,9.)vn,me N . If there exists pe N

so that 3, then 9,, =HY,,,, andhence H has fixed point. Based on premise (1), we have

2 p+l

Y (C(3p:Shpiar Fhpia)) =

v (G(HE,,, 39550, 3%p.0)) < max{ky (G(3,, 810 95p.1)) KW (G (S, H,  HE, ),
Ky (G(Shpas I pas Ip)) Ky (G( S, I 2p+1,3192p+1))
ky (G(4, 192p+1,Ht92p+1)) ky (G(8,,0,HS,, HS,, ),

kV/(G( 2p? Zp"]‘92p)) kV/(G(LQZerl’ 2p+l"]'92p+1))

p+1?

1
ng/(G(Sva‘ngpw NETY) B k‘//(G(‘gzpw J9,,,39,,))}
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<max{ky (G(%,,. %, 95,)) kw (G(S,,, HS,,  HI,, ),
kW(G(32p+11 2p+2) 2p+2))’kW(G(32p+l’"92p+2’192p+2))!
k'/I(G(‘gZerl"gZp"gZp)) k'//(G(IQZerl"gZp"gZp))!

Ky (G(3 2p 2p+1' 2p+1)) k'//(G( 2p) 2p+2"92p+2))v

1
gk‘//(G(‘gzpw 21 Fpi2))i o kW(G(82p+1’ it 1))}

< max{ky/(G(LgZpﬂ’ 2p+27 2p+2)) kW(G(32p+1v 2p+2"]192p+2))}
Sklr//(G(192p+l’ 2p+2° 2p+2))
The last inequality is correct only if w(G(%,.1,%,.2.%,.,)) =0. The properties y and G imply

that9,,,, =9,,.,. Hence 9,  =HY, =33, . Thus, H and J have a common fixed point. If there is a
natural number pwith &, ., =9,,,,, then 9, , =J9, ,and hence J has a fixed point. Based on

premise (2), we observe that

V/(G(‘92p+z ' ‘92p+3 , l92p+3)) =

!//(G(‘]l%pﬂ’ H‘92p+2’ H192p+2)) < max{kl//(G(’-QZp+l"92p+2"92p+2))’kl//(G(‘92p+2’ H’92p+l’ H‘92p+1))’
kV/(G(LgZerl"]"92p+1"]'92p+1))’ky/(G('92p+2"]‘92p+1"]'92p+1))
kl//(G(lQZp+2’ H‘92p+2’ H'92p+2))’k‘//(G(’92p+2’ '92p+1’ H’92p+1))

1
k‘//(G(lgzmz!‘]'gzpw J92p+l))’§kl//(G('92p+1’ H‘92p+2’ H32p+2))l

1
gk‘//(G(lgzpw ‘]‘92p+1l ‘]‘92p+1))}

1
1§k‘//(G('92p+2 ! l92 p+3! ‘]‘92p+3))}

1
ékV/(G(lgzmz’ H192p+2’ H'92p+2))’

< maX{kl//(G (’92 p+21 '92 p+3"92 p+3))
< kl//(G (192 p+2! '92 p+3? l92 p+3 ))
The last inequality holds only ify (G(9,,.,,%,,.3:%,.5)) =0. The properties of yand G imply that

Gypo =S, Hence 9, =HI, , =739,,,,. Thus we conclude that %, ,, is a common fixed point

of Hand J . As aresult, we determine that Hand J have a single fixed pointie 3, ,,, .

Now, presume that's the case & = & ,,Vie N . For i € N U{0}, we get
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W (G(%in Frivar Fina)) =

W (G(HE, 38,14, 3%5i1)) S maX{ky (G (B, Sivar Fiia)) K (G (S5, HE,, HI,)),
Ky (G(Sia1s IS0, 3%1.0)) KW (G (110 IS 1, IBsi0)),
Ky (G (31 HSiits HEi 1)), Ky (G (&0, HS,, HE)),

1
kK (G(8,, 3%, 38,)), § VA (CIC/ NI SN ) B

1 1
é Ky (G(3, I ‘]‘92i+1))v§ Ky (G(3,1, 3%, I%i))}

<max{ky (G(95, 951 Fi1)) KW (G (3, g s Foin))s
Ky (G(S1s Koo Fina)) KW (G(Ey1,1: Sois21 Biii2))s
K (G(85.1: 2 K2 ) KW (G810 Kot Foin))s

1
Ky (G (3,11 '92i+1))1§ ky (G(%,, %20 Fi12))s

1 1
5 kK (G(%1 Ko Ko ))15 (Sl o))

< max{ky (G(8yi, 111 %i1)) KW (C( Sy Sz s Biis2))s
S CCE NN 2 ORI b
< max{ky (G(9i1 95111 951.0)) KW (G (i Foia i)}
Thus if max{ky (G(%;, %1 i 1)) KW (G (i1 Di 00 Si o)) 3= K (G (i1 Foi 20 Hi o)) then
V(GC(Si1 Sivar Hir2)) S KW (G (3,1, Sivar Kisn)) - Sincek <1, condition (1) on w implies that
3.1 =%i.,, acontradiction, therefore
Max{ky (G (% Fhiu1r %5i1)) KW (G (Fyits Friszr B2 )3 = KW (G (i, i1 Byi))

Hence

V(G (R Sinor Fin)) SKW (GG, Fits Find)) e, (3)
Using arguments similar to above, we may show that

v(G(%i, % %)) Sk (G(9 1, % %)) 4)
Combining egn (3) and (4) together, we reach

v(G(8,3.,,8,) <ky(G(4,.4.9) (5)

By recurring eqn (5) n-times, we deduce
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w(G(%,9.1,9.1) <kw(G(3,,%,9))
< kz‘//(G (CIP ),

<K"W(G(4,%,9)) (6)
On allowing n— +ocin eqgn (6), we get

Imy(G(9,9.,9.0)=0 (7)

Criterion (2) for the role y  indicates that

limG(3,9.,9.,)=0 . (8)

We seek confirmation that {4} is a G-Cauchy sequence in Q.

Take i, j € N with ] >1. We categorize the documentation into four separate instances.

Case 1: i is odd integer and j is even integer. Therefore, there exists | « N and an odd integer ‘h’
suchthat i=21+1and j=i+h=21+1+h Since a(9,9,,9,) > A(%,9,%)we have n

w(G(4, ‘9j , 191)) =¥ (C(&1s Sraens Frain) =W (G(H Iy, 3Gy, I F11))
< max{ky (G(y, Fr1ins Gin)) kw (G(&y, H, HI,) ),
Ky (G(S1inr IS0 I51:0)) KW (G (15 ISt IF140)),
Ky (C(Sins H s HS110)) K (G (s, HS,  H,) ),

1
K (G(3,3 %, ‘]‘92|))1§kW(G(‘92| USSR ) B

1 1
5 K (G(41.n: I%rn s I ))’5 Ky (G(y.n: IS0 I )}

2l+h-1

< maX{kV/( ZG(‘gs ' l954—1’ l954—1))' kl//(G (‘92I ! l92I+1’ ‘92I+1))'

s=21

K (G(11n1 Foreninr Foreni)) KW (G (S0 Forinins Forinin))s
K (G(S,1 Fnerr Foreni)) KW (G (10 Foiar Forn)s

1
Ky (G(3, %510, %11))s g Ky (G(&ys F1imiar Fotinen))s

1

1
g Ky (G(S.ns Fians '92I+h+1))’§ kK (G(&1.n Forenirs Forenin)
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2l+h-1

< max{ky ( 26(195”95+1, F51)) Ky (G(Fy 110 1))
s=2I
Ky (G(41n Fnrinins Foionsn) KW (G (110 St 15 Fia)s
1
g Ky (G(Fu: Sorinins Foinn)
21+h-1
< max{ky ( Z(G(SS,SM, F ) Ky (C(Sy, S0 F))s
s=2I
21+h-1
kl//(G (‘92|+h , l92I+h+l’ l92I+h+1))! k!//( ZG(SS ! 35*'1’ 195'*1)’
s=21+1
l 21+h
§ kl//(ZG(‘gs"gsﬂ’ '95+l))}
s=21
21+h-1
< maX{k ZV/(G (‘95 ! l9s+17 l95-*—1))1 k‘//(G (‘92| ! l92I+17 l92I+l))’
s=2I
21+h-1
kl//(G (‘92I+h ! l92I+h+1’ l92I+h+l))' k ZV/(G ("95 ! l9s+l’ l9s+1)’
s=21+1
1 21+h
5 K ZV/(G (‘95 ' l9s+17 l95-*—1))}
s=2I

< max{k(i v (G(&, Fa F))) kKW (G (3, K110 Fora))s

s=2l

K (G(L1.n Forenir Fornin)

21+1

1-k
Ky (G(&y1.n HSns HSy11))

< max{ v (G(%,4,9)).ky(G(Y,,HS,, HY,)),

By allowing 1, ] =+ in the previous solutions and applying argument (7), we obtain

lim y/(G(8,9;,9))=0
I, ] >+

The properties of y imply that

lim G(4,9,9)=0 ...

i,j>+o
Case 2: i and j are both even integers.
Applying the rectangular inequality of the metric ‘G’, we have
G(4,9,9)<G(4, 41,91 +G(8.1, 9, 9)

17+

Letting i — +o0and in view of egn (8) and (9), we get | Ijim G(4,9,9,)=0.

https://internationalpubls.com

266



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 8s (2024)

Case3: i iseven integer and j is an odd integer.

Applying the rectangular inequality of the metric G, we have

G(9,9,,9,) SG(8,51,9.1) + G(Sh1 51 9) +G(I, 1,9, )

1Y+l
Letting i — +ooand considering eqn (8) and (9), we get

lim G(,9,,9,)=0

i, j>+w
Case4: i and j are both odd integer, applying the rectangular inequality of the G-metric, we have

G(4,9,,9,) <G(4,9,4,9,4) +G(9,1,9,,9,)

Jl
On permitting i — +oo0and in view of egn (8) and (9)

lim G(8,9,,9,)=0

i,jo+o
After putting everything together, we may decide that
lim G(4,9,9,)=0

i,j>+o0
Thus, we conclude that {$}is a G-Cauchy sequence in Q then. «, —G —Completeness of metric

space (Q,G) ensure that there is $€Q so that $ — 9 using «,B—G —Continuous of the

mappings HandJ, we deduce that 4,,,,=H3, > H%and 9,,., =J93,., = JF. By unique of limit,

i+1
we obtain H3=J8=9. Thus, gis a fixed point of H and J .
EXAMPLE:

Define G :[0,+00)x[0,+00)x[0,+ ) — [0, + ) By
max{3,v, p}, if $zv=p

G(‘g’u’p):{ 0, if 9=v=p

Let H, J be two self-mappings on [0,+) defined by HS:%Sinzg andJ19=%Sin219. In

addition, define the function v :[0,+ ) — [0, + ) by (9) = % :
+

Furthermore, we define the function @, f: QxQxQ — [0,+0) by

e if 9,v, p €[0]]

a($,v,p)=
( P) {0, if $>1lorvo>1lor p>1

And

https://internationalpubls.com 267



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 8s (2024)

e? if 3,0,p<[0]]

a(9,v,p) =
( 2 {1,if g>lorv>1lor p>1

Then

1. y is a perfect function

2. there exists 4, € Q
a(H, H?9,, H23,) > B(HY,, H’Y, H?3,) and
a(H?9, HY, HY) = B(H2Y, HI, HI,)

3. (H,J)is apair of (o, f)—G —admissibility

4. H and J are (a, f)—G - Continuous

5. Q,G isan a, S —G - Complete metric space

6. (H,J)isanc-(a, B,¥)- Contraction

Proof: It is an easy matter to see eqn’s (1)-(3). Prove eqn (4), let () be any sequence in [0, + )
such that 4 - $€[0,+x)and a(4,9,,,%.;) = 4(4,4.,,8,,)forall ieN. Thus 4 €[0,1] for all
ieN

if 3 =39 for any except a finite number, we infer that H9 — H9as | >+0. If 4 =3 for any save
that has an infinite number, we observe that$=0. Hence, 4 —0in ([0,1],|.]). Therefore

max{%sinzgi,0,0}—)O: H3in ([0,+x),G). Thatis H is (@, #) -G — Continuous.

To prove (5), let{9}be a G-Cauchy sequence in ([0,+%),G) such that
a($,8.,,8.,)263,9.,,9,,) then 8 e[01]for all i e N if there exists & [0,1]such that 4 =9
for all but finitely many, then 8 — 9as i — +oo now suppose the elements of {4 }are distinct for all
but finitely many. Given & > 0since {$}is a G-Cauchy sequence in ([0,+x),G), then there exists
iy € N'such that max{3,9,,%}<eforall j>izxi,Therefore, max{$,0,0}<¢ for i>i, so, -0
in ([0,40),G)

Thus, ([0,+0),G) isan &, —G—Complete metric space

To prove (6), let 4,0, p € Q such that a(3,v, p) > B(,v, p) then 9,v, p €[0,1] so,
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t//(G(HS,JU,Jp))=w(G(%SinZS,%Sinzu,%Sinzp))
1. 1. 1._.
=y (max{= Sin*4,~ Sin’v, = Sin?
w( {2 2oy P})

1 .. 1 .. 1 ...
max{= Sin?94, = Sin®v, = Sin®
{2 A A o}

B 1., 1., 1.,
1+ max{=Sin“%,—Sin“v,—SIn
{2 A A P}

max{SinZS,;Sinzu,;Sinzp}

2+ max{SinZS,;Sinzu,;Sinzpl}

4[ max{Sin*9, Sin’v, Sin® p} J

<t
5 1+ max{Sin*9, Sin*v, Sin’p

4( max{%,v, 4

<[ madSLA} )4 6(9,0,0))
5(1+max{$,v,p}) 5

< a2y (G(8.0, ) v (G(8,HI, H)),

gw(e(u, o, Ju»,gw(e(p, Jp,Jp»,gw(e(u, Hp, Hp)),

gw(G(p, HY. HS)),%W(G(Q,JS, Js)),%w(e(s, I0,Jv)),

%w(G(u,Jp,Jp)).%w(G(p.w, 19)

Similarly, we can show that
(G389, Hu, Hp)) < max{%w(e(&u.p)),gw(e(s, 38, w»,gw(e(u, HI,HS)),

£ (6(1,39,39)), 26V, Hp, Ho)) Sv/(G(p, HI HE)),
gw(e(p, 38, w)),%w(e(s, Ho, Hu»%w(e(u, Hp, Hp)),
4

Hence, Hand J Satisfy definition 3.4 for k zg Therefore, H,J Satisfy all the conditions of

theorem 3.6 . Therefore H and J have a common fixed point.
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