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Objectives: To show tripled fixed point theorems in Gy,-metric spaces via new type of
contraction and shown illustrate an example which supports the main result.

Methods: In recent work authors were discussed fixed point results with various
contractions like (y, ¢)-weakly contractive mappings, cyclic contraction, E.A
property, Suzuki-type contraction etc. in complete G,-metric spaces, here we have
showed tripled fixed point results by using new type of contraction.

Results: Unique tripled fixed points with new type of contraction in Gy,-metric spaces.

Conclusions: In this work we have obtained TFP results by using a new type of
contraction and discussed corollary also an example which supports the main result.
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1. Introduction

Fixed point theory is a key tool in nonlinear functional analysis, with applications in computer
science, chemistry, biology, and engineering. The Banach contraction principle, which asserts that
each contraction has a unique fixed point in complete metric spaces, is a cornerstone of this study.
Many authors are interested in fixed point theory, particularly the Banach contraction principle, due
to its possible applications in the above domains. Investigating the presence and uniqueness of a
fixed point for many contraction type mappings in diverse metric spaces is especially natural and
intriguing.

In 2008, Mustafa and Sims introduced G-metric space as new generalizations of metric spaces. In
2014, Aghajani et al. generalised metric spaces. They created a Gb-metric space by combining G-
metric and b-metric definitions. They also noted that Gb-MS are effectively larger than G-MS. The
G-MS is a subset of the Gb-MS when s = 1. They also proved that every Gb-MS topologically equals
a b-MS. Many articles have published on this MS (See [1]-[15]). In this current work we have
discussed with new type of contraction on G,-MS, unique TFP results and some corollary also
shown an example of our work.
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Before the main work we will discuss some basic definitions.

2. Methodology

Definition 2.1 Let "Q is a nonempty set, €,: "Q3— R* is a function satisfying the following
properties:

(€p1) € (2, o, f) =0, if @=x0 =f;

(€,2) 0<€Cp (@@, @, 1) =0, for e, f e " Qand = #1;

(€,3) € (@, @, T) <€ (e, f, 0)for all @, 2, f € "Q with { # w;

(€p4) €} (2, 0,f) =€ (0, f, @) =C (f, @, 0)=........ (Symmetry of three variables);
(€5) € (@, o, ) <s[Ep (e, u, u) + €, («, o, f)] forall @, o, f, « €°Q
(Rectangular inequality).

The function &, is called metric on "Q and the pair ("Q,&;) is called &, -MS.

Example 2.2 Let ("Q, d) is a MS. The function €,: "Q®*— R* defined by

Gb (&, 20, f) = maX{d(&, go),d(@o, f),d(f,m)} and GEb (&, 20, f) = d(&, eo)+d(90, f)+d(f,€8)
for all @, ©, f € "Q. Then ("Q, €,) is a €,-MS.

Definition 2.3 Let ("Q,&;) be €,-MS, for any £>0, a sequence {J,,} is a €;,-CS, if €, (7, 7, 7)) < €
for all n, m, I > N.

Definition 2.4 Let ("Q,&,) is €;,-MS. A sequence {7, } is called a €;-convergent toS € “Q, if for
anye > 0, there is N € N such that €, (S, 7,,7,) <eforalln> N.

Definition 2.5 A €,-MS ("Q,&,,) is called ¢,-complete. If every €,-CS in "Q is €;-convergent in "Q.
Definition 2.6 Let ("Q,€}) is €,-MS. A mapping #:"Q3 - “Q is said to be continuous if for any
{7,}, {0}, {0 }&-convergent sequences to , £, g then {H (7, N, 0,)} IS €p-

convergent to ' (, 4, §).

Definition 2.7 Let 2:°Q3 - “Q and F:“Q - “Q be any two mappings, then the mappings are said to
be commute if F(H (%, 4, ) = H(F(n), F(£), F()) foralln, £, € Q.

3. Results and Discussion

Definition 3.1 Let H: Q3 — “Q be a mapping. An element (=, =, ) is called TFP of the mapping# .
If H(ee,,f) =a H(w0,fx) =oand H(j, e o) =1{

Definition 3.2 Let 2: 03 — “Q be a mapping and F:“Q — “Q be two mappings, then an element
(%, ®,f) is TCIP of the mappings F and H. If
H (e, »,f) = Fe, H(o,f,e) =Fo and H(f,x o) =Fjf
Definition 3.3 Let 7£:°Q3 - “Q be a mapping and F:“Q - “Q be two mappings, then an element
(%, 0, ) is common TFP of the mappings F and H. If
H(e,0,f) =Fe=e H(o,fe)=Fo=wand H(f,e,0) =Ff=1{
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Theorem 3.4Let ("Q,E,) is €,-MS. Let H:"Q3 - “Q and F:°Q - “Q be two mappings such that

[€,(H (e, 20,1), H(n, 4, £0), H(n, £, )) + €, (H (0,1, @), H (£, 0,1), H(¢,£,n)) +
G, (3 (5, 2, ), H (2, %, £), H (0,1, £))] < 0[€),(Fee, Fut, Fn) + €, (Feo, FL, FE) +
Gb(Tf;Tp;T@)] ------------------- (3-4'1)

for all &, @, {,n, #, o € Q. If Hand F satisfies the following conditions

i) H(CQ®) € FOQ);
i) F(Q) is €,-complete;
iii)  F is €,-continuous and commutes with H;

If 6 € [0,1) then there exists a unique common TFP for H and F in"Q.

Proof.Letd,, Mo, 0obe arbitrary in “Q then from (i) we can construct sequences {7,,}, {1} and {o,}
in“Q such that

Flprr = H (T, 0p), Flipsr = H(Ap, 0p,Tp) and Fopyy = H(0p, I p)-—--- (3.4.2)

let S, = €y(FIp, FIpr1, FIpir) + €, (Fhip, Fliprr, Flips1) + € (Fop, Foprr, Foper) for all p €
N.

Now by using equation (3.4.1), we have
3p = Gb(ij,T7p+1,T7p+1) + Gb(Tﬁp’Tﬁp+1ﬂTﬁp+l) + Gb(TQp'?QpH'?QpH)

=6 (7 (T2, Bp-1, €p1), H (T s 0p) H (T ) ) +
€y (H(r’]p—l' Qp—1,Tp-1), F (Nip, €, T ), H (1, Qp'gp)) +
Gy (3 (21 T2, Tip1), 3 (0 Ty M), FE (2, T hy) )
< 0[€,(FTp—y, FIp, FI,) + €, (Fripor, Fip, Fiip) + €5 (Fop—1, Fop Fop)]
=031
Which yields that 3, < 873, Vp € N.
Now for all m,n € N with m > n and by using (&,5), we get
Gp (FIn, FIm, FIm) + G (Fi, Flipe Flim) + G (Fon, Fom Fom)

=< S[(Eb(Tgn'Tgn+1:Tgn+1) + Gb(~‘7:':7n+1»:7:'~7m» Tgm)]
+ S[Gb(?‘ﬁn'?ﬁn+1:‘?ﬁn+1) + Gb(Tﬁn+1'Tﬁm'Tﬁm)] + S[GD(TQanQn+1rTQn+1)
+ €, (Fent1, Fom Fom)]
=< [S(Eb(Tgn'Tgn+1:Tgn+1) + Sz@b(Tgn+1»T~7n+2’Tgn+2) + SZGb(Tjn+2,T7m, Tgm)]
+ [S(Eb(?ﬁn'?ﬁn+1:j:ﬁn+1) + Szeb(Tﬁn+1'Tﬁn+2:Tﬁn+2)
+ SZGb(Tﬁn+2'Tﬁm':Fﬁm)] + [SGD(TQn'TQn+1'TQn+1)
+ SZGb(TQn+1':FQn+2':FQn+2) + SZGD(TQn+2fTmeTQm)]
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< [SGb(Tjn; 7:7n+1;7:7n+1) + Sz(ﬁb(j:gnﬂ'j:jnn'j:jnn) + SBGb(:an+21:an+3r?7n+3) + -

+ s Y6, (FIm—2 FIm—1, FIm-1) + S™C, (FIr—1, F I, FIr)]

+ [SGb(Tﬁn»Tﬁn+1r?T’]n+1) + SZGb(Tﬁn+1'Tﬁn+21Tﬁn+2)

+ 53€, (Flins2, Flings, Flinses) + - + 5™ 1€, (Flim—z, Flim—z) Flim-1)
+ Sm@b(Tﬁm—b?T’]m'Tﬁm)] + [SGD(TQnr:FQn+11:FQn+1)

+ SZGD(TQn+1r:FQn+2r:FQn+2) + Sgeb(TQn+21:FQn+3r:FQn+3) + -

+ Sm_l@b(:FQm—z»TQm—l»TQm—l) + Sm@b(TQm—l'TerTQm)]

= S[Gb(Tgan7n+1’T7n+1) + Gb(Tﬁn: Tﬁn+1:~7:r’]n+1) + (Eb(TQn'TQn+1'TQn+1)]
+ 82[€, (FIns1, Flnszs FIns2) + G (Fiinsr, Fiinsz, Fins2)
+ Gb(:7:'9n+1'~72'9n+2r:]:'Qn+2)] + -
+ 5™ €, (FIn—2, FIno1, FIno1) + €, (Flim—z, Flim—z, Fim—1)
+ Gb(Tgm—Z':FQm—D:FQm—l)] + Sm[eb(g:jm—l'?jmrg::]m)
+ Gb(g:r']m—l'?ﬁm' Tr’]m) + Gb(TQm—l'?me:FQm)]

< ST+ 52T a1t e F SIS+ ST

< SOy + 520 IT 0 4 e e e+ ST+ sMOMTLT
S [sO™ +s20™ T+ oo e+ STTIME2 4 gMML

< [SO™+ 520 e S0

<SOM1+50+50%+ oo [0

< 1519:930 —>0asn - .

ThereforeG(FJ,, FI, FIm) + C(Fp, Flip Fim) + €(Fon, Fom, Fom) = 0asn,m — oo,
So, we can conclude that the sequences {F 7, }, {FN,.}, {Fo,} are CS in “Q.

But, F("Q) is &,-complete, there exists p, g,d € F("Q) such that

lim F7, - p, lim F1, >0 and lim Fo, —b

i.e., limG,(F73,,p,p) =0, lim€,(FN,,0,0) =0and limE,(Fo,, b d) =0.——(3.4.3)
n—-oo n—-oco n—-o

Since F is continuous,

lim €, (FF7,,, Fp, Fp) = 0, lim G, (FFi,, Fo, Fo) = 0 and lim &, (FFo,, Fd, Fd) = 0.
n—oo n—-oo n—-oo

---- (3.4.4)
Since F commutes with 7 and by equation (3.4.1)

€y (FFInr1, H(p, 0,0),H (p,0,b)) + & (FFnin, H (0,0, p), H (0,d, p))
+ €, (FFon, H(d,p,0), H(d,p,0))

= Gy (F(H Tn i 0)), H (P, 0,5), 3 (0, 3,) ) + Gy (F (3 (A, 00, ), H (0,0, 9), F (0,1, )

+ @, (F(3 (n I 40)), H (0, 9,0), 7 (0, p,0) )
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= G (P ((FIn, Fitn, Feu)), 7 (p, 0,0), 3 (p, 0,0) )
+ G (H((Fitn, Fon, F1)), H (0,2,0), 3 (3,5, p))
+ 6 (H((Fon FIn, Fitn)), H (0,9, 0), H (0, p,0))
< 0[€,(FFI,, Fp, Fp) + €, (FFN,, Fo, Fo) + &, (FFo,, Fd, Fd)].
From (3.4.4)we get

€y (FFTnr1, H(p, 0,0),H (p,0,0)) + & (FFin, H (0,0, p), H(0,d,p))
+ Gb(:FTQn:}[(bfp;o');j‘[(b,p, 0’)) - 0asn —> oo,

On the other hand,
F is continuous,
Gb(TTjn+1'}[(p’ O-’ b)’}[(p' O-, b)) + Gb (TTT,]TU }[(O-y bl p): }[(O-; b' p))
+ & (FF o, H (b, p,0), H(d,p,0))

- €&, (Fp, H(p,0,0),H (p,0,0)) + €,(Fa,H (a,0,p), H(a,0,p))
+ Gb(?‘b,}((b, P, o*),?-[(b,p,a)) n — oo,

It gives G, (Fp, H (p, 0,b), H(p,0,0)) + &, (Fo, H (0,d,p), H (0,d,p))
+ G (Fd, H (d,p,0), H(d,p,0)) = 0

Gb(T,D;}[(P; o, b);}[(P; g, b)) = Gb (TO-, }[(O', b; ,0);:]'[(0'; b: P)) = Gb (:Fblg-[(b: ,0; O-)I :]-[(bl p: 0))
=0

= Fp =H(p,0,0),Fo =H(o,dp)and Fdb = H(d,p,0)------------ (3.4.5)
=~ (p,0,d) isthe TCIP of F and H..
Now, €&, (Fp, Fa,Fa) + €,(Fo, Fb, Fb) + €,(, Fd, Fp, Fp)
= €, (H (p,0,0),H (a,b,p), H (0,5, ))+C, (H (0, b, p), H (b, p, ), H (b, p, )
+6, (H (0, p, 0), H (p,5,0), H (p,5,d))
Then from equation (3.4.1)
< 0[6,(Fp, Fo,Fo) + €,(Fo,Fd, Fd) + €, (, Fd, Fp, Fp)]
which gives €, (Fp, Fo,Fo) + €, (Fo, Fd,Fd) + €,(Fd,Fp,Fp) =0
= Fp =Fo,Fo = Fdoand Fd = Fp.-------m-mmmmmmmmmmmmmm oo (3.4.6)
By using (€,5) and equation (3.4.1)
€, (p,Fp,Fp) + €,(0,Fa,Fa) + €,(d, Fd, Fd)

< 5[€y (0, FIps1, Flps1) + € (FIpr1, Fo, Fp)1+ s[€ (0, Fliprs, Fripsr) +
€ (Filps1, Fo, Fo)|+5[€ (D, Fops1, Fops1) + € (Fpsa, Fo, F0)]
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< 5[€y (0, FIps1, Flpr1) + € (0, Fipsr, Filps1)+Cp (D, FQpr1, Fpsa)]

+5[€ (FIpr1, Fp, Fp) + €y (Flips1, Fo, Fo )+6,(Fops1, Fd, Fb)]
=5[€5 (0, FIps1, Flps1) + €, (0, Fllpss, Flips1 )+ €, (0, FQps1, FQpa1)]

+5[6y (H (T, fhp, 0,), 3 (0, 0,0), H (p, 0,0) 46y (H (i, 09, %), 3 (0,0, 9), 3 (0,5, ) )+
6 (7 (2, Ty 11y ), (., 0), 3 (0,0,0) )]

< S[Gb(P; T7p+1»T7p+1) + Gb(o" Tﬁp+1'Tﬁp+1)+Gb(b'TQp+1'TQp+1)]
+s0|6y (FI,, Fp, Fp) + €, (F1),, Fo,Fa) + €,(Fop, Fd, Fd)]
as p — oo, we get
€, (p,Fp,Fp) + G, (0, Fa,Fa) + €,(d, Fd, Fd)
< [€,(p,p,p) + €,(a,0,0)+E, (D, d,d)]+ +s0[€} (p, Fp, Fp) + €, (0, Fa, Fa)+E, (b, Fd, Fd)]
< s0[€,(p, Fp,Fp) + €, (0, Fa,Fo)+C,(d, Fd, Fd)].
Which gives p = Fp,0 = Fo and d = Fd.------------m-mmmmmmmmmmmm oo (3.4.7)
From equations (3.4.5), (3.4.6) and (3.4.7), we conclude that
(p, p, p) is common TFP of F and H..
Now we will prove that uniqueness property, if possible let us assume that = F2 = H (&, &, 8)is
another TFP of F and 7.
Now consider, 3€,(p, £, 2) = €, (}[((p,p,p)),}[(ﬁ, 2,9),H (L8, 53))

< 3s0[C(Fp, FL, FLR)] < 3s0C(p, £, L)

It is contradiction, therefore (p, p, p) is uniqgue common TFP of F and 7.

Corollary 3.5Let ('Q, €,) is complete Gb-MS. Let H:"Q3 - Q0 be a mapping such that
€y (2 (e, 20, ), H (0, £, ), H (n, £, 0)) +

Gy (H (o0, ), H (2, £,%), H (£, £, )+, (H (f, 22, 0), H (0, %, ), H (0,7, £))

< 0[€, (e, n, 1) + Gp(=0,4,£) + G, (f, 0, )]

forall all &, ,f,1, ¢, € “Qand if & € [0,1) then there exists a unique TFP for / and in"Q.

Example 3.6 Let"Q = [0,1], define a mapping€,:"Q3 - “Q as €, (e, =, ) = %{lae — |+ |0 —f| +
|ae — §|}? for allee, @, f € “Q. Then it is clear that ("Q, ;) is €,-MS.

2 2 2
Now define £:"0% — "0 by (e, , D=1~ 7~ 33~ 5 and "0 > "0 by F(w) = 7

for all e, ,{, 1, £, o € "Q, we have
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Gy (H (e, 0, 1), H (1, £, 0), H (%, £, ) +

Gp(H (20, ,2), H (2, $,%), H (£, $,%) )+, (H (], 2, 2), H (0, %, £), H (0,7, £))
%2 a)2 fZ MZ fz 802 KZ 42 502
e )

l1-——-3—-5-_——-,1-—-3-—--5>—-,1—-——3——

32 32 32 32 32 32’ 32 32 32

a)2 TZ %2 82 802 MZ 42 502 KZ
+Gb<1—5—35—55,1—§—3§—5§,1—§—3§—5§>

f2 ae2 a)2 pZ KZ €2 SOZ KZ {)2
+Gb<1—3—2—33—2—53—2,1—3—2—33—2—53—2,1—3—2—33—2—53—2>

1
< g{|&2 —K2|2+|a)2 _ {2'2 + |f2 _ 802'2}

< —{le—ul+ o2+ | — pI}%

x| -

And if we consider,
2
Gy (e, n) + €y (20,2, 0) + G, (f, 0, ) = 5{Iae —u|? + |0 —£|* + |—g|?}

= [lee —ul + | — £] + [f — o]
From we conclude that

G, (H (s, 0,1), H (1, £, ), H (%, £, )
+ G (}[( o, f, @), H(£, p,n), H (£, p, K))+Gb (}[(f, ®,0),H(p,nt),H(pmn {’))

< Q[Gb(&!){!%) + Gb(a):'ev‘g) + Gb(f:p:p)]
Then from corollary, we can conclude (0, 0, 0) unique TFP of .

4. Conclusion
In this work we have obtained TFP results by using a new type of contraction and discussed some
corollary also an example which supports the main result.
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