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stable in X if and only if f is stable in K(X). Again we prove that transitive maps are always
’almost sensitive’ in K(X) and hence the base map is almost sensitive’ in X.
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1. Introduction

Normally, for studying the dynamics of the hyperspace of a compact metric space, we consider a
dynamical system defined by a continuous map f: X — X, describing the dynamics of points in the
base space X and then we study the induced map f: K(X) — K(X) defined by f(K) = f(K) for a
compact set K € X as a form of collective dynamics. In this context, a very natural question arises:
What is the connection between dynamical properties of the base map fand the induced map f ?

During the past years this question has attracted many researchers.

(see[4],[51,[61,[71,8], [9],[10] and [11]) In this paper, we prove that there exists a cantor set C in X,
nowhere dense in X but its orbit is dense in K(X). At the

same time we establish the fact that the set D = {x €EX,orb(f,x) =X }, D # X is dense in X and so it
is not closed and there fore D # K(X).

We also prove that fis ’stable’ if and only if f is stable and f is *almost sensitive’ if f is transitive and
this implies the *almost sensitivity’ of /.

Through out this paper, X denotes a Hausdorff compact metric space without isolated points with
metric d and f: X — Xis continuous. K(X) denotes the space of all compact subsets of X with Hausdorff

metric H induced by d . Letf: K(X) — K(X) defined by f(K) = f(K).
2. Hyperspace and Induced Map

1.In this section we have study some properties of the induced map f and the base map f. By assuming
the transitivity of f, we show that the base space X contains a cantor set C with its orbit is dense in
K(X). Along with this we also study the concept of almost sensitivity” in X and K(X).

Letus use the symbol ¢ for the induced map f for the sake of convenience.
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Definition 2.1. I[f A = {Au}ue7 is a collection of non-empty subsections of X, then mesh(4 ) =
sup{diam(A4,),u € T}.

In [2] it is proved that (K(X),H) is compact.

Lemma 2.1

If orb(¢,K) = X then for individually A € orb(¢,K) and for all x € A, orb(f,x) = X
Proof.

Letn € Nand x € f"(K) .

We have to demonstrate that orb(f, x) = X.

Take y € X and € > 0. Since orb(¢, K) = X we have orb(qb, f”(K)) = K(X)
Let {y} € orb(¢, f"(K)), then there exist j € N such that H (fj(f”(K),{y})) < €.

Hence f/(x) € f/(f™(K)) € B(¥)

So B.(y) N, orb(f,x) £ ®

There fore, Wf,x) = X.

Lemma 2.2. If X is weekly mixing, then any power X x X X -+ X X is ergodic.
Proof. see[1]

Lemma 2.3. Let ¢ : K(X) — K(X) be transitive. Then there exist a

cantor set C € X such that orb(¢,C) = K(X).
Proof.

Let 0o represent the diameter of the set X. For every positive integer n, we define a series of finite open
covers of X, denoted by 1, = {Vn,l, V2o eeees Vn_tn} where each V), ; is a nonempty subset. These covers
are constructed such that the size of each cover is smaller than 8,. In essence, this arrangement ensures
that each element of the set X is contained within at least one open set in the cover, and as n increases,
the covers become increasingly finer, converging towards the set's diameter.

Step 1

Let us assume Wy and Wi to be two non-empty disjoint open sets in X and mesh({WoNW1} < d1. Let
/11 = {1,2, ey tl} X {1,2, ey tl} = {(a, b)la, b € {1,2, ey tl}}

Let us take into consideration the following t?+1  collection of open sets
(Wo, W) and {(V1,4, V1) : (a,b) € A1}

Then, by Lemma 1.4 [see 1], two closed subsets of X, C, and C;, having the following characteristics,
exist:

. Each in#(C;) is nonempty and which is contained in W;fori=0,1.
Hence Cyand C; are disjoint.

. for each 4 € (Co,C1) = {B € K(X):Bc (CyUCy)and BN C; # @ }and for each (a,b) €
J1,there exist n € N such that f(4) € (U,q4, U1 ,»).
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. Also, '(4 N Co) € Ui qand /(4 N Cr) € Ui p.

Let C;= (Co,C1). Then diam(C;) < o1 for each 4 € C4, orb(¢,A4) is di-close to F>(X),where F2(X) = {4
€ K(X)\|4| <2}.

For, given any {p,q} € F2(X), there exist (a,b) € A1 such thatp € Ui,and q € Uy ,.
Since there exist 7 so that f"(4) € (Ui, U1,5). We conclude that H({p,q},/"(4)) < o1
Step 2

Let Wo.0, W1,0, Wo,1. W11 are 4 non-empty open subsets of X with

WooNWio=0 andWo; "Wy, =0

WooUW,o € Coand Wy, UW,, € C;and  mesh({Wo, Wi0, Wor, Win }) < 6.

Let o= {1,2,..t}* = {(a1,a2,a3,as)\a; € {1,2,...t}}. Consider the following t5 + 1 collection of open
sets

(Wo,0, W10, Wo,1, W1 1), {(Uz, a1, Uz, az, Uz, a3, Uy, a4)5 .

Given four non-empty open subsets of X, Wy o, W; o, Wy 1, and Wy 1, where Wy, o and W,  are disjoint,
as are Wy, and W, ;. Each pair of subsets is contained within different closed sets, Coand C;,
respectively. The mesh of these subsets is less than 6§,

. Then, 4, consists of all possible combinations of indices from 1 to t,. A collection of open sets is
formed from the given subsets and A,.

By the same result of Lemma 1.2[see 1] there exist 4 closed sets Co,o, Co,1,C1,0, C1,1 with the following
properties:

1. Each int(C;;) is nonempty and contained in W;; for {i,j} € {0,1} x {0,1}

2. For each 4 € (Co,0,Co,1,C1,0,C1,1) and for each (a1,a2,a3,a4) € 12 there exist n € Nsuch that /"(4)
€ (Ur.a1,Uza2, Una3, Ur.aa), subsets of €, namely C with f*(4A N (C‘z) c U,,a; forl <i<4, where
C, = (Co,0: C0,1; C1,0, C1,1)-

Note that diam(C,) < d2and C,c C, let 4 € C, and {p1,p2,p3,ps} € Fa(X), then there exist (a1,a2,a3,a4)
€ A2 such that p; € Ui

Since there exist n so that /"(4) € (Uza1, Ur,a2, U203, U2, a4).

We conclude that H({p1,az,a3,as},"(A)) < Ja.

So for every 4 €C, ,orb(¢ ,A) is d2-close to Fa(X) .

Step 3

Let's say that C,. has previously been defined and has the following attributes:

yuen

.....

to 2" possible combinations, denoting the presence or absence of each closed set in C,. Each
combination delineates the composition of C, and its constituent closed sets.

. U1 Jzs -0 Jr) €{0,1}" and int(Cj,j,. ;) is nonempty,C; j, ;i < Cj, ; and diam(lejz____jr) <34,

. diam(C,) is less than J,and C, contained in C,_;
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. For each pair (jy, j2, ... jr) # (I3, 15, ...r, 1) in {0,1}7;

Ci,j,...j, and Cp g, ;. are disjoint.

. For each 4 € C, and each (ty,ty, ..., tyr)in A = {t;,t,, ..t,}? there exist n € N, "4 ¢
(Uy, ty, Uy, ty, ..., Uy, tyr), subsets of C, namely CL with f/(AN CL) € Uy, t;, for 1 < i < 2.

Then for if A € C,., then orb(¢, A) is §, close to F,r(X).

Similarly, for C, 4.

Step 4

So we get a declining order of compact subsets of X, {C,};”

Let {Cy,1,..1,:(I1, 15, ..., ;) € {0,1}"} be the 2" compact subset of X that define C,. .

o0

Let C = n?‘o=1(u {Cll,lz,...lrJ (lll lZi ey lr) € {Orl}r}) .

Then C is a cantor set in X .
forallr,C € C,, so orb(¢,C) = K(X).

Theorem 2.1. There exist a cantor set C S X such that orb(f,x) = X for every x € f™(C) for all n
n eN.

Proof. clear from Lemma 2.3
Theorem 2.2. Let f: K(X) — K(X) be transitive. Then there exist a cantor
set C € X such that orb(f,x) = X foreveryx € C

Proof. clear from lemma 2.1 and theorem 2.20

Theorem 2.3. Let D = {x € X,orb(f,x) = X} and f : K(X) — K(X) is transitive. Then C € D, that is
D nonempty. Also D is a dense subset of X fully invariant under f, that is (D) € D

Proof. From theorem 2.3, we can find a cantor set C in X with C € D.

That is D is nonempty.

for the proof of the remaining part, see[3] and[4]o

Theorem 2.4. Let ¢ : K(X) — K(X) is transitive and D # X. Then D & K(X).

Proof. from theorem 2.4, D is dense in X. So D is not closed and so it is not compact. i

In the theorem we have a nowhere dense set C in X with its orbit orb(¢ ,C) 1s dense in K(X). But at the
same time we have a dense set D in X with even D € K(X).

Theorem 2.5. Let f: K(X) — K(X) is transitive and let C be the cantor set in X. Then for any U € X
and for any integer m ,lim sup H (f”(C),fn+m(C)) > H(U, f™U))

n—->oo
Proof. Let U and m be given and let{37} be the sequence.

since f is continuous and orb ( f,C ) = K(X) there exist for every zin’ a positive integer s, such that
1 1

F51(C) so close as to U such that H(fS"(C), U) < Zor and H(f™ (fS"(C),fm(U)) < o1 -
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This implies

- - - 1
H(Fo(0), form(©) > H (U, F"W)) - 3
[by using Triangle Inequality]
Hence the result.

Definition 2.3. Let X be a metric space with metric d and f: X — X be a continuous map. f is said to
be almost sensitive if we can find an x € X and me€EN such that for any

lim sup d(f™(x), f*™ () 2 d, f" ).

n—->0oo

Theorem 2.6. In K(X), transitive maps are almost sensitive.
Proof. clear from Lemma 2.3 and Theorem 2.6 i
Theorem 2.7. fis almost sensitive in K(X) implies f'is almost sensitive in X
Proof. clear from Theorem 2.7
3.Stability of Induced Maps

In this section we study the stability of the induced map f : K(X) — K(X) and its connection with the
stability of the continuous map f: X — X. In this section C(X) denotes the space of all continuous
functions on X and C(K(X)) denotes the space of all continuous functions on K(X).

Definition 3.1. A point x € X is said to be stable if for all € > 0 there is a ¢ > 0 such that if
d(y ,x) < 6 then d(f"(y),f"(x)) < € for every n. A point x is said to be unstable if it is stable for f~2.

Definition 3.2. f€ K(X) is stable if given € > 0, there exists a 6 > 0 such that for each g€ C(K(X))
with du(f, §) < J, there exist a continuous map 4 € C(X) such that f o § = § o f and du(h,T) < € where

i : K(X) — K(X) is the identity map and du(f, §)=sup {dy (f(A), g(A)) ,A€EK(X)}.

Theorem 3.1. f: X — X is stable in C(X) if and only if f: K(X) — K(X) is stable in C(K(X)).

Proof. To prove the theorem, first we prove the following lemmas

Lemma 3.1. The map ¢ : C(X) — C(K(X)) given by Y(f) = fis an embedding of C(X) in to K(C(X))
Proof. 1 is well defined since the induced map f given by a continuous map is continuous.

Next we have to show that Y is injective.

Suppose Y(f) = P(g).

Let A= {x} foreachx € X

We have, {f{(x)} = f(4) = §(4) = {g(x)} for each x € X.

Then, 1 is injective.

Next we have to show that 1 and 1~ are continuous.

Let {f,} be a sequence in sequence in C(X) which converges to f. Then {f,,} converges to f in C(K(X))

Assume that for any € > 0 and each 4 € K(X) , there exist an N € Z, such that d(f,,, /) < € for every n
> N.
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Foralla € Aand n > N, we have d(f"(a),f(a)) < €

So ,f"(4) € B(fu(A),€),n > N

For all 4 € K(X), we get f{4) S B(f.(A),¢) for every n > N

Then there exist an N € Z, such that d(f,,(A), f (A))< ¢ for every n > N and each 4 € K(X).
Similarly we show that if f;, —» f in C(K(X)) then f, = f in C(X).

There fore, 1 is an embedding of C(X) in to K(C(X)).]o

Lemma 3.2. ¥(C(X))is closed in C(K(X))

Proof. We prove that there exist a sequence {f,} in 1(C(X))which converges to F such that there is
f€ C(X) satisfies f = F.

Consider p~(f,) = fi.

For every € > 0, take N > 0 such that d(f,, f,,) < ¢, for every n,m > N.

This means that any compact set A satisfies d(f,(A), fn(A4)) < € for every n,m > N.

For A € K(X) ,choose 4= {x} for every x € X.

Then d(fy, fm) < € for every n,m > N and all x € X.

Since {f»} is a cauchy in C(X), which is a complete metric space, there exist f € C(X) such that {f,}
converges to f. Since ¥ is continuous {(f,)} = {f,}Since the limit is unique, F = f

There fore F' € Y(C(X)).
There fore Y(C(X)) is closed in C(K(X)).
Proof of The Theorem 3.1

Suppose f: X — X is stable and € > 0 is given .Then there are 6 > 0 and 4 € C(X) as is the definition
of stability for f. Since 1~ is continuous at f € (C(X)),then for J > 0, there exist a J; > 0 such that

if § € Y(C(X)) with d(f, §) < 6, then we have, dp~'(f),p'(§) = d(f.g) < 6.
From foh=h-°g, we have

W(f e h)A) = (f ° §)(4)

=(feh)(4)

= f(h(A))

=f(h(4)) = (f ° §)(4).4 € K(X)

and 1(h ° g)(4) = (he §)(4),4 € K(X)

Thus foh=hog.

Let A € K(X).From the continuity of 4 and compactness of 4, we can see that

h(A) C U B(a,€)

a€eAi

and
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AcC U B(h(a),€)

a€cA

if and only if

h(A) € B(4,¢)
and

A S B(h(A),€)

that is, #(A) € B(4,¢€) and A S B(h(A),¢) for any A € K(X).
This implies d(h, 1)< €
There fore, f is stable in Y(C(X)).
Conversely, Suppose f € (C(X)) is stable.

for any € > 0, there exist a 0 > 0 and h € ¥(C (X)) satisfying topological stability of f. Since 1 is
continuous at ' € C(X), there is a d> > 0 such that for any g € C(X) with d(f,g) < d>,we have

d(W(H),Y(g) = d(f,§)< ¢
Take A = {x} for eachx € X, then f o § = g o f that
(f © G )(A) = {fih())}
= {h(gx))}
=(gof )4, x€X
This implies
feh=h°g
From d(h,)<e, we have f(A) S B(A,€) and A € B(h(A),€) for A € K(X).
Taking 4 = {a}, for each a € X, implies
{h(a)} € B(a,c) and {a} S B(h(a),€)
Since a € X is arbitrary, we obtain d(h, 1) <€
Hence f € C(X) is stable. O
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