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1. Introduction

Hankel matrices (and their determinants) hold significant importance in various mathematical fields
and find numerous practical uses. A closely related concept to Hankel determinants is the Toeplitz
determinants. Essentially, a Toeplitz matrix can be likened to an inverted Hankel matrix, as Hankel
matrices have constant entries along their reverse diagonal, while Toeplitz matrices maintain constant
entries along their diagonal. A comprehensive overview of the applications of Toeplitz matrices in
both pure and applied mathematics can also be located in reference [7]. They possess excellent
computational properties and are compatible with a wide range of algorithms and determinant
computations.

Let A signify the class of functions of the form
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f(z)=z+ 2 d,z". (1.1

which are analytic in the open unit disk D = {z: z € C and |z| < 1}. Further, represent by § the class
of all functions in A which are univalent in D and normalized by f(0) = 0 = f'(0) — 1. Also, an
significant class of functions will be called 2, P defines the family of functions ¢ with the limitations
that the image domain of ¢ ( ¢ is a convex function with Re(¢) > 0in ID.) is symmetric along the
real axis and star - like about ¢(0) = 1 with ¢p'(0) > 0. We say that for f;, f, € A, an f; is subordinate
to f, and write f; (z) < f,(2), if and only if there exists w, analytic in D, such that w(0) = 0, [w(2)| <
1for |z| < 1and f;(2) = f,(w(2)). In particular, if £, is univalent in D, then we have the following
equivalence:

f1(2) < f2(2) = £1(0) = f>(0) and f1(|z] < 1) < fr(|z] < D). (1.2)

Two of the most important and well - investigated subclass of univalent functions are the class s*(«)
is the class star - like functions of order a, (0 < a < 1) is defined by

S*(a) = {f € A:Re (Zf,(z)> >a, (z€ ]D))}. (1.3)
f@) ’
The class K (a) c § of convex functions of order a, (0 < @ < 1) is defined by
_ _ zf" (2)
K(a) —{fecfl. Re<1+ ) >>a, (ZE]D))}. (1.4)
The class V(a) c § of closed - to - convex functions of order a, (0 < a < 1) is defined by
V(a) = {f € A:Re (zf’(z)) >a, (z€ lD))}. (1.5)
9(2) '

where g(z) = z + Y 5=, b,z™ belongs to star - like functions and so on.

Let P be an analytic and univalent function with positive real part in D, p(0) = 0,p’(0) =
1,Re(p(z)) > 0 and P maps the unit disk D onto a region of star - like function with respect to
symmetric points of the real axis. The Taylor series expansion of such that function.

P =1+ ) pad, Ipal <2 (1.6)
n=1

where all the coefficients are real and p; > 0. Throughout this paper we assume that the function p
satisfies the above conditions unless otherwise stated.
By §*(p) and K (p) we denote the following classes of function

5*(p) = {f € A:Re (Z;éz)> <p(2), (z € ]D)}. (1.7
K(p) = {f € A:Re <1 + Z;é?) <p(2), (z € ]D))}. (1.8)
384
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The classes §*(p), K (p) are the extension of classical set of star - like and convex functions (e.g., see
Ma and Minda [31]). These functions serve as the common source from which these subclasses inherit
their properties and all took their sources from the class of Caratheodory function 2. The work of
Sokol and Stankiewicz [19], introduced a class denoted as S £*, which comprises normalized analytic
functions f in D satisfying the condition

<1

lzf’<z>r .
f(2)

This class is referred to as Sokol - Stankiewicz star-like functions. Additionally, Raza and Malik [17],
have determined the upper bound of  the third Hankel determinant

H;(1) for the class S £*. Furthermore, Sahoo and Patel [18] obtained some upper bound to the second
Hankel determinant for the class

R={feA|f' (-1 <1, (z€ D)} (1.9)

Motivated by the above-mentioned works obtained by earlier researchers, Trailokya Panigrahi and
JanuszSokol [12], introduce the following subclass of analytical function.

Definition 1.1. A function f € A is said to be in the class AR}, 0 < A < 1, if it satisfies the condition

2f'@ 1,
(1—/1)f(Z)+/12] -

<1, (zeD). (1.10)

The family A (4) of new subclasses in analytical functions of type 4; 0 < A < 1 provides a transition
from the class of star - like functions to the class of functions of bounded boundary rotation. To see
this, we note that for the choice of A = 0, we have A (1) = §*(0) = §* the class of star - like functions

f € A,sothat R (sz') > 0 in D for the choice of 2 = 1, we get the family of functions R of functions

f € A, of bounded boundary rotation so that R(f’) > 0 in D. (For further details see [3].)
Note that for A = 0, the class ARy, reduces to the class SL*, studied by Raza and Malik [17] and
while 1 = 1, the class AR, reduces to R studied by Sahoo and Patel [18]. In terms of subordination,
relation (1.10), can be written

zf'(z)
(1= Df(2) + 1z

In this research paper, we setout on an investigation into the determinants of symmetric Toeplitz
matrices, where their entries represent the coefficients a,, of star - like and close - to - convex functions.
Toeplitz matrices are extensively studied structured matrices with applications in various fields such
as mathematics, statistics, image processing, quantum mechanics and more (e.g., Ye and Lim [4] ).
We recall the definition of the Hankel determinant

AR) = <p(2), (z € D). (1.11)

an Apy1 oo Aptk-1
Aptq Apy2 "o Antk
H,(n) = : : : . (1.12)
Apik-1 An+k  °° Any2k—2
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for example,
a; a; das
mo =l Sne-[7 Gno-le @ o a
and define the symmetric Toeplitz determinant
an Aps1r ° Onik—1
Tmy=| " T (1.14)
An+k-1  An+k " an
for example,
o a @ a a, as au 1 a, a3
L@ =g o e® = 4l T@=|s @ & nm=le 1 o @15
a, as a a; a, 1

For f € A, the problem of finding the best possible bounds for ||a,.+1| — |a,|l has a long history [3].
It is well - known [3], that ||a,,+1| — |a,|| < C; however, finding exact values of the constant C for A
and its subclasses has proved difficult. It is clear from the definition that finding estimates for T (n)
is related to finding bounds for |a,,; — a,]|.

The pivotal moment in the exploration of univalent functions occurred in 1985, when Louis de Branges
successfully proved the renowned Bieberbach conjecture, |a, | = n for n = 2 [22]. While this marked
the conclusion of an era, numerous unresolved issues persist, including the notable Zalcman
conjecture, which pertains to the coefficients a,,. One such is the Zalcman conjecture is

la, —azp_1l < (n—1)%, (n € N,n > 2). (1.16)

Formulated in the early 1970s, Krushkal [23]., made significant strides in this direction, employing the
complex geometry of the universal Teichm™ Gller space. In 1999, a broader perspective on the
Generalized Zalcman conjecture was introduced by Ma [24]. The Generalized Zalcman conjecture is

laman, — Gpan-1l < (m—-1)(n—-1),(m,n € N,m = 2,n = 2). (1.17)

Ma [23] successfully resolved the open problem within the realm of star-like functions and univalent
functions with real coefficients. Ravichandran and Verma, as documented in [27], also tackled and
closed the issue for star - like and convex functions of specified order, as well as for functions
characterized by bounded turning. Ozaki and Nunokawa, as outlined in [25], established the univalence
of functions within this class, deviating from the conventional characteristics observed in other
univalent functions. Unlike the broad category of star - like functions, these exhibit unique patterns,
adding intrigue to their study.

The class D, being distinct, has garnered substantial interest over the previous decades. Chapter 12 of
[28], provides a comprehensive summary of the noteworthy findings in this field. We have

abl —a?" V| < 20D _ 2P (mn e N,m = 2,n = 2). (1.18)
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over the class ID for the cases n = 4,p = 1 and n = 5,p = 1. This inequality was introduced by
Krushkal and proven for the whole class of univalent functions [23].

2. Definitions and Preliminaries
Lemma 2.1. [17] Let p € P, be given by (1.6), then
lpn] < 2,vn €N. (2.1)

and

1 2 1 2
P2 —5Pi SZ—EIpll : (2.2)

Lemma 2.2. [30], [16]
Let p € P, be given by (1.6), then for some complex valued x with |x| < 1, some complex valued g
with |o| < 1 and some complex valued ¥ with || < 1.

We have
2p, =pi+x(4—p?) (2.3)
4ps =pi +2(4 —pDpix —p1(4 —pDx* + 2(4 —pH (1 — |x|De (2.4)
8p, =pi+ (4 —pHx[pi(x? — 3x + 3) + 4x] (2.4)
—4(4 —pP)(1 - |x|P)[p(x — Do + x> — 1 — |o|*Y]. (2.5)

3. Coefficient estimates for Toeplitz determinant A(4)

In our first theorem we determinant a sharp bound for the coefficient body T, (2).
Theorem 3.1. Let f given by (1.1), be in the class A(4); (0 < A < 1). Then we have sharp bound

o)) = 2 — a2] < —t— max| 1, [FA04 = 604" + 20
2 — 143 2 _(A+2)2 ’ (/1+1)4

Proof. First note that by equating the corresponding coefficients in the equation

zf'(2) _
A-Df@)+Az p(2) (3.1
we get
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_ b1
a, =T 1 (3.2)
_ pi(1-2) b2
B EArDar2) A2 33)
W = pi(1-2)? Pip2(1-DB+2D  ps (3.4)
T A+DA+2)(A+3) A+ DA+2)A+3) A+3’ '
_ pi(1—2)° pip2(1—A)*(3 +22)
% = A+DA+2)(1+3)(A+4) * A+1DA+2)(1+3)(A1+4)
pip3(1—2) pip2(1 - 2)? p3(1-2) p1p3(1—2)
A1+3)A+4) A+DA+2)1+4) (A+2)(1+4) QA+DH(A+4
D4
+/1 e (3.5)
In the view of (3.2) and (3.3), a simple computation leads to
02—k = pi _pid-A*  2ppi(1-2) pi (36)

1+2)2 A+2)2(A+1)2 (1+2)2(1+1) B A+ 1%

Note that, by Lemma (2.2), we may write 2p, = p? + x(4 — p?), where without loss of generality,
we let 0 < p; = p < 2. Substitute this into the above equation we obtain the
following quadratic equation in terms of x.

2 2 (4pd)° 5 | P(4-pD)@-3) | p*[p2(A*-443-222+12249)-4(A+2)°(A+1)?]

az —az = 4(1+2)2 2(A+2)2(A+1) X+ 4(A+2)2(A+1)* (3.7)
Using the triangular inequality, we gain
a2 — a2 < (4-p2)° | p2(4-p2)A-3) | p?[p?(A*-4A3-242+12A+9)+4(A+2)2(A+D)?]
az —dzl = 4A+2)2 ' 2(A+2)2(A+1) 4(A+2)2(A+1)*
=Y(p,A). (3.8)
Differentiating Y (p, 1) with respect to p, we obtain
d(Y(p,A))  [16p* + (24> — 81— 8) -
ap P G+22@+1)2 (3:9)
Setting a(%z,a)) = 0 yields either p = 0 or
,  22*-81-8 310
but —[242 —81—-8] <0for0 <A< 1.
388
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Voa242)+4

(o] 0.2 0.4 0.6 0.8 1

Figure 1. Graph of the bound —212 + 81 + 8 in the range A € [0,1].

Therefore, the maximum value of |a? — a?| is attained at the end points p; = p € [0,2].
For p; = 0,p, = 2x. Then, we have (3.6).
4|x|? 4

2 _ 42] — < A1
la5 — a3] (A+2)2 (A +2)2 (31D

For p, = p, = 2, we get

2

a, = m (312)
_4(1-2) 2
U= Troan | ez (3.13)
which yields,
@ — a2 < —402% — 6042 + 20 214
BRI TAT D'+ 2)? (3.14)
The result is sharp for the functions given by
zf'(z 14z
/(@) = (3.15)

A=-NDf(2)+1z 1-1z
Remark 3.2. Theorem (3.1), for A = 0 yields the bound |a3 — a3| < 5 for the class of star - like
function §* conforming the bound obtained by Thomous and Halim [1] and for A = 1 yields the
bound |a3 — a3| < %for the class of functions with bounded boundary rotation R conforming the
bound obtained by Radhika et al. [2].
In our next theorem, we determine an upper bound for the coefficient body T, (3).

Theorem 3.3. Let f given by (1.1) be in the class A(4); (0 < A < 1). Then we have sharp bound

4
IT.(3)1 = laf - a3 < max {1648, (1) ~ 16R. (D), 77 573)

At — 1423 4+ 731% — 1681 + 144
16(1+ 3)2(A + 2)2(A + 1)?
A2—61+9

41+ 2)2(A + 1)?

R, (1) =

R,(1) =
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Proof. First note that by equating the corresponding coefficient in the equation (3.1). In the view of
(3.3), (3.4) and applying Lemma (2.2), denoting X = 4 —p? and Y = (1 — |x|?)e,
where 0 < p < 2and |g| < 1, we get

A*— 1423 + 7312 — 1681 + 144] 6 l —22+61-9 X%y? p1x2X2Y
1

4
16(A 1+ 3)2(A+ 2)2(A + 1)? 20+ 220+ 02" T332 Tag 3y
—A24+21+5 ]

tzavararnar | XY
[ A2—71+12 1 pixtX?
+ piXY + —————
[4(A+3)2(A+2)(A+ 1) 16(1+ 3)2
[ -2 +22+5 ], L,
Tlagrrarnar /P
[A* — 423 — 612 + 201 + 25
A+ 32+ 2)2(A + 1)?
x2X? 22— 720+ 12
T T lS(/l 132+ )+ 1)
[—,14 +92% - 214% — 114 + 60]

a3 —a3 =

2,2Yy2

+ pix“X

prx?X

pixX

44+ 3)2(A + 2)2(A + 1)2
3-1
T2ar DAt 22

]pfo.

As in the proof of theorem (3.1). Note that, by Lemma (2.2), where without loss of generality we let
0 < p; = p < 2. Substitute this into the above equation, we get the following quadratic equation in
terms of x.

Q2-p?@-p»? , (A2+21+5)4—-p*)(p* - 2p)
6a+32 Mt T g ya+ 0

N (A2 -71+12)(4 - p®)(p - 2)p° [/14 — 423 — 6A% + 201 + 25
] 8(1+3)2A+2)1+1) 4A+3)2(A1+2)2(1+ 1)?

[p(4 — p?)? A2+21-1

21+ 3)% [4(,1 Tararar|¢T pz)z] Jf?

(3= —pp? (22 +22+5)d—pHp  —A*+92° —2122 — 114+ 60 ,

H T R R [ [ e A S S Vo 4-p )] al

2 —71+12 (4 -p*?
HR(DP" = Re(@p*l [4(/1 g nar|P 4P taar e
= 0(p, [x])

Where,

lai —a3| <

|x|?

p*(4 —pz)] |x|?

+

At — 1423 4+ 731% — 1681 + 144
16(1 + 3)2(1 4 2)2(1 + 1)?
A2 —61+9

4(1+ 2)2(1 + 1)2

R, (1) =

R,(1) =
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It is necessary to prove that the maximum value of (p, |x|) on [0,2] x [0,1]. First, assume that there
is @ maximum at an interior point @(p,, |x,|) of [0,2] x [0,1]. Differentiating O(p, |x|) with respect
to |x| and equating it to O implies that p = p, = 2, which is contradiction. Thus, for the maximum of
O(p,|x]), we need only to consider the end points of [0,2] x[0,1].
For p = 0, we obtain

oo,y = A 40P H2 =D 4 4 316
(A+3)2  (A+3)(A+2)?2  (A+3)2 ~ (A+2)
For p = 2, we obtain
(2 |x]) = |64R; (1) — 16R, (1)) (3.17)
For |x| = 0, we get
0, 0) = IR, p* ~ R p + [t -t + B @

which has the maximum value |R;(1)p® — R,(1)p*| on [0,2].

For |x| = 1, we gain

2-p)*@4-p»? (2 +22+5)(4—-p*)(®*-2p)
16(1 + 3)? 4A+3)’(A+2)A+ 1)

(A2 =72+ 12)(4—p))(p — 2)p® [A1* — 423 — 612 + 201 + 25
T zara+ny [4(/1 132+ 22+ 1)°
[p(4 — p?)? A2+21-1
1A +3)7 [4(/1 320+ 2)2] 4= pz)z]

(B-D@—pp? (22 +22+5)4—pHp —A*+92% —2122 - 114+ 60 ,
H D D R D R [ e A L S Vi 4-p )]

2 —71+12 (4 -p*)?
HR(DP" = Re(@pl [4(A T oarn|P TP i e

O(p, 1) =

p*(4 — pz)]

+

which has the maximum values |64R; (A1) — 16R, ()| for p = 2 and ﬁ forp =0

Remark 3.4. Theorem (3.3), for A = 0 yields the bound |a3 — a3| < 7 for the class of star - like

function §* conforming the bound obtained by Thomous and Halim [1]. and for A = 1 yields the

bound |a — a3| < %for the class of functions with bounded boundary rotation R conforming the
bound obtained by Radhika et al. [2].

Theorem 3.5. Let f given by (1.1), be in the class A(4); (0 < A < 1; 4 # A;). Then we have sharp
bound

BIRAI) |
a, as Qu max{|R(/1)U(A)|,m}, if A # A
|T5(2)| = < az a; as > < 8|B(D)|
a, az 4a max{|U(/1)B(A)|,m}, if A= /10
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Where 1, = 0.5 is the positive root of the polynomial 24x — 12 = 0,
24x — 12

R(A) = 3.19
) A+3)1+2)(A1+1) (319
Q) = 4(82% + 321 — 18) (3.20
( A+ 3)(A+2)2(A + 1)2 20)
BA) = 4% — 41 + 36 321
()_(;1+3)(/1+2)(/1+1) (.21)
Proof. Write
IT5(2)| = |a3 — 2a,a% + 2a3a, — aya,l (3.22)
= |(ap — ay)(a — 2a5 + aya,)| (3.23)
Using the same techniques as the theorem (3.1), one can obtain with simple computations that
Iaz - a4,| S |R(A)| fOI‘/l ¢ Ao. (324‘)
We need to show that
las — 2a3 + aa,| < |U(I D). (3.25)
In the view of (3.2),(3.3), (3.5) and Lemma (2.2), where we denote X = 4 —p?andY =
(1 —|x|*)e, where 0 < p < 2 and |g| < 1, one may easily get
-3+ 22+ 161 - 30 p? p2Xx?
2 _ 9,2 — 4 _
@z =205 + a2l = | G T G 220 1)Zl Pt T2
XYp, X2x? N A3 +212-91-8 2y
e e+ 20127 20+ @t 2rar 02| Pt
Applying the triangle inequality and assuming that p;, = p, where 0 < p < 2, we obtain
2(4 — p2 2(4 — p2 4 — p2?
@2 — 203 + aya, < prd-p7) . pG-p) ( p:)? NE
[4(A+3)(A+1) 2(A+3)(1+1) 2(/1 + 2)2
p(4—p?) p’

+

[ 2*+222-91-8 ,
[Z(A THarnarz|P¢ )
[ —A3+ 2%+ 161 —30 .
1A+ 3)A+ 22+ 1)Zl p
=Y. |x])

We have to prove that the maximum value of W(p, |x|) on [0,2] X [0,1]. First, assume that there is a
maximum at an interior point W(p,, |x,|) of [0,2] X [0,1]. Differentiating W(p, |x|) with respect to | x|
and equating it to O implies that p = p, = 2 which is contradiction. Thus, for the maximum of

Y(p,|x]), we need only to consider the end points of [0,2] x[0,1].
For p = 0, we obtain

Mt v+ T are

+

8|x|? - 8

YO =m e aro?

(3.26)
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For p = 2, we have

4(81% + 321 —18)

YeRD = narorerny - YW (3.27)
For x = 0, we brought
| p? p(4 —p?) - +2%+161-30
Yo.0 = ot aarar D T iasnar oras 02 (328)

which has the maximum value W(p, 0) = U(A) attained at the end point p = 2. Hence, for |x| = 1,
we obtain

Wy 1= | p*(4 —p?) p’(4—p?)  (4—p?)?

D= a0+ 205G D 20+ 2y
A3 4+212-91 -8 p(4 —p?) p
Tarnar 2+ 1)21’7(4 Pt nar D T ar 0
[ -3+ 22+ 164 —-30
1A +3)A+2)2(A + 1)Zl

2

4

+ pr.

which has maximum ¥(p, 1) = i

atp=0and¥(p, 1) =U) atp = 2.

(A+2)2
2 —2a3 < uia 8 3.29
la3 — 2a3 + aza,| < maxj| ()Lm- (3.29)
Thus
8IR(A)|
IT5(2)| = |(az — ay)(@F — 245 + aza,)| < maX{IR(A)U(A)I.m : (3.30)
For the case A = A,, we compute |a, — a,| as follows
3(1-2)? 1-A1)(3+21
0y — ay| = |2 - pi(1-4) 4 Pp2(1 =) ) | _Ps (3.31)
A+1 [(A+3)1+2)1+1) A+3)1+2)1+1) 1+3
Since each |p,| < 2, an application of triangle inequality shows that
| | < |B(D)| = 42%2 — 41 + 36 332
G2 ™l = T A+3)A+2A+ 1) (332)
Therefore,
8|B(A)]
IT3(2)| = [(az — as)(af — 205 + aza,)| < maX{IU(A)B(A)I,m : (3.33)

This completes the proof the Theorem (3.5).

Remark 3.6. Theorem (3.5), for A = 0 yields the bound |T5(2)| < 12 for the class of star - like
function §* conforming the bound obtained by Thomous and Halim [1]. and for A = 1 yields the bound
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|T5(2)] sg for the class of functions with bounded boundary rotation R conforming the bound
obtained by Radhika et al. [2].

Theorem 3.7. Let f given by (1.1), be in the class A(4); 0 < A < 1. Then we have sharp bound

1 a, a3

|T5(1)| = ( a, 1 a, ) < max{l +—,|N(/1)|}
a; a, 1 41+ 2)?
Where,
A5+ 7244723 — 1122 — 442 + 32
NQA) =

(1+2)2(1+1)3
Proof. Expanding the determinant by using equation (3.1), we get (3.2) and (3.3), we have
T;(1) =1+ 2a3(a; — 1) — a3

B 2p7 pi(1-2) 12

_1+(/1+1)2<(,1+2)(/1+1)+/1+2_1>

_[pad-n P 2(1 = Mpip,
A+22A+12 T G+22 TG+ 22+ 0|

=1+I—/13+/12+/1+15 p4+[ A2 +1
4A+2)2(A+ D37 T [20+2)2(1+ 1)2
2p} x2X?
A+ 1?2 4 +2)?
Note that, by Lemma (2.2), without loss of generality we let 0 < p; = p < 2. Substitute this into the
above equation and applying the triangle inequality, we obtain the following quadratic equation in
terms of x.

pixX

'4_22 24_212 1
T3(1)§( p)l|x|2+lp( p?)( +)lII

21 + 2)?2 200+ 2)2(A+ 1)?
[ 8A+2* A+ 1D+ (A + A2+ 1+15)p* |
40+ 2)2(L + 1)3 P l

+[1+

[4-pD ] [p2(4—-pDHA2+1)
B =a7 Z)Zl l 200+ 2)2(A + 1)?
L BAH DA D A H R A+ I
T 41 +2)2(A + 1)3 p l

= Z(p, 1).
Differentiating Z(p, 1) with respect to p, we obtain
0EMD D)  [p?(=22% + 2% + 22 + 14) + (42° + 122% + 241 + 16)
ap P A+ 2)2(A + 1) '

9(E(p,4)
op

(3.34)

Setting = 0 yields either p = 0 or
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,  —42%— 1202 — 241 - 16

P T 22+ 20+ 14 (3.35)
but —443 — 1242 —241—-16 <0for0 <A< 1and
therefore the maximum value of T5(1) is attained at the end points p; = p € [0,2].
Figure 2. Graph of the bound —443 — 1242 — 241 — 16 in the range 1 € [0,1].
For p;, = 0 and p, = 2x. Then, we have
14202 —1) a2 =1 g, 4 3.36
4213 L I VN G WA PR (3:36)
In the view of (3.2), (3.3) and p; = p, = 2, we get
. — 32(1—2) N 16 237
LB T A+ A+ DA+ D2 (3:37)
-8
22 =~
2a2 VR (3.38)
16(1 — 2)? 4 16(1 -4
—a? =— a-4 _ — ( ) . (3.39)
A+2)A+1)?%2 2+ (A+2)2(A+1)
Substitute the values of (3.37), (3.38) and (3.39) in (3.22), we may get
1+ 2a2(as — 1) 2|</15+7/14+7/13—11/12—44/1+32 <N 3.40
42143 a3l = A+ 2)2(A + 1)3 =TV (3.40)
where,
NG = A5+ 7%+ 723 — 1142 — 441 + 32 341
- (A+2)2(1+1)3 ' (3.41)

This completes the proof of the theorem (3.7).

Remark 3.8. Theorem (3.7), for 2 = 0 yields the bound |1 + 2a3(a; — 1) — a3| < 8 for the class of
star - like function §* conforming the bound obtained by Thomous and Halim [1]. and for
A = lyieldsthe bound |1 + 2a3(a; — 1) — a3| < 1793forthe class of functions with bounded boundary

rotation R conforming the bound obtained by Radhika et al. [2].
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4. Zalcman Conjecture For the class A(4)
Theorem 4.1. Let f given by (1.1), be in the class A(4); (0 < A < 1). Then we have sharp bound
5 2 T(A)
laz = s Sr’m"x{(,uz)'(/w1)2(A+2)} .1
where
TA) =2(1%2+1) (4.2)

Proof. First note that by equating the corresponding coefficients in the equation (3.1). We get, in the
view of (3.2) and (3.3), a simple computation leads to

2 ]2_ pil-b 1
A+ T @+ DA+2) T 1+2

a%—a3=[

Py pi-dH
S A+D2 A+DA+2) A+2

Note that, by Lemma (2.2), we may write 2p, = p# + x(4 — p%), we can easily get
3 A2+1 X Xx
T za+rna+|Pr T 2a+2)

(4.3)

(4.4)

Without loss of generality, we let 0 < p; = p < 2. Substitute this into the above equation, we obtain
the following quadratic equation in terms of x.
4 — p? A2 +1

a3 — as =2(A—f2)|x| + [2(“ ol

= ¥(p, |x|). (4.6)

We required to prove that the maximum value of ¥(p, |x|) on [0,2] X [0,1]. First, assume that there is

a maximum at an interior point ¥(p,, |x,|) of [0,2] x [0,1]. Differentiating ¥(p, |x|) with respect to
|x| and equating it to 0 implies that p = p, = 2 which is contradiction.

(4.5)

Thus, for the maximum ¥(p, |x|), we must consider the end points of [0,2] x [0,1]. For p = 0, we
obtain

2
i e —— L a—
For p = 2, we owe
v ) = [2A+ D (48)
’ A+ 121+ 2)| '

For |x| = 0, we receive

¥(p,0) = A +1 p2. (4.9)
’ 20+ 1)2(1+2)

396
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. . |7 (D)) . ; —
which has maximum value EFETTIEIS) attained at the end point p = 2.
For |x| = 1, we obtained
¥(p,1) = Al il 4.10
@Y= gy a+o|P T2a+n (4.10)
- : 2z T _
which is maximum value of ¥(p, 1) = Tatp = 0 and D) at p = 2. Hence
2 17D
2 _ <
laz = as| < max{z}(a +2) A+ D2(A+ 2)} (41D
where
T =2(12+1) (4.12)
Theorem 4.2. Let f given by (1.1), be in the class A(4); (0 < A < 1). Then we have sharp bound
. (3+21)4 6 1G]
|a3—a5|Smax{ + , }
A+2)A+4) A1+4"A+D?2(A+2)2A+3)(1+4)
where,
G(A) =2(2° —72* + 1523 + 1242 — 1041 + 96) (4.13)

Proof. First note that by equating the corresponding coefficients in the equation (3.1). We get, in the
view of (3.3), (3.5) and Lemma (2.2), we may write 2p, = p? + x(4 — p?),Y = (1 — |x|?)e, asimple
computation leads to

X [ =72*+152% + 124* — 1041 + 96] ,
BT D2+ 22(A+ A+ 4 |
+- 3+21 2x2 4 —A2+81+17 2 2y
22+ @+ 0l” 81+ DB+ )@+ |
—7A% + 22% + 351 + 58 5 A2 —21-7 pix3X
+ p1XX+ plXY__
81+ D2+ DB+ DA+ D) 20+ DA +3)A+4) 8(1 + 4)

x2X N xXYp, N XYx
20+4) 2(0+4) 21+4)

Without loss of generality, we let 0 < p; = p < 2. Substitute this into the above equation, we obtain
the following quadratic equation in terms of x.
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p’(4-p») pl- pz)] xf?
8(A+4) 2(1+4)

(B+20)(4—pH? (A +82+ 17 —pDp? (G4 -pHX], ,
42+ D4+ A) 8(1+H(A+3)(A+4) 2(,1+4)]|x|
[((4—-p*) (P -22-7plAE-pI)]|,
200+4) 20+ DA+3)@A+ 4)] &l

—723 + 2% + 351 + 58 p(4 —p?)
l8(/’1 TDararnar P 4P oaT
(A5 — 72% + 1523 + 124% — 1041 + 96

|a§_a5|§l

+

+

|x|

+ p*
B DA+ 222+ DA+ D
2_21—7 . (4—p))F
t2arnaraa oY) T ey
= C(p, Ix]).

We want to prove that the maximum value of C(p, |x|) on [0,2] x [0,1]. First, assume that there is a
maximum at an interior point C(p,, |x,|) of [0,2] x [0,1]. Differentiating C (p, |x|) with respect to |x|
and equating it to O implies that p = p, = 2 which is contradiction. Thus for the maximum of
C(p, |x]), we need to consider the end points of [0,2] x [0,1].

For p = 0, we obtain

€0, [x]) = (3+21)4 2 _| 2+[ 4 ” 2 _
D= loars " ara | T zarall ! Tzar”
- (3+21)4 N 6 114
T (A+2)1+4) (1+4) (4.14)
For p = 2, we acquire
1G]
c(2, = 4.15
@D = ar o 0+ 4 (4.15)
where,
G(A) = 2(A° — 74* + 1523 + 1242 — 1041 + 96) (4.16)
For |x| = 0, we attained
_ [A5-72*+1523+1222-1042+96] 4 -A%2-21-7 2
C(p,0)= (A+1)2(A+2)2 (A+3)(1+4) ]p [2(,1+1)(,1+3)(,1+4)] p(4—p%). (4-17)
For |x| = 1, we have
398
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Cp.1) = p’(4—p?) p&-p?)
PUTI80+4) 200+ 4)
N [(3+21)(4—p?)? (—22+81+17)(4—pH)p? (4 -pd)x
| 42+ D)@+ ) 81+ M)A +3)(A+4) 20+ 4)
N [(4—p*>) (1*—21-T)p4-p?)
2(A+4) 2A1+1)(A+3)(A+4)
—72% +22% + 351 + 58 4 —p?
8L+ 1A +2)(A+3)(A+4) 2(1+2)
(A% — 72* + 1523 + 122% — 1044 + 96] , —22 =217 o A—p?
+ p* + p(4—p*) +5——.
BA+1)2(A+2)2(1+3)(A1+4) 20+ +3)(41+4) 20+ 4)
(4.18)
. . G ; i —
which has maximum value T TE 7 FEN 7YY attained at the end point p = 2 and
(3+21)4 6 _
(A+2)(1+4) T (A+4) atp =0.
5. Generalized Zalcman Conjecture for the class A(4)

Theorem 5.1. Let f given by (1.1), be in the class A(4); (0 < A < 1). Then we have sharp bound

|H (D] }
A+3)' (A+ 121 +2)(1+3)

la,a; —a,] < max{

where
HA) =2(—23+ 4212 =51+ 6) (5.1)

Proof. First note that by equating the corresponding coefficients in the equation (3.1), we bring, in
the view of (3.2), (3.3) and (3.4), a simple computation leads to

aa_a_[pl] pil-A

2B MDY+ DA +2) T a+2f

_ pi(1—A)? pip(1-DB+2D) | ps 52)
A+1DA+2)(A1+3) A+1DA+2)(A+3) A+3| '

Note that, by Lemma (2.2), we may write

_ _ p1Xx? XY [ A2-21-2 ] % +[ -234+42%2-51+6 3
203 = 4 = avs T 2ars) | Larnarnarnl P T lsgrnzarnarsl P

Without loss of generality, we let 0 < p; = p < 2. Substitute this into the above equation, we obtain
the following quadratic equation in terms of x.
p(4—p*) (4—p?) 2 22 —2=2
4(1+3) 2(1+3) al 2+ 1DH(A+2)(1+3)
—A3+412-51+6 ., 4-p°
+ _—
41+ 1D2(A+2)(A+3) 2(A1+3)

lazas — ay| < [ (4 —p*axp

p°+ =£(p, |x]) (5.3)
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We prove that the maximum value of £(p, |x|) on [0,2] x [0,1]. First, assume that there is a maximum
at an interior point £(p,, |xo|) of [0,2] x [0,1]. Differentiating £(p, |x|) with respect to |x| and
equating it to 0 implies that p = p, = 2 which is contradiction. Thus, for the maximum of £(p, |x|),
we need to consider the end points of [0,2] x [0,1]. For p = 0, we obtain

—4 4 4

= 2 <
EQ D =0 Y oars S 173 4
For p = 2, we obtain
2 _2(=2*+42* —-51+6) .
@D =i raraa+3) (5-3)
For |x| = 0, we get
£(p 0) = —23+422-51+6 . 4—p? >
@0 = s a+rna+3|P T2a+9 (5-6)
. . |H DI ; ; — = i
which has maximum value GTIRG D03 attained at the end point p = 2. For |x| = 1, we obtain
p(4—p*) (4-p?) A —A=2
£(p, 1) = = (4—pHp
4A+3) 21 +3) 21+3) 1+ 1)
N -3 +41* —51+6 3, 4 — p? c 7
10+ D2+ 0+ )P T2+ .7
. , 4 _ @ _
which is maximum value of £(p, 1) = oAty = Oand £(p,1) = D201 atp = 2.
Hence
a,as — a,| < max )] (5.8)
2rs Tl = A+3) A+1D2A+2)1+3)]° '
HA) =2(-23+4212-51+6). (5.9)
Theorem 5.2. Let f given by (1.1), be in the class A(4); (0 < A < 1). Then we have sharp bound
la,a, — az| < max 4 0@l
are TeL= A+2) A+ 1D2A+2)A+3)A+4))
where,
J) = 2(A* — 913 4+ 2912 — 451 + 36). (5.10)
Proof.

First note that by equating the corresponding coefficients in the equation (3.1). In view of (3.2), (3.4)
and (3.5), we may write 2p, = p? + x(4 — p?),Y = (1 — |x|?)e and applying Lemma (2.2), a simple
computation leads to
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A*—923+42922-452436 1 4
8(/1+1)2()l+2)(l+3)(l+4)]

31%+1113+912-351-6 -A%2+61+9
+[ (/1+1)2(/1+2)(A+3)(A+4)] p1x +[ 8(A+1)(1+3)(1+4)

a,a, — as = [

pix2X

32%2+71+3 »2X2 — pix3X
+ [2(/1+1)(/1+3)(/1+4) r+ [4(/1+2)(/1+4) 8(A+4)
- Zb XE (5.11)

2(A+4) 2(A+4)  2(A+4)

Without loss of generality, we let 0 < p; = p < 2. Substitute this into the above equation, we obtain
the following quadratic equation in terms of x.

< p’(4—p?) pGd-p?) W
SI= g+ 20+ |

[(—22+61+9)(4—p?p? 4 -—p? 5
HEEDEDIED 2(A+4)l &l

I Tl 0 S e S 0 G 0 O Gt O ]2
12+ DA+4) 20+ DA+3)(A+4) 200+ 4)

(314 + 110° + 942 =350 -6 . p4—p?)
tsar g oo Har P TP 2(/1+2)l| *|
[ 342+ 71+3 5
Tl2arna+r 3)(/1+4)lp(4_p )

(4—pHx [ A*—92% +2922-451+36 | ,
200+ 4) [8(A+1)2(/1+2)(/1+3)(/1+4)lp
= A(p, |x). (5.12)

We need to prove that the maximum value of A(p, |x|) on [0,2] x [0,1]. First, assume that there is a
maximum at an interior point A(p,, |x,|) of [0,2] x [0,1]. Differentiating A(p, |x|) with respect to |x|
and equating it to O implies that p = p, = 2 which is contradiction. Thus, for the maximum of
A(p, |x]), we should consider the end points of [0,2] x [0,1].

For p = 0, we obtain

A0 b= e rr e yitoc o [LILREEs (5.13)
PG " Groa+n @l T e .
For p = 2, we have
_ T
For |x| = 0, we gain
A(p.0) = 33+ 71+3 42
@ )_lZ(/1+1)(/’L+3)(/1+4) p(4—p7)
A =90 4290 —450+36 |, o
+l8(/1+1)2(/1+2)2(/1+3)(,1+4)lp (5.15)
401
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For |x| = 1, we obtain

Ap D= 15078 20+ 0

(=22 + 61+ 9)(4 —p?)p? 4 —p?
8+ D(A+3)A+4) 2(/1+4)]

(4 -p*)? (BA*+71+3)4—-p)p (4—-p?)
42+ DA +4) 20+ DA +3)A+4)  2(1+4)
[ —32*+ 1143+ 942 - 351 — 6 p(4 — p?)
teararoaraara? TP g
[ 342+ 71+3

tzarnaraars|P¢ P

N 4 — p? N A* — 9213 + 2942 — 451 + 36 .
20+4) 8+ D2+ 220 +3)A+d)|?

p’(4—p*) pU- pz)l

+

+

(5.16)

9D

which has maximum value AT )2(A+2)A+3)Ara)

Where,

attained at the end point p = 2 and % atp = 0.

J) = 2(A* — 9213 4 2912 — 451 + 36). (5.17)
6. Krushkal Inequality for the class A(4)
Theorem 6.1. Let f given by (1.1), be in the class A(4); (0 < A < 1). Then we have sharp bound

4 |L(D)] }
A+3° A+ 13 +2)A+3))

la, — a3| = max{

where,
L(A) =A* =513 -512-31—-12. (6.1)

Proof. First note that by equating the corresponding coefficients in the equation (3.1). We get, in the
view of (3.2) and (3.4), we may write 2p, = p? + x(4 — p?),Y = (1 — |x|?)e and applying Lemma
(2.2), a simple computation leads to

3 — pi(1—2)? p1p.(1 — D)3+ 24) + Ps _[ p1 1? (62)
T IO DA+ +3) A+ DA+ +3) 2+3| a1 '
Note that, by Lemma (2.2), we have
3 _ (-7 (1- D3 +24) 1 1],
Ae — G2 = l(z DA+ +3) 20+ DA+ DA+3) 4G+3) A+ 1)3lp1
1-AD@E+22) 1 X p1Xx XY 63
[2()1+1)(,1+2)(/1+3)+2(,1+3) P T 23 ¥3) 20+ 3) (6.3)

Without loss of generality, we let 0 < p; = p < 2. Substitute this into the above equation, we obtain
the following quadratic equation in terms of x.
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[ 2 2
s —azl < p4(é1 +p3))_2i/1 +p3)l Ix*
s —2+21+5 p(4_p2)] x|
20+ )2 +1H)B+ A1)
+:,14—5,13—5;12—3/1—12 P
| 4(A+1)3(A+2)(A1+3) 2(1+3)
=T lx) . 64

So, the maximum value of I'(p, |x|) on [0,2] x [0,1]. First, assume that there is a maximum at an
interior point I'(py, |xo]) of [0,2] x [0,1]. Differentiating I'(p, |x|) with respect to |x| and equating it
to 0 implies that p = p, = 2 which is contradiction. Thus, for the maximum value of I'(p, |x|), we
need to consider the end points of [0,2] x [0,1].
For p = 0, we obtain

—4 4
r = |— 2 < . .
2D [2(/1+3)]|x| 0T3S 7+3 6.5)
For p = 2, we get
', I = ) (66)
’ A+1D3@A+2)A+3) '
For |x| = 0, we gain
r( 0)_/14—5/13—5/12—3/1—12 3+4—p2 6.7
PO 0+ 020 +2a+3) |P T2 +3) 6.7
For |x| = 1, we have
p4—p?) 4-p°
4A+3) 2(1+3)
N —A24+21+5 4 — p?)
20+ D2 +DE+n| PP
A*—52°—-52-31-12] , 4-p?
P>+ —. (6.8)
4A+1)3A+2)(A+3) 2(1+3)
. : L) : : _ 4 _
which has maximum value TP A 2)GT3) attained at the end point p = 2 and TSatp = 0.
Where,
L(A) =A* =513 -512-31—12. (6.9)
Theorem 6.2. Let f given by (1.1), be in the class A(4); (0 < A < 1). Then we have sharp bound
4(1+4) 6 QD)
— a3l <
las = az| < max{(a 120 +4) A1 T DA+ )0+ DA+ D (610)
where
403
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Q(A) = 2(2° + 2125 + 6A* — 5443 — 431* — 874 — 132). (6.11)

Proof. First note that by equating the corresponding coefficients in the equation (3.1) we get, in the
view of (3.2) and (3.5), we may write

0 — gt = pi(1—2)3 4 pip.(1—2)*(3 + 24) (6.12)
ST T A+ DA+2)A+3)A+4) A+ DA +2)A+3)A+4) '
p1p3(1—2) N pip2(1 —2)? N p;(1—2) p1p3(1—2)
A+3)A+4) A+DA+2)A+4)  A+2)(A+4)  A+DA+4)
P4 p1 \*
+/1+4_(z+1)' (6.13)

Note that, by Lemma (2.2) and we have 2p, = p? + x(4 — p?),Y = (1 — |x|?)e, asimple
computation leads to

A [/16+21/15+6)L4—54)L3—4312—871—132] 4 +[ 323-1422-72+90 2, x
as — dz 8(A+1)*(A+2)(1+3)(A+4) b1 s+l P
[ —2A2+2)+7 Y _[ -22+81+17 ] 2y 32
20+ D(A+3) (o) P1 s(+1)(A+3)(a+al P12X (6.14)

[ (1-2) ] 2,2 4 P12Xx3 Xx? _ XYpix  XY®
a0l X T e0re) T 2004 2044 20044)
without loss of generality, we let 0 < p; = p < 2. Substitute this into the above equation, we obtain
the following quadratic equation in terms of x.
p’(4—p*) p&-p?) e

| 8(A+4) 20+ 4)
N [(—22 4+ 22+ p(4 —p?) (=22 + 81+ 17)p?(4 — p?) e
| 2+ 1D)(A+3)(A+4) 8A+1DA+3)(1+4) x
((4-p»)’A-2) “G-p) “-pIx
[ 4(A+2)(A+4) 2(1+4) 2(1+4)
[ (323 — 1422 — 71 + 90)p? p

+ (4 —p»| x|

8A+1DUA+3)(1+4)(A+2) 2+4

las — a3| <

+ x|

+'[ —A2 420+ 7 lp+ X (42

20+ DA+ +0|P T 200+

L [29+2100° + 61 — 542° — 432 — 872 - 1321 \
_ 8+ D*(A +2)(A+3)(A+4) P

= A(p, |x])

We need to prove that the maximum value of A(p, |x|) on [0,2] X [0,1]. First assume, that there is a
maximum at an interior point A(py, |x,|) of [0,2] x [0,1]. Differentiating A(p, |x|) with respect to |x|
and equating it to O implies that p = p, = 2 which is contradiction. Thus, for the maximum of
A(p, |x]), we have to consider the end points of [0,2] x [0,1]. For p = 0 we obtain
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4(1— 1) 2 2x | 2%
Gro0+0 T arsy oo tare
4(1-2) 6
< + .
A+2)1+4) A1+4

A0, |x]) = (6.15)

(6.16)

For p = 2, we obtain

19|

A = o T oaq DA+ 4)

(6.17)

For |x| = 0, we have

A8 +212% + 61* — 5413 — 4312 — 871 — 132
8(A+ 1AL+ 2)(A+3)(1+4) p

I —A2+21+7
+

4

A(p,0) = l

20+ DA +3)(A+ 4)] G

(6.18)
For |x| = 1, we get
p’(4-p>) pl-p?)
8A+4) 200+ 4)
[(—22+ 22+ 7)p(4 —p?) (=22 +81+17)p%(4 —p?)
20+ DA+3)A+4) 8+ D(A+3)(A+4) l
((4-p»)’A-1) @G-p) “-p)
QA+ 2)(A+4)  20+4) 2(0+4)

[ (323 — 1422 — 71 + 90)p? p
* ls(z TDAFDA+HA+2) 2+ ,1] (4 - pz)]
[ 2242147 4
_lZ(A+1)(A+3)(A+4lp+2(/1+4) S
26 + 2125 + 61* — 5423 — 432% — 874 — 132]
i 8L+ D*(A +2)(A+3)(A+4) lp

Q)]
A+1D)*(A+2)(A+3)(1+4)

Alp, 1) =

+

+

which has maximum value

attained at the end point p = 2 and

4(1-2) 6 _
A+2)(A+4) t atp =0.

Where,
Q(A) = 2(A° + 2125 + 64* — 5413 — 4312 — 871 — 132). (6.19)
Conclusion

In this Present paper Toeplitz matrices characterized by coefficients from novel subclasses. The
investigation establishes upper limits for the initial four determinants of these matrices, presenting
innovative and unique findings. Notably, our results parallel recent works by Thomas and Halim [1],
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specifically in the context of star-like and close - to - convex functions, as well as by Radhika et al.
[2], which concentrate on functions with bounded boundary rotation. Additionally, we have
determined the Zalcman and Generalized Zalcman conjecture, along with Krushkal inequalities for
certain parameters. This contributes to the existing body of knowledge in the field and
demonstrates the novelty of our results in comparison to recent literature. The result obtained perhaps
give an opportunity for researchers to further investigate inequalities problems for functions of the
class A as well as other subclasses S.
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