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fuzzy topological space has been investigated and studied. Soft sets are an abstraction of
fuzzy set theory which was interposed to deal with uncertainty conditions using parameters.
Using soft sets, Nano fuzzy topology can be extended to a new form called Nano fuzzy soft
topological space and it can be used to study matters of vagueness by defining a proper
boundary layer. Since this concept depends upon defining appropriate boundary layers
using topological concepts, it easy to determine the key components for a particular
problem by properly defining three important regions which are upper approximation area,
lower approximation area and boundary region. The use of Nano fuzzy soft topological
space in predicting the cause of a disease has been discussed in this paper. It can be
extended to study any complex problems in real life by converting it to a Nano fuzzy soft
topological space using the three main key factors.
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Introduction

Zadeh [1] in 1965 interposed a new type of set called fuzzy sets as a powerful tool to study vagueness
.The overview of fuzzy topological space was putforth by Chang [2] in 1968. Lowen [3] provided
many important concepts for the construction of topological fuzzy space. Soft set theory introduced
by Georgy Molodotsov [4] in 1999 was widely used in different fields of mathematics. Maji and Roy
[5] presented a novel theory for fuzzy soft sets in 2001 by merging the concepts of fuzzy sets and soft
sets. In recent times, Nano topology has become an important topic in topological field which was
introduced by Lellis Thivagar and Carmel Richard [6] in 2013. Nano soft sets and Nano soft
topological space were introduced and analysed by M. Lellis Thivagar and S. P. R. Priyalatha [7] in
2017. Nano generalized fuzzy sets and Nano fuzzy topological spaces were introduced by Purva
Rajwade, Rachna Navalakhe and Vaibhav Jain[11] in 2022. As an extension of these two sets Nano
fuzzy soft sets and Nano fuzzy soft topological spaces are being introduced and investigated.
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2.Preliminary Definitions

Definition 2.1[1] Let R" be an equivalency relation on U known as the indiscernibility relation, and
let U be a finite non — empty set with objects termed as the universe. It is argued that elements in the
same equivalency class are indistinguishable from one another. The set (U,R") is said to be the

approximation space. LetY cU.

(i) The collection of all objects that may be categorised as Y with regard to R" is the lower
approximation area of Y regarding to R", and it is represented by Lr.(v).

et = U O]

where R"(y) denotes the equivalence class determined by y.

(if) The set containing all the objects that may be categorised as Y with regard to R" is the upper
approximation area of Y regarding R", and it is represented by ur ..(v) .

Urgu(Y) = ygu {R*(y):R"(y)NY = o}

(iii) The set containing all the objects that can be categorised as X with regards to R" is the boundary
area of Y with reference to R", and it is represented by By . (Y) - By g (Y) = Urge () = Ligu (¥) -

Definition 2.2 [1]: Let U represents the universe, and let R" be an equivalency relation on the universe
and tg.(Y) be defined as«.(Y) = {U, ¢, Urgu (Y), Ligu (Y), By g (Y)} Wherey c u. Then . () satisfies the given
conditions,

(i) Vandg TR"(Y)

(i) The union of all the elements of any subclass of 1. (Y) is intg.(Y).

(iii)The intersection of the elements of any finite subclass of tg.(Y)is intg.(Y)i.e,1x.(Y) is a topology
on the universe called the NT on U with regards to Y. (U, z.(Y)) is called as the NTS.

Let Nano topology may be denoted by NT, Nano topological space may be denoted by NTS for easy
reference.

Definition 2.3 [1]: If(U,7z-(Y)) is a NTS with regard to Y where ycuand if Bc U, then, NInt(A)

represents the largest Nano open subset of A, and the Nano interior of B is given as the union of all
Nano open subsets of B. NCI(B) represents the Nano closure of B, which is considered to be the
smallest Nano closed set containing B. It is considered as the intersection of all the given Nano closed
sets containing B.

Nano soft topological space:

Definition 2.4 [2] Let h. be the given soft set over U, which is a finite universe, and R" be a soft
equivalency relation onh .. Itis seen that the elements in the soft equivalency class of f(b) represented
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by [f(b)] are softly indiscernible from one another. One term for the ordered pair (U, hy)is
called as "soft approximation space.”" . Let s, < h..

(i) Lig-(sp ) =Uthg : [ne ] = sp }) is a soft lower approximation f , of with respect toh,, .
(ii) U (sp ) = U {fb) : [o) ]N'sp = 0} is a soft upper approximation of h _of w.r.ts .
ae

(iii) By g (sp) = Urge(sp) — Lige () IS the boundary region of h, with reference tos,, .

Definition 2.5 [2] Let U be a given finite collection of objects called the universe, h_is an soft set
over the given universe. Then (U, h.) is the pair of soft approximation space and

15(Sp) = {U, 9, Uru(5p ), Lige (Sp ), By g (5p ) fWhere s, < he, and t,.(s,) satisfies the following axiom:

) Uogetr(Sp)
(i) The union of the elements of any subclass of soft setst.(sp) IS INTx.(Sp) -

(iii) The intersection of the elements of any finite subclass of soft sets t..(sp) IS iNT&.(Sp) -

Specifically, t,.(s,) creates a NSTS over U with regard to (U, t., E) and its members are referred to
as Nano soft open sets in U with respect tos,, .

Let Nano soft topology may be denoted by NST and Nano soft topological space may be denoted by
NSTS for easy reference.

Definition 2.6 [2] If (U, t..,E) is @ NSTS regarding X and E where XcUand if f, c U, then the
Nano soft interior of f, is referred as the union of all NSO subsets of f, and it is denoted by Nint(f, )
ji.e, Nint(f, )is the largest NSO subset of f, . The NSC of f, is given as the intersection of all NSC

sets containing f, and it is denoted by NCI(f, ), i.e, Nint(f, ) is the smallest NSC set containing A.

Nano fuzzy topological space:

Definition 2.7 [3]:From Y to X, let rR" be a given arbitrary relation, then the lower and upper
approximation areas for the given fuzzy set r"and R" respectively satisfy the following properties:
forall wxec(y) where G(Y) is the set of all fuzzy subsets of Y:

M R
(i) R
Gi)  R(w)=R"(°)f

(iv)  w<a=R"(u)<Rr"(x)and similarly these conditions will be satisfied for r".

Definition 2.8 [3]: Let Y be a given set which is finite and R™ be the given equivalency relation on
Y,A<Y be a fuzzy subset andrt)(%)= ﬁx,ox,ﬁ"(x), R"(%).Bd(x){. Then 15(%) satisfies the

following, axioms:
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(0,1 e I(S)(K) where 0: A — lindicate the null fuzzy set and 1: A — lindicate the whole fuzzy set.
(ii) Arbitrary union of members of 75(%)is a member of 7 5)(%).
(iiii) Finite intersection of members of t5,(1)is a member of 7.(%)

e, r(j)(K)is a topology on X called the NFT on X with regard to & . We call (Y, r(s)(x)) as the NFTS.
The elements of the NFTS that is (%), are called Nano fuzzy open sets and elements of 75(%) are
called Nano fuzzy closed sets .

Let Nano fuzzy topology may be denoted by NFT and Nano soft topological space may be denoted
by NFTS for easy reference.

Definition 2.9 [3] Consider the NFTS (Y, t(x)) with regard toX , where 2 < Y. If & <Y, then the

union of all Nano fuzzy open subsets of & defines the Nano fuzzy interior of X , which is represented
by the notation Nfint (%)

Nano fuzzy soft topological space:

Definition 2.10 : Let R" be an given equivalency relation from X to Y. The lower (decreased) and
upper ( increased) approximation areas of a fuzzy soft set denoted by R"and R" respectively satisfy
the given following properties: for all f,,dg € Gg(X) where Gg(x) is the set of all fuzzy soft subsets

of X:

Definition 2.11: Let X be a given finite set and R" be an equivalency relation on X, let ?A <X bea
fuzzy soft subset and%s)(fa)- .0, R"(T, JR°(Fa) Balfa)}. ThenZ)(fs) satisfies the following,
axioms:

(i)0,1e %(3)(%;\) where 0:f, — | denotes the void fuzzy soft setand 1:f, — I denotes the whole fuzzy

soft set.

(ii) %s)(Fa) is the arbitrary union of members of 7)(f, )

(iiii) T()(fa) is the finite intersection of members of 75)(f, )
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e, %(3)(FA)is the given topology on X called the NFST on X with respect to FA. We call
( ,E(S)(FA), E) as the NFSTS. The elements of the NFSTS that is %(3)(FA), are called Nano fuzzy soft

~

- C
open sets and elements of r(j)(fA) are called Nano fuzzy soft closed sets.

Let Nano fuzzy soft topology may be denoted by NFST and Nano fuzzy soft topological space may
be denoted by NFSTS for easy reference. Let Nano fuzzy soft open sets be denoted by NFSO set and
Nano fuzzy soft closed sets be denoted by NFSC set.

Definition 2.12 : Let(X %)(fx ) E) be a NFSTS with respect tof, , and iff, < X , then Nfint(f, )
denotes the Nano fuzzy soft interior of f, and Nfcl (FA) denotes the Nano fuzzy soft closure of f, .
Definition 2.13: Let T, be a Nano fuzzy soft setina NFSTS (X, 7)(f4).E) Then the Nano fuzzy soft
closure and Nano fuzzy soft interior of FA is defined respectively as

NfCl (FA)z /\{@'B/ Jg isa NFSC setin X and fA < §B} Nﬂnt(fA): v{@B /ggisa NFSO setin Xand gg < fA}
Therefore, the smallest Nano fuzzy soft closed set is represented by Nfcl (f5) containing FA and the
largest Nano fuzzy soft open set is represented by Nfcl (f,) contained in FA.

3: Theoretical concepts of Nano fuzzy soft topological space
Theorem 3.1:

Let f, be a NFS setina NFSTS (x %
i) (Nane (5, ))° = nici{(5,)° )
iy (et (,))° = nnt (7, )° )

Proof:

((f).E). Then

3

iy Nfint(Fy )= v{ G / Gg isa NFSO setin Xand g < T } (Nint(Fy ) = (v {8 / G isa NFSOsetin X andgg < Ty })°
= {36 )1 (@ )° isa NFsCsetin xand(55)° = (7, |
-t (7))
)NTCI(Fn )= A{Gg / Tg isa NFSCsetin X andT, <G} (Nfi(Fr ) = (+ {5 /35 isaNFSCsetin Xand Ty < 3g })
= |@0)°1(58)° isanesosetinxana(7 ) = (55)° |

— e (7)° )
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Theorem 3.2 :

Letf, and h, be any two NFS sets in a NFSTS (x, ?(3)(?A ), E).Then
(i) T, < NfCI ()

(iyNic (7, ) is a NFSC set.

(iii) c1 (0)=0,c1 (1)=1

(iv) T, isa Nano fuzzy soft closed set if T, = NfCI ()

w) Nl (Nfl (F, )= Nfal (7, )

Wi)Nfcl (F,v hp )= Nicl (5 )v Nfcl ()

A

(vii) Nl (FAA ho ): Nfcl (?A)A Nfcl (ﬁo)
Proof:

(i) By thedefinition of Nano fuzzy soft closure.

Ty < NiCl ()

(ii) Since Nfcl (T, ) is the intersection of NFSC sets, Ncl (f, ) is a NFSC set.

(i) It is an obvious result.

(iii) Let f, be a NFS set.

Therefore

NiCl ()= T, (1)

Since Nfel(fy ) is the smallest NFSC set containing f:
= Nl (f, )< Tp @

From (1) and (2) we get Nicl () = T,

Conversely assume that NfCI (T, ) = T

since Nicl (T, )is the NFSC set

= FA is a NFSC set.

(v) Since Nfcl (7, ) is a NFSC set, by the above result we get

Nict (Nict (F, )= Nfal (fy)
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(Vi) Ty < To vhpandhp < T, vhp , Then Nicl (f, ) < Nic (f, v hp )

and Nfcl (h ) < NiCI (T, v hip)

Therefore  NfCl (T, )v Nicl (np )< Nfcl (T, v hp) @3)
fy <Nfcl (f, ) and hp < NiCl ()

Therefore T, v hp < Nicl (T, )v NIl (i) (3)

Therefore NfCI (FA)V NfCI (HD)isthe Nano fuzzy soft closed set containingf, v hpy

Therefore NfCI (fA v HD )isthe smallest Nano fuzzy soft closed set containing FA v g

Hence NiCl (T, v hp ) < Nicl (f, )v NfCl (hp) @)

From(3)and (4), NiCl (fy vip) = Nicl (T )v NIl (hp )

(i) f, Ah,<f,andf, Ah,<h,
)< )

Then NiCI (T4 Ahp ) < NICI (), and Nfcl (T, A hp )v NfCl (hp)

Therefore Nfcl (f, Afip ) < Nicl (f, ) NIl (7p)

4. Application of Nano fuzzy soft topology

Diabetes or blood glucose has become one of the common diseases among the folk. Glucose is the
main energy source of our body. The insulin, secreted by the pancreas, helps our cells absorb glucose
for energy. Diabetes is a result of insufficient insulin secretion. Diabetes increases the risk of kidney,
nerve, heart, and eye damage. There is a connection between diabetes and some type of cancers. The
risk factor of getting diabetes can be minimised or avoided by managing our diet in a balanced way.
Here, we employ a mathematical analysis to identify the fundamental elements of the disease-related
symptoms.

Mathematical Research Analysis:

15
Let Union:Upti represents the given set of patients & the condition attributes are given as IT-
i=1
Increased thirst, H-Hunger, F-fatigue BV- Blurred Vision, V-Vomitting and LW-Loss of weight.
Here C is the decision attribute = {diabetes} and pt: ={IT,H,BV,V,LW}, pt> ={IT,V,LW}, pts
={IT,H,BV,V}, pta={IT,F}, pts=={IT,F}, pte ={IT,H,F,V,LW}, pt;={IT,H,BV,V}, pte={IT,F,V},

pto={IT,F},ptio={IT,H,F,V,LW},pt11={H,F,V}pti={H,BV,V},ptis={IT,F} ptua={H,F,BV},ptis={IT
,V,LW?} be the symptoms of the patients considered.

Patients | IT |H | FA |BV |V | LW
pt1 Y|Y|- |Y |Y|Y
pt2 Y |- |- - Y|Y
pts Y Y- [Y [Y]-
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Pts
pts
Pte
pt7
pts
Pty
ptio
pti1 -
pti2 -
pti3 Y
ptia - |Y Y |- |-
ptis Y |- |- - YIY

<|<| <

<|=<]|"

_<
<|<|<]"

<| < =<|=<|=<|=<]=<

<|<|=<[=] "

<|<| <
<|<|<|"

<| <

Assume f, = {pts, pt2,pts, pts, ptio,ptis} be the set of patients having diabetes then U/R(C) = {{pt1,
pts, pt7}, {pt2, ptis}, {pts, pte}, {pts, pto, ptiz}, {pte, ptio}, {ptis, ptia}, {pti2}} and the required Nano
fuzzy soft topology is given by tr() (fA) ={U, ¢, {pt2, pts, ptio, ptis}, {pt1,pt2, pts, pts, pte, pt7, pts,
ptio, ptis}, {pty, pts, pts, ptz, pts}}-

Case 1: While the attribute " Increased Thirst " is extracted from condition attribute then U/R(c.im =

{{pt1, pts, pt7, ptio},{pt> ,ptis} {pts, pts, pto, ptis} {pts}, {pts, ptio}, {pti1, ptis}}, the lower
approximation area (decreased), upper approximation area (increased) and boundary sector are

denoted by Lc.im) (fA) = {pto, pts, ptio, ptis}, Uic-im (fA) = {pty,pt2, pts, pts, pts, pts, ptz,pte ,ptio, pti,
ptis, ptis}, Bicim (FA) = {pty, pts, pts, pts, pt7, pto, ptiz ptiz}. Therefore the required Nano fuzzy soft
topology is given by trec-1m) ( fA) ={U, ¢, {pt2, pts, ptio, ptis}, {pt1,pt2, pts, pts, pts, pts, pt7,pte ,ptio,
ptiz, ptis, ptisk,{pts, pts, pta, pts, ptz, pto, ptiz ptis}}. Hence tric-im ( . ) #re (fL).

Case 2: While the condition attribute "Hunger " is extracted from C then U/rc-Hy ={{p1, p3, p7}, {p2,
p1s}, {pa, ps}, {ps, po, P13}, {Ps, P10}, {p11, P14}, {p12}}, here the lower (decreased) approximation area,
upper (increased) approximation area and boundary region are given by Lc-n (f,) = {pt2, pts, ptio,
ptis}, U+ (f4) = {ptuptz, pts, pta, pts, ptr, pts, ptio, ptis}, Bewy (f,) = {pts, pta, pta, ptr, pts}.
Therefore the required Nano fuzzy soft topology is given by trcc-1 ) (fA) ={U, ¢, {pt2, pts, ptio,
ptis}, {pte,ptz, Pts, tpa, Pte, ptz, pts, ptao, ptas}, {pta, pts, pta, ptz, pte}}. Hence tric-m( fa) = tre) ()

Case 3: While the characteristic "Fatigue " is extracted from from C, then U/rc-r) ={{pt1, pts, pt7},

{pt2, ptis}, {pts, pts}, {pts, pto, ptis}, {pts, ptio}, {pti1, ptia}, {pti2}}, here the lower approximation
area (increased), upper approximation area (decreased) and boundary sector are denoted by Lc-ra) (

f,) = {p2, Pe, P10, P1s}, Ucray (fo) = {p1.p2, Ps, Pa, Ps, P7, Ps, P1o, Ps}, Bie-ray (Fo) = {p1, ps, pa, pr,
ps}. Therefore the Nano fuzzy soft topology is given by trc-ra ) (FA) ={U, ¢, {pt2, pte, ptio, ptis},
{pt1,pt2, pts, pts, pte, pt7, pts, ptio, ptis}, {pt, pts, pts, ptz, pts}}. Hence trc—ra)( fA) = TR(C) (FA)
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Case 4:While the attribute " Blurred vision" is extracted from C then U/rec- v) ={{pts, pts, pt7}, {pto,
ptis}, {pts, pte}, {pts, pto, ptiz}, {pts, ptio}, {pti1, ptia}, {pti2}}, here the lower approximation area
(decreased), upper approximation area (increased) and boundary sector are denoted by L(c-sv) (FA) =
{pt2, pts, ptao, pt15}, Uc-8v) (F, ) = {ptspt2,pts, pta, pts, ptz, pts, ptio, ptis}, Be-svy (F,) = {pts, pts,
pts, pt7, pts}. Therefore the Nano fuzzy soft topology is given by tr (c-Bv) (FA) ={U, ¢, {pt2, pts, ptio,
pts}, {pts, ptz, pts, pta, pts, ptz, pts, ptao, ptas}, {pt, pts, pta, ptz, pte}}.Hence tre-sv)( fa) =Ry (
f.).

Case 5:While the attribute "Vomiting" is extracted from C, then U/rc-v) ={{pt1, pts, pt7}, {pto, ptis},
{pts, pts}, {pts, pto, ptiz}, {pts, ptio}, {pt11, ptis}, {pti2}}, here the lower approximation, upper
approximation and boundary region are given by Lec-v) (f,) = {ptz, pte, ptio, ptis}, Urc-v) () =
{pt1,pto, pts, pts, pts,pt7, pts, ptio, ptis}, Bc-v) (fA) = {pty, pts, pts, pt7, pts}. Therefore the Nano fuzzy
soft topology is given by tr(c-B) (fA) ={U, ¢, {pta,pts, ptro, ptis}, {pts,ptz, pts, ptas, pte,ptz, pts, ptio,
ptis}, {pts, pts, pta, pt7, pt8}}. Hence trew)( F2)=  treo ().

Case 6:While the attribute “Loss of weight" is extracted from C, then U/r(c-Lw) ={{pt1, pt3, ptr}, {pt,
ptis}, {pts, pts, pts, pto, ptiz}, {pts, ptio}, {pti1, ptua}, {pti}}, here the lower approximation, upper
approximation and boundary region are given by L(c-Lw) (f, ) = {pt2, pts, pto, ptis}, Uc-Lwy (f,) =
{pt1, ptz, pts, pts, pts, pts, ptz,pts, pto,ptio, ptus, ptis}, Bic- Lw) (X) = {pt1, pts, pta, pts, pt7, pts, pto, ptis}.
Therefore the Nano fuzzy soft topology is given by trc-Lw) (?A )={U, ¢, {pt2, pts, ptio, ptis}, {pts,pt,
pts, pta, pts,pts, ptz, pts, pto, ptio, ptus, ptis}, {pts, pts, pts, pts,ptz, pts, pte, ptiz}}. TrRic-Lw)( fA ) #tRr(C) (
f,).

Core ={Increased Thirst , Loss of weight}

Therefore from the above observations it is clear that increased thirst due to frequent urination and loss
of weight are the main causes for the diabetes disease.

Conclusion:

Nano fuzzy soft topology can be used to find the key components for cause of various diseases, to find
the recovery rate of patients, to find the best cure among different medicines taken by patients and to
find suitable medicine to different categories of people.
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