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Abstract

We develop and analyze the concept of complex cubic intuitionistic fuzzy subbisemiring
(ComCIFSBS). We investigate ComCIFSBS its characteristics and homomorphic proper-
ties. We suggest the ComCIFSBS level sets of bisemiring. A cubic complex intuitionistic
fuzzy set subset = of bisemiring %, if and only if each non-empty level set R®*) where
R = (g - €297 Uy - ™7 1y - 2782 yy . ¢?™7) is a ComCIFSBS of %. Let v be a
ComCIFSBS bisemiring %. If T is a ComCIFSBS of # x 4, then Z is a ComCIFSBS of
bisemiring 4. Let Z denote the strongest complex intuitionistic fuzzy relation bisemiring
A. It is proved that all ComCIFSBSs have homomorphic images as well as homomorphic
pre-images. Examples are presented to demonstrate how our findings are applied.

Keywords: CCNSBS, CCNNSBS, SBS, homomorphism.

1 Introduction

Fuzzy set (FS) theory was developed by Zadeh and is most effective in managing ambiguity
and uncertainty. If an element in an FS has a single value inside the interval, it is regarded
as a member. The degree of non-membership may not always equal one minus the degree
of membership, though, as resistance can occur in real-life situations. An increasing num-
ber of hybrid fuzzy models are being developed as FS theory develops significantly. The
uncertainties have led to the development of a number of uncertain theories, such as FS)!
intuitionistic FS (IFS),? Pythagorean FS (PFS),? and spherical FS (SFS).# MG sets, or sets
with grades between 0 and 1, make up an FS. Despite an assertion made by Atanassov? that
non-membership grades (NMG) can only have a value of 1, IFS is categorized as MG. The
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total of MGs and NMGs may occasionally exceed 1 throughout a decision-making process.
Yager?® used PFS logic to develop the generalized MG and NMG logic, which has a value
not exceeding 1 and is determined by the square of the MGs and NMGs. As the neutral
state is neither positive nor negative, these theories are unable to describe it. Cuong® et al.
communicated to the picture FS used three grading points: positive, neutral, and negative.
The sum of these grades could not be greater than 1. It also outperforms PFS and IFS in
several situations. It addresses the truth, indeterminacy, and falsity of FS and IFS and is an
autonomous generalization of three models.

To handle conflicting and unclear data, Smarandache® developed the neutrosophic set
(NS). The degree to which a proposition is true, ambiguous, or false is established using this
logic. Ramot et al. introduce the idea of the complex fuzzy set (CFS).” The membership
functions of CFS’s deals can have a very broad range of values. While the unit circle of a
fuzzy membership function remains fixed, the unit circle of the complex plane is expanded
to [0, 1].
Rather than extending exclusively to [0, 1], the membership function xx(z) of the CFS X
extends to the unit circle in the complex plane. Hence, xx () is a complex-valued function
that, for any element z in the discourse universe, provides a grade of membership of the
type nx(z) - €2™x@)_ where i = \/—1. The two real-valued variables, 1x (z) and 27 x (),
where nx (), 27x(x) € [0, 1], define the value of zx(x). Golan® established the concept
of semiring logic and its applications. Hussian et al.? talked about the concept and use of
bisemirings. Lee!” addresses bipolar-valued FSs and associated techniques. Fuzzy semir-
ings were studied by Ahsan et al'!' Sen et al'* introduced the concept of bisemirings. A
fuzzy normal subbisemiring of bisemiring that is intuitionistic was presented by Palaniku-
mar et al¥ Bisemiring was first proposed by Palanikumar et al'# utilizing bipolar-valued
neutrosophic normal sets. Novel concepts including the fuzzy extension set, neutrosopic
set, and specific fuzzy set have been the subject of numerous recent writings'>%!’ Recently
al-husban et al. discussed the new structures such neutrosophic and its applications?* 22

We will look at a few aspects of SBS and ComCIFSBS concepts and make some
inferences. The article is divided into the following five sections. In Section |1, semirings
and SBS are introduced. Section [2] contains information on semiring and SBS preparation.
ComCIFSBS properties are enumerated in Section [3] It is recommended to use numerical
examples to assess ComCIFSBS.

2 Preliminaries

Definition 2.1. An algebraic structure (%, W, ©, ®) is a bisemiring,if (%, ¥, ©) and (A, ©, ®)
are semirings, ie.,(%4, W), (4, ©) and (4, ©) are semigroups and

1. 52,8 (5t W) = (52, © 2) W (52, © 5,),
(

3. 5, ® (52 © 5,)

2. (e Wig) © e, =
= (9t © s2¢

)

s © 3,) W (32, © 32,),
( ) © (50 © ),

4. (5t ©51y)) © 32, = (560 © 22,) © (56, © 32,), Y 31, 5, 5, € B.

Definition 2.2. A non-empty subset = of a bisemiring (%, 4, ©, ®) is a subbisemiring if
Wz €52, 2,0z €Zand z, © 2 € Eforall 2, 2. € =.
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Definition 2.3. Let (%, +, -) be semiring. A fuzzy subset = of Z is said to be fuzzy sub-
bisemiring if

(1) m=(uy + ug) > min{mr=(uy), m=(uz)}, (i) m=(uy - uz) > min{mr=(uy), 7=(uz)} for all
U, Uy € AB.

Definition 2.4. An intuitionistic fuzzy set = in non-empty set U is defined, the form

= = {< u,m=(u),w=(u)|lu € U >} where 7z : U — [0, 1](define the degree of mem-
bership) and wz : U — [0,1] (degree of non-membership) for every u € U satisfying
0 <m=(u) + w=(u) < 1.

Definition 2.5. A NS v in the universe U is v = {x,u,(z),ul(x),u,(z)|x € U},where

» v

uy(x),ul(x) u,(z) represents the TD,ID and FD of v respectively. Consider the mapping
u, 1 U = [0,1],u! : U — [0,1],u, : U — [0,1] and 0 =< u,(z) + ul (x) + u,(z) < 3.

Definition 2.6. Let 0y = (u}, , uj , u} ),0> = (uf , uh ,ub) and 95 = (ud , u} ,uf ) be the
three neutrosophic numbers over U. Then

1. O, U005 = <max(u§2,ugs), min(ué2, ués),min(ugz,ugg)>,
2. Oy 03 = <min(u£2, up, ), max(uf , uh, ), max(up,, u§3)>,

3. 0y = Osiff ujy = uf and u) =< u) and uf < uf,

— : T _,T 1 _ 1 Fr _ F
4. 82 — 83 lff u82 — U/83 and u32 — Uag and an — U/ag.

Definition 2.7. For any NS 0 = {z, xT(z), x!(z), x!'(z)} of U. Then (¢, s)-cut is defined
as {z € Ulx; (z) = t,xy(2) = s,x{ (z) = s}
Definition 2.8. Let V' and Y be two NSs of . Then Cartesian product of V' and Y is de-
finedas V' x Y = {XaxY(Xv 8)7 X{/XY(XJ a)? X@XY(X? )| fOT all X5 J € %}’ where

. x 0
Wby (06,0) = min{od (@), XF ()} Xy (1, 9) = S 3 (1, 0) = max{xd (), x

Definition 2.9. A fuzzy subset v of a bisemiring (%, {1, 12, I3) is represents a fuzzy sub-

bisemiring Of%iva(Xile) t min{Xv(x)a Xv(g)}> Xv(Xi?g) = Hlin{Xv(.CE), X’U(E)}7 Xv(Xid
e) = min{y,(z), x,(e)}.for all y,e € A.

3 Complex cubic intuitionistic fuzzy subbisemiring

Here 2 denotes bisemiring unless other stated.

Definition 3.1. The complex cubic IFS (ComCIFS) Z in universal set O,

7 — {h,ﬁz(ﬁ) . ei%B/Z(\h’),fE(h) . z27r'yZ ,UZ(FL) . ez‘27rBZ(h)7 I/Z(h) . z27r'yZ “he a}
where fiz(h) = [ub,n]. 7z(h) = [vh.v5) and v : © — D[0,1], also v : O —
0,1] represents the truth degree and false degree respectively. For ComCIF number Z =

(R, 1z (R) - €252 T (h) - €278 pug(R) - €792 vy (R) - €202 < e D).
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(h

Definition 3.2. Let Z = {h (0 -2 T3 (h) - 622y (h) -2 1y (h). emw(z)}

and k = {h m(h)- e 5 (b e | ()2 (h)-eizmd! }be two ComCIFNs

of ©. Then we define the intersection and union operation is defined as

<DZﬂk—{(mmmhu<>l%¢>ﬁﬂm-w% o max{#z(h) -5, 5 (h) -2l ),

min{puz(h) - €275 iy (h) - 275" anxhzaw-a%w?,wxm-e””k})Piea}
(i) ZUk = {(ﬁ max{fiz(h)-e2% (k) 2", min{@(h).ewm‘z) Gu(h) -2,

max{pz(h) - €25 () - 2%} min{vy () - €275 14 () - 275"} Wﬁﬁ

Definition 3.3. For any ComCIF Z = {h, 7(h)-e28 Ty (h)-e2™2 | 1y (h)-270% vy (h)-

eiZWV(Zﬁ)} of a universal set ©. Then (¢, s)-cut is defined as {h € olpuz(h) - mﬁm -

LTZ(R) - 205 < s g (R) - 20 = vy (h) - e < s

Definition 3.4. The Cartesian product of Z and k is defined as

_ 5) 0 3((1:9))
Z xk= {,UZXJk((h 5)) im0 VZxk(h7 5) lar s MZxk((ha 8))'622 Bz uVZxk(ha 5)'

eﬂ”(Z( Z’ﬂ?))| forall h,0 € S }, where Z and k be the ComCIF of o, where

((m.9) o o) o
MZX]](((h 6)) 127 6Z><k = m1i Mz(h) . ’lQﬂ'ﬁZ ,ILL]k . 127r

{ 5(5)}
l//Z?k((h, 8)) 612W’Y(Z(ZE)) — max {;E(h) . 6127"7(;)7 ~ ) 2271_7]1& )}

=

/3(("1 ,0)) _

i2m i2m UM 127 (8)
MZxk((hv 6)) > ,uz(h) - e? BZ . pi2mpBy
((h,8))

VZXk((h, 6)) 6127r'Yz><1k — max {VZ<h) . 6127rfy(Zh>7 V]k<6> . 62271'7]12 )}
Definition 3.5. For any ComCIF Z of 4 is said to be a ComCIFSBS of # if
12 ((h @1 0)) - e22021) = min{jiz (h) - 2752 77 (5) - e2752(@)}

1i7((h @ D)) - e27B2((h029) = min {77 (h) - €2752(D) [75(D) - 27Pz(0)}
\ /jg((h 03 0)) - ei2nﬁ§((h®36)) - min{ﬁ}(ﬁ) . ei?wﬁ?((h)’@(é) ,ez’zw@((a)}

-~

/

( ﬁ}((h o1 5)) . 1277z ((h219)) < max{ﬁ}(h) . eiQﬂ'@((h)’ @(5) '67;27r'72((6)}\
{ U7((h @4 0)) - e2m2(0229) < max{vz(h) - 27120 77(5) - 2712(0)}
@((h ®3 6)) . eiQﬂ—@((h®3a)) j max{@(h) . eiQﬂ—@((h)’ @(6) . 67;27(@((6)}

Ve

( uz<(h @1 6)) . eiQWﬁZ((h®la)) t mln{,uz(h> . eiZWﬂZ((h)7 H/Z( ) . 67:27TBZ((8)}\
MZ((h @2 6)) . eiQWﬁZ((h®26)) t mln{luz(h) . ei27rBZ((h)’ MZ(6) . eiQWBZ((B)}
L uZ<(h ®3 6)) . eiQWﬁZ((h®36)) t mln{,uz(h> . eiZWﬂZ((h)7 H/Z(E§) . €i27rBZ((8)})

QX
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I/Z((h @1 6)) . €i27r7Z((ﬁ®18)) j maX{yz(h) . ei27r’7Z((ﬁ), VZ(a) . eiQNVZ((a)}
VZ((h @2 6)) . eiZW’YZ((h®26)) j max{yz(h) . eiZW’YZ((h)7 VZ(ES) . 67"271"‘/Z((6)}
I/Z((h ®3 6)) . €i27r7Z((ﬁ®38)) j maX{VZ(h) . €i27r’7Z((ﬁ), I/Z(a) . eiQWVZ((a)}

forall h,0 € A.

Example 3.6. Consider the bisemiring Z = {x1, x5, x3, 4} with the Cayley table:

D1 | X1 | X2 | T3 | Xy || D2 | X1 | T2 | X3 | Ty || D3| Ty | Ty | T3 | Ty

Ty | T1 | X1 | X1 | X1 Ty | X1 | T2 | T3 | T4 Ty | T1 | X1 | 21 | X1

Ty | 1 | T2 | T1 | T2 Ty | T | T2 | Ty | T4 Ty | Ty | T2 | T3 | T4

Z3 Ty | X1 | X3 | T3 xT3 T3 | Ly | T3 | T4 T3 Ty | g | Tg | X4y

Ty | X1 | T2 | T3 | T4 Ty | Ty | Ty | Ty | T4 Ty | Ty | Ty | Ty | T4
(w) =z (w) =z

(2. 52)(w)

{0.4561’2#(0.5) ’ O'5€i27r(0.55)]

[0_35€i27r(0.4) 7 0_4€i27r(0.45)]

(vz,72)(w)

[O‘4€i27r(0.3)7 0_45ei27r(0.35)]

[0.45€i27r(()‘45) 7 0‘562‘271'(0.55)]

(w) = x3

(w) = x4

(i72. 57)(w)

[O 256i277(0.3) 7 0 .36i2ﬂ(0'35)]

[0 3€i27r(0.35) , 0. 356i27r(0.4)]

(Tz,72)(w) | [0.6e27055) 0.65e2706)] | [0.55¢27(05) (.6¢727(0-6)]
(U)) = I1 (w) : X9
(11z, Bz)(w) | 0.5e727055) | (.45¢727(05)
(vz,7vz2)(w) | 0.45¢72704) | 5e2r(0-45)
(w) = 23 (w) = 24
(pz,Bz)(w) 0.3¢227(0.45) | () 35,i27(0.4)
(vz,72)(w) | 0.6e27©059) | (.55¢27(0-5)

Hence, Z is a ComCIFSBS of £.

Theorem 3.7. The intersection of a every ComCIFSBSs is again a ComCIFSBS of 4.

Proof. Let {i .4 € I} be the family of ComCIFSBSs of # and Z = ﬂi Let h,0 € A.
i€l
Now,

F7((h 01 0)) - P00

in? it ((h @1 9)) - 12782 ((h219))
1€

inf min{f, () - €700, i () - 270 0

Ll —py L i2nBr, () e (5 . pi2nBr, (0)
mln{yg fix,(h) - e Jinf 7y (0) - e }
min{7i7(R) - 275200, [75(3) - 2720}

422
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Similarly, N B N
ﬁ}((ﬁ ©70)) - ei27rﬁj((ﬁ®25)) - min{ﬁ}(h) . em%(h)’ /}(8) ) eigﬁgj(a)},
17 ((h @5 ) - 2782((1230)) = min{fiy (h) - €27z [7(3) - 27Pz0)}

SRS
N

Now,

ﬁ;((h ©10)) - 01277z ((h19)) _ sup V/f((h ©:0)) - 12772 ((h210))

iel
= 3161? max{vy,(h) - 2 (), 77, (0) - eizm/g(a)}
(2

— max {Sup lj\’n(h) B eiQWATT\i(h), sup V/\T,(ﬁ) . 6i27r7/'r\i(6)}
el i€l

— max{T5(h) - 27N _75(3) . 2770))

Similarly,

l//E((h @2 6)) . eiQﬂ—@((h®25)) j max{@(h) . eiQﬂ—@(fl)’ @(6) . ei27‘—§2(6)} and

@((h ®3 8)) . 61271—'72((}7@36)) j max{@(h) . eiZﬂ—@(h)’ @(6) . eiZﬂ-%(a)}_

Let {Y, : i € I} be the family of ComCIFSBSs of % and Z = ﬂTi. Let h,0 € .
i€l

Now,

pz((h @, 9)) - 127z (h219)) _ 12; 1y, (R @, 0)) - ¢i2mBz ((h219))
= inf min{pr, () - €270, iy, () - 2070
= min {11615 ey, (R) - o278, (h)’ }Lg pir, (9) - 127, (8)}
= min{uz(h) - 2Bz (h), 1iz(9) - eizwﬁz(é)}

Similarly,
pz((h @2 0)) - ei2mBz((h020
30

D = min{puz (k) - €220 4 (3) - 272 O)),

&
in{juz (h) - €20, 15 (0) - €270},

Now,

vz((h @1 9)) - 2770 — sup vy ((h @, 9)) - 277010
i€l
<sup ma({vr, (1) - €20,y (3) - PO
i€l
= max {Sup VTi(h) . eiZﬂ’YTi(h)’ sup VT,.(5) . €i27r'yyl. (6)}
i€l i€l
= max{uz(h) . ei27"’YZ(h), VZ(6) . ei27r'yz(6)}

Similarly,

vz((h @y 0)) - e?™2((h229) < max{v,(h) - e ), vy
vy ((h @3 0)) - e2m12((1230) < max{y,(h) - €220y, (
Thus,Z is a ComCIFSBS of 4.

i2myz(h . ei2mz(6)} and

0
5) ei2ﬂ'7Z (9) }.

Theorem 3.8. If Z and k be the ComCIFSBSs of %, and %, respectively, then 7 % kis a

ComCIFSBS of %, x %.
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Proof. Let /iy, iy € %, and 01,0y € H,. Then (hy,01) and (hy, Os) are in By X HBy. Now

Tl((1, 8)) @1 (Fa, D)) - i2mPzxil((,01)01(ha32)]

T ((hy @1 B, D1 @1 D)) - ei2mPzx((n @1 312182))

min{7z ((hy @1 hy)) - €2702(2112) To((8; @, D)) - 2P(@r121320))

min{min{zz(hy) - ez‘%ﬁ?(m)’@(@) . oi2mBz(h2) N, min{7m(0:) - z?wﬁz((’)l)’ﬁ\(a ) _eigﬂ@@)}}
min{min{jz(h) - e*P2") Tr(3,) - 2Bz ( O min{i (hs) - l2ﬂﬂz(h2),ﬁ£(32) 2Bz
= min{jizx((h1,0)) - 1278z xk((hn,01)) (g, ) - ezQﬂ/Bsz((hg,Sg))}

Y

Also fizei((Fir, 1) @s (i, Bn))] - €27B2xxl((1,01)2(h2,02)]
> mjn{%«hl’ 61)) . eiQﬂ'ﬁZx]k((hl,al))’ %((h% 62))€i2ﬂﬁzxk((ﬁz,52))}

and fi7 05 ]((Fi1,81) @3 (Fip, By))] - €i2mPzxel((n31)s(h2,82))]
- mjn{@((hb 01)) - eiQWBZxk((hlﬁl)), @((52, Dy)) - 67;27"BZ><1K((52,52))}'

Now,

Uzl ((h1,31) @1 (ha, Ds))] - €212 xx[((11,01)21(52,02)]

Ui (B @1 o, Dy Oy D)) - €27 725k((11@1h2,010102)

HlaX{ﬁE((hl o1 h2)) . 2m7zxk((l@1h2)) /\((61 o1 62)) . zZnyE;k((E)l@laQ))}

max{max{@(hl) . 6127r'yz(h1)7 @(52) . 01277z (h2) } max{7(3;) - eiQﬂ"ﬁg(ﬁl), U (Bs) - 6i2mﬁk(i~52)}}
= max{max{vz (k) - eizﬂz(m), 7 (01) . £i2m7k(01) }, max{7; () - ei27r'7§(h2)’ 7(3y) - emﬁk(@)}}

= max{vzx((h,0;)) - ei2w@((h1,61))’ Urk((Ma, 32)) - ei?ﬂm((@,%))}

IA

Also 75 [((Fn, 1) @3 (Ba, B5))] - 27P2xkl((h1,81)02(h2,02)]

< max{Uz 2 ((h1,8,)) - €2P2xx(00) 7= ((hy, 8y)) - €272k ((Fiy, Do)}
Uzxk[((Ry, 1) @3 (g, 03))] - €27 B2xxl((h1.01)@s5(h2,92))]

= max{77((hr, B)) - €202, 775 (B, D)) - 272l Pade) ),

Let hiy, iy € %, and 01,0y € Hs. Then (hy,01) and (hy, 0y) are in By x HBy. Now

pizxi|((hy,01) @1 (he,y))] - 1278z xx[((11,01)@1(h2,02))]

iz (B @1 g, 31 @1 Dy)) - @2 Pzxi((@1h2.8:2102))

= min{puz((ly @1 h)) - 2702 4y, (B @4 ) - (12102}

min{min{jis () - €2740) g () - 209}, i g (31) - 2740 gy (3) - 2740
min{min{p () - 27P00) 1 (3) - €250} min{ s () - 27500,y (B) - 27000 )
min iz (b, 51)) - 200D, (h, By) - 2 (a2

Y

Also fizyx[((h1,01) @ (hg, 0y))] - €2 B2x:l((71,01)@2(h2,92))]
= min{ iz ((A1,01)) - 612775Z><k((hl,61))7 iz xi( (o, 62))612Wﬁ2xk((ﬁ2,32))}
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and jizi[((1, B1) @ (i, B))] - €278zl 0103 (h2,02))]
- min{MZx]k((hl, 51)) . 61271'52xk((hl,51))7 MZxk((h% 62)) . 6l2WﬁZxk((h2,32))}_
Now,

vasil(h1,01) @1 (ha, 02))] - o127 vz xx[((h1,01)@1(h2,02))]

Vzxk((A1 @1 e, 01 @1 09)) - e 2™z xk((M01r2,010192))

rnax{uz((h1 o1 hQ)) . 6127r72xk((h1®1h2))’ Vk((gl 01 62)) . 6i27f72xk((51®152))}

mas{mas{vz () - 2770, v (1) - €270}, mas{v (B) - €240, 1 () - 200 )
= max{max{vy(fy) - e?2M) 1, (d;) - 2O} max{v,(hy) - €272 1 (d,) - 22}

= max{vz((fy,01)) - ?2mBzx((h1,01)) vzwk((Bz,02)) _eiQﬂ,BZXk((hg,Sg))}

PN

Also V7| (1, D) @2 (ha, By))] - ei2mBzxul((hn.01)22(ha,02))]

= max{vzx((h1,01)) - eiQWBZXk((hl’al))7 vzxk((he, 02)) - éQWﬁZXk((h% 92))},
Vil (i, 1) @3 (ha, B3))] - ei2mB2xul((h1.00)2a(2.02))]

< maX{VZx]k((hly 61)) . eiQW/BZx]k((hlﬁl))’ VZxJk((h% 52)) . 6i2WﬁZxk((h2,52))}_
Thus, m is a ComCIFSBS of 4£.

Corollary 3.9. If 71, 75, ..., Z,, be the finite collection of ComCIFSBSs of #1, B, ..., B,
respectively. Then Zy X Zy X ... X Z, is a ComCIFSBS of $1 X By X ... X B,.

Definition 3.10. Let Z C 4, the strongest ComCN relation on & is

gy ((h,9)) - i2mBr (1D)) — min{iz () - ei2mBz(h). 7i7(9) - eizw,@(a)}
Ij?((ﬁ,’ 6)) . ei?wﬁ((ﬁ,ﬁ)) — magj{ﬁg(h) ) ei%r@(h)’ @(6) . eiQWﬁ(ﬁ)}

Theorem 3.11. Let Z be a ComCIFSBS of 2 and Y be a strongest complex cubic neutro-
sophic relation of B. Then Z is a ComCIFSBS of % x % if and only if Y is a ComCIFSBS
of B x AB.

Proof. Suppose Z is a ComCIFSBS of % x % and T be the strongest complex cubic
neutrosophic relation of Z.
For any h = (hy, hy),0 = (81,02) € S x A. Now,

% (5 1 B)) - e27Pr(1219))

1 (R, ha)) @1 (81, 02))] - e e (i h2)@1((01,02)]

fix(hy @1 0y, hy @ Ty) - 27T @101,120102)

= min{z((h @1 9,)) - i2ﬂ5§((ﬁ1®151))7ﬁ}<<h2 21 35)) - eizw/?z((@@@))}
min{min{(hy) - oi2mBz(h) 1i7(31) - emé}(al)}?

min{zz(hy) - ei%BZ(f”?), 1i7(3,) - 6127r6z(52)}}

min{min{fiy () - €270, T3 (hy) - 27502},

min{/z(0;) - ¢127B2(01)  1iz(0s) - (12782 (02) }}

= min{py((h, ha)) - 127 B ((hn h2)) I ((1,3,)) - m@((ahaz))}

= min{puy(h) - 12 B (h )’ﬁ;@) . GZQﬂBT(S)}

1Y

https://internationalpubls.com 425



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 3 (2025)

Also iy ((h @2 0)) -

275t ((h229) » min {7y (h) -
i (1. ©30)) - € 02O = min{jix (1) -

Similarly,oy ((h @, 9)) -

ei?ﬂ'é’\r(ﬁ)’ 6)) -e
e'LQﬂBT(h)’ ﬁ}(é) .

2Bt (0) 1,
i27mBx (0) 1.

¢277F (h019)) < max{Ty (h) - 27 () 7%(0) 2 @),

r((h @4 d)) - 2777 (1220)) < max{y(h) - €i2w@7 71 (0) - £i277r ) )} and
7 ((h 25 0)) - 27700 < max{(TE(h) - 20, 7 (0) - €20},
For any h = (hy, hiz),0 = (01,02) € S x A. Now,
pr((h @1 0)) - e12mPr ((h210))
= x[(((By, Bp)) @1 ((By,D5))] - 2P [((((h1,12))@1((91,0))]
= py(h ©1 01, he @1 02) - 2B (M ©@101,h20192)
= min{uz((hy @1 01)) - eiQW/BZ((fH@lal))’MZ((fm @1 07)) - ei%ﬁz((m@lﬁa))}
= minfmin{pz () - 27200, iy (@) - 2200},
min iz (ha) - €779202), 1(3,) - 279702}
= min{min{puz (k) - 22" i, (hy) - 2Bz}
min{pz(0;) - 278z (01) ei2mBz(02) }}

7IU’Z( )
)

mind iz (7, ) - €277 (1)

pr((01,02)) - e

i27r,3'r((51752))}

= min{puy(h) - 2™y () - 20}
AISO ,LLT((h @2 8)) . ei27rﬁ"r((h®26)) t mln{,u/r(h> . 127‘—6'1‘ ,LL ( ) . Z27rBT 5)}
MT((E ®3 6)) . €i27r/8'1‘((h®36)) t mln{luT(h) . eiQWBT(h ( ) 6227T/3Y )}
Similarly, vy ((h @1 0)) - €™ ((7219) < max{vy(h) - 27 (") Vy(é) -2
V’r((h O 6)) . 6i27r'yy((h®26)) < max{l/y( ) . zZTr'yT(h) V’r(6) . 227r'y~f } and
]/T((h ®3 5)) . eiQW'YT((h®36)) j max{yT(h) . 612W7T(h)’ VT(6) . 6127":[ 6}.

Therefore, T is a ComCIFSBS of £ x A.

Conversely, suppose that T is a ComCIFSBS of Zx #. Leth =

S x %. Now,

min{ziz((hy @1 0y)) -
= Jix(h1 ©1 01,y ©1 0) - €
= [ [((h1, h2)) @1 ((81,02))] - €
— i (h @, 9) - ez?wﬂr@é)

= min{jix (1) - 2770, iz (@) - Oy

= min{j7y (A, b))} - @277 P2 i (31, )) - e
= min {min {7 (hn) - €27, i (1) -

i27r[3y(ﬁ1®151ﬁ2®152)

21T, [((h1,h2)) @1 ((91,82))]

2 Pz(Mm@180) 77 ((hy @1 35)) - e

2P0 min{ji7(0,)

((h1,he)),0 = ((01,09)) €

i27rﬁz((ﬁ/25152))}

i2m By ((91,92)) }

I 727 ((7n @101))- €272 (a2100) < 7 (1 2,0y))-¢2702(F22192)then fi(y )-¢275 () <

fiz(hy) -
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¢i2782(2) and Lz (01) - ¢i2702(31) = Jiz(02) -

ei2mBz(02)  We get ﬁ}((hl 1 61)) )

426

6i27rﬁz(51)’ @(62) . e’iQﬂ'ﬂz(SQ)}}



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 3 (2025)

2mB2((D190) = win {75 (hy) - €275200) | [75(3,) - 276700 )} for all hy, 8, € %,and

min{ﬁ}((hl @201))- ¢i2mBz((Mm@201)) 1iz((ho @ 52)) z27r,8z((fz®zc’>z) } = min{min{zz(h;)-
z27r6z h1) #Z(hz) z27r6z h2) } mm{,uz( ) 3 227TBZ(51 ”uZ(ESzL\zQwBZ (92) }}

If fi7 (g 02 By)) - €2782(00200) < 7 (By 0 By)) - €2702((20202) then [i7 ((Fy @ D)) -

ei2mBz((M@201)) - min{ﬁ}(ﬁl) . e’i%BAz(ﬁl)’ @(31) . ei%,@z(ﬁl)}

min{ﬁ}((hl D3 61)) i27r3/2((ﬁ1®351 ﬁ}((ﬁz Q3 52>> .eiQW@((@@s%))} - min{min{ﬂ}(ﬁl) .

eiQwﬁz(h1)7@(h2) 3 zQﬂ’Bz h2) } mln{uz( ) 3 eiQﬂ‘ﬁz(Eh)’ @@2) _ei2ﬂﬁz(82)}}

If /j}((ﬁl @3 61)) . 612W62((h1®351)) j ﬂz((hg @3 62)) . ei2”52((”2@352)),then ﬁ}((hl @3 61)) .

€270z (1 @500) = min{fiy(hy) - €275200) | [7(d,) - ez},

Similarly to prove that max {7z ((h;©,0;))-e i27yz2((1@191)) VZ((h2®1E§2)) i2777((h22102) =
max{max{vz(h;)-e>77M) 7 (hy)-e?™7(2)} max{v;(d,)-e i2my7(3) U7 (0y)-€2m2(02)1)
£ 75 ((F ,91)) e 2012 ) = 77((hay@105))- ¢2m2(122192) then 77 (hy ) - /2772 (M) =
75 () - €277202) and 7;(3,) - 27700 = 75(8,) - 2777 (02),

We get vz((hy @1 01)) - ¢2mrz (1) < max{vz (k) - €277(M) 77(8,) - €i2m;(3\1)}_
max{75((hy @2 3,)) - €202((M0200) T=((By 0y By)) - €2m7(122202))}

< max{max{7;(hy)-e>™2(") 77 (hy)-e?™72(2)} max{v;(d,)-e RASPICY ,U7(0y)-€2™72 1}
If 77((hy @2 81)) - €2777(h2300) = 75 ((hy @5 B)) - €2712((R22292) then 77 ((hy @2 01)) -
¢?m2(m@201) < max{v; () - e2772(M) T7(8,) - €272 51)}

max {75 (i @301)) - €272((M20D) T (hy 03 8y) ) - 2717 (120592) ) < max{max {75 (hy)-
22 M) T (hy) - 2772 () } max {77 () - ’2””2/@),@(52) . 6i27rv?(3\z)}}

If @((72\@3 d1)) - 012782 (1 @301)) = vz((hy @3 83)) - efr_rfz((h?@\séz))’then vz7((hy @3 01)) -
¢i2782(m2390) < max{T5(hy) - 2770 75 (3y) - 2Pz}

Leth = ((hl,hg)),6 = ((61,62)) €S x A. Now,

min{pz((hy @1 01)) - 272020 (g @ By)) - 207122102y

= pix(hy @1 01, iy @y Oy) - €201 (@101,20182)

= pr[((P1, h2)) @1 (01, 05))] - el ) @1((01.02))

— e (R @1 B) - 2P enD)

= min{uy(h) - ei2mPr(h) L (B) - i27r,3'r(6)}

= i ()} - eI, i (3,3,) - 0y

= min{min{uz(h) - elQﬂBZ(hl)aMZ(hQ) ez hQ)},min{uz(Sl) . 2Pz (01) 117(Ds) - ez’27r,8z(82)}}

Ifluz((h1®161))_ei27rﬁz((ﬁ1®151)) < uz((hg®152))-e“”ﬂZ((h?@lﬁ?)),then uz(hl)-e”’rﬁzml) <
piz(hy) - €2™702) and 17 (0y) - €270700 < 115(8y) - €?7P202). We get iz ((hy @1 01)) -
R0 s iy () 200, 1 (D) P00 forall b, 3, € Fand
min{ iz ((hy @20,)) - e2™02(n@200) ) ((By 09 8,)) - 272222001 = min{min{p, (k) -
202 1y (hy) - e?P2(2) ), mm{#z( 1) - €220 117(Dy) - 0200y

If MZ((hl Do 51)) . ¢i2782((M@201)) < ,UZ((hQ Do 62)) . ei%ﬂz((fm@z%))’then HZ((hl Do 61)) .
ei2mBz ((h1©201)) - min{,uZ<h1) . ei27fﬁz(ﬁ1)’ ,UZ<61) . eiZWﬁz(aﬂ}.
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min{,uz((hl D3 61)) ei2mBz((l@301)) MZ((h2 Q3 52>> .€i2ﬂﬁz((ﬁ2®352))} - min{min{uz(hl) .
ei2mBz(h1) MZ(h2) ei2mBz(h2) } mln{ﬂz(61) i27rﬁz(51)”uz(62) .eiQﬂ’Bz(aQ)}}

If puz((hy @3 01)) - ei2mPz((m@301)) < pz((hy @3 83)) - ¢i2m8z((h2©302)) then pz((hy @3 0y)) -
¢i2mBz (M @301)) min{pz(hy) - ei2mBz (M) iz (01) - i27rﬂz(51)}

Similarly to prove that max{v((h; @1 61)) e?mz((m@101)) 1) ((hy @ 0y)) - 72772 (h2@192)))
< max{max{vy(hy)-e?"7"), vy (hy)-e?m17(2)}, max{l/z(51) 2my2(01) [y (Dy)-e2™2(02) 1}

If Vz((hl D1 51)) 127772((%@181)) i Vz((hg 1 52)) 127r'yz((h2®1(’)2)) then Vz(hl) 2271-72(7“) i

VZ(h2) e2mz(h2) gnd VZ(61) . e12mvz(01) - Vz(62) ei2m7z(02)

We get yZ((hl Q1 61)) . ¢12m72((M©101)) < max{l/z( ) . eiQW'YZ(hl)’ ,/Z(E-§1) . 67;27r7Z(51)}.

maX{Vz((hl @o 61)) . 7«27WZ((E1®251) ((h2 Do 62)) . ZQTWZ((TL2®252))}

< max{max{yz(hl)-612”2(711),Vz(h ) €2z max{v,(0,)-e2™700) 1, (0,) €27}

If vz ((hy @2 01)) - 22 ((m@201)) vz((hy @9 0s)) - ZQMZ((EQ@QE}Q))JhCD vz((hy @9 01)) -

ei2myz((©201)) < max{vz (k) - ei2myz(h) vz (0) .€i2ﬂ72(51)}

max{vz((h; ©30;))-e?™7((m@s01)) VZ((h2 @30;)) - 272 (122392} < max{max{vy(hy)-

ei2mvz(h1) VZ(hZ) ei2mvz(h2) } maX{Vz(61) ei2mvz(01) VZ(62) 12#72(52)}}

If vy ((hy @3 0y)) - e2™2((m@301) ) ((Ry @3 By)) - €2782((120302)) then v, ((hy @3 01)) -

e?mP2((m@s91)) < max{vy(hy)-e2™2M) 1, (8,)-e?7200 ) Therefore, Z is a ComCIFSBS

of A.

Theorem 3.12. Suppose that Z is a subset of B. Then R = (juy - e’Q”BAZ, vy - €7y,
e?8z 1y, - 27 is a ComCIFSBS of % if and only if R'"“*) is a subbisemiring of 4 for all
t,s € D0, 1].

Proof. Assume that R is a ComCIFSBS of 4. For each t,s € D[0,1] and hy, ks € 757;
Now, fiz(hy) - €*7%%(hy) = t, iz (ha) - €797 (hy) = t and Uz (hy) - €777 (hy) < s5,Vz(ha) -
™77 (hy) = 5. Now, iz ((ln @1he)) -7 ((ln @1 ha)) = min{fiz(ha)- €272 (hy), fiz (h)
i%ﬁz( 2)} = tand vz ((hy @1 hy)) - 12”72((711 @1 hQ)) < max{vz(hy)- Z2MZ(7”'L1) vz(hy) -
™7 (hy)} < 2 s This 1mp11es that iy @1 hy € RS ts) Similarly, i, @, by € R(t s) a
hy @3 he € R, Hence, R( RS is a subbisemiring of A,for all ¢, s € DI0, 1].
For each t, S € [0, 1] and hl, hg € R(t’s). NOW,[Lz(hl) . GiQWBZ(hl) t t, [Lz(hz) . 6i2ﬂ6z(h2) t
tand vz(hy) - €27 (hy) < s,v7(hy) - €277 (hy) < 5. Now, iz ((hy @1 hy)) - €252 ((hy @,
ha)) = min{piz(hn) - €277 (h), pz(ha) - €272 (ha) } = t and vz((hy @1 ha)) - €% ((hy @1
fp)) = max{vy(hy)-€?™%(hy), vz (hy)-€?™7%(hy)} < s. This implies that hy @1y € RE),
Similarly,i; @9 hy € R™*) and hy @3 hy € R®%*). Hence,R(“*) is a subbisemiring of 4, for
allt,s € D0, 1],
Conversely, assume that R(-5) is a subbisemiring of 4 and ¢,s € D[0,1]. Suppose if
there exist hy, hy € 2 such that jiz((hy @1 hy)) - €2™2((hy @1 hy)) < min{pz(hy) -
€292 (1y), iz (hs) - €277 ()} and 7z ((hy @1 o)) - €772 ((hy @1 hp)) = max{vz(h) -
e?™7 (hy), vz (hs) - e”“ﬁ(hg)A}. For t,s € D[0,1] such that fiz((7n @1 hy)) - €277 ((hy @,
hy)) < t = min{jiz(hy) - €277 (hy), iz (ha) - €277 (hy) } and 77 ((hy @1 ) - €772 ((hy @1
hg)) > S t max{ﬁ}(hl)-eﬁ“@ (hl),@(hg) i2myz (hg)} Thus hl, hg c Rts but h1®1h2 ¢
R(t:5), This contradicts, R(*) is a SBS of . Therefore jiz((hy @1 hy))- €22 ((hy @1 hy)) =
min{fiz(hn) - €277 (), fiz(ho) - €277 (ho)} and vz ((ln @1 ho)) - €277 ((ln @1 Ti2)) <
max{ﬁ}(ﬁl) : ’2”72(711) Uz (hy) - €2™Z(hy)}. Similarly,0, and @5 cases. Hence R =
(717 - €27Pz Rf - €277 Ty - €2™17) is a ComCIFSBS of .
Let us assume that R(**) is a subbisemiring of % and t, s € [0,1]. Suppose if there exist

nd

—
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7?1, hQ € 2% such that ,UZ((hl 1 hg))l'eﬂﬂﬁz((hl 2 hz)) < min{,uz(hl) 'G%QW’BZ(hﬁ, Mz(hg) .
6%2Wﬁz<h2>} and Vz«hl @1 hg)) . GZZTYZ((I}Ll @1 hg)) - max{yz(hl) . 612W7Z<h1>,yz(h2) .
€™z (hy) }. For t,s € DI[0,1] such that puz((h @1 h)) - eZQWﬁ?((hl @1 he)) <t =X
mm{,uz(hl) 'ezzﬂﬁz(hl), /Lz(hg) '622#52(77,2)} and RIZ((hl D1 hg)) '€I2WIZ((FL1 D1 hg)) <t j

i2r Tl i2n Tl
RL (h1)-e 7, (ﬁ1);73[z(ﬁ2).e 27 (ha) and VZ((hl o1 hz)) .eiQnyZ((hl o1 hg)) -5 > max{uz(hl)-
€217 (hy), vz (hy)-€2™7 (By)}. Thus,hy, By € R®*) but by @1hy ¢ R*“*). This contradicts, R ()
is a SBS of A. Therefore 17 ((hi@1h2))-€2™P2 ((hy@1h2)) = min{puz(hy)-e2™%2 (hy), pz(hy)-
™02 (hy)} and vz (M @1 Mp)) - €22 ((By @1 hs)) = max{vz(hy) - €277 (hy),vz(hg) -
2™z (hy)}. Similarly,0, and @3 cases. Hence R = (uy - €22 v, . ¢2™2) is a Com-
CIFSBS of £.

Definition 3.13. Let (%1, V. V,, V;) and (%2, A, /\5, /\;) be any two bisemirings. The
mapping 4 : % — % and Z be any ComCIFSBS in %, T be any ComCIFSBS in
HB) = Bo. I iy - 62707 = [[1 - 2707 Ty - 2772 iy - 2757y, 2By, 0212 g
a ComCIF in %4, then R~ is a ComCIF in %,,defined by

s - i2nBy . —1
ﬁ}(ﬁ)-e’zwﬂz(ﬁ) _ {Supﬂz(h) € (h) lf hed'o

0 otherwise

o S . 2T . -1
(D) - 277 (3) — {mf vz(h)-e (h) if he 4710

1 otherwise

. ei27rﬂz (6) _ sup ,UZ(h,) . ei27fﬂz(ftl) 1f he 4719
0 otherwise

infvy(h) - e 2(h) if he 4710

1 otherwise

vy (0) - e#7%(8) = {

forall h € %, and 0 € %, is represents the image of R under 4.

Similarly, If Ry - e?™x = [fiy - €22 Dy - 2™, Ry - 270 iy - 2702 py - o277 g
a ComClIF in %By,then ComCIF R; = Jo Ry in %, ie, the ComCIF defined by R (h) -
21z Ry (4(R)) - 2m72CG0) R, = 40 Ry in B, [ie, the ComCIF defined by Rz (%) -
e?72z(N = Ry (4(h)) - e?72GM) 5 represents the preimage of Ry under 4.

Theorem 3.14. The homomorphic image of every ComCIFSBS is a ComCIFSBS.

Proof. The mapping 4 : %, — %5 be any homomorphism.
Now, 4((hV/,0)) = 4(h) A, 4(9), 4((hV,0)) = 3(h) A\, 4(0) and I((hV/39)) = 4(h) A5 4(9)
for all h,0 € A;. Let T = 4(Z),Z is any ComCIFSBS of #;. Let 4(h), 4(0) € %,. Let

h € ud™'(4(h)) and d € 471(4(0)) be such that jiz(h) - 1Bz () sup  pz(h) -
hed=1((h))

27821 and 1i7(9) - 12782 (9) _ sup  fiz(h) . ei2mBz(h)
hed=1(4(9))
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Now, /it ((4(h) A\, (D)) - 2Pz A, 50

= sup 5 (K) - ei2mPz(i)
(W)ed=1(3(n) A, 4(9))

= sup ﬁ}(hl) . ei27rﬁz(h/)

(W)e3=1(3((nV, 0))

:,UZ h\/6 . 127"5Z ((hV,0))

= min{jz(h) - eszBz(h)’ﬁE(6) ) €i2wB}(6)}
= min{jir A(h) - 27740 iz 4(5) - 2O}

Thus, iy ((4(R) A, :I(Eﬁ))).eizwéq\r((i(h)/\l 40)) = min{zx 4(h)-e i2m e 3(h ,ur:l(ﬁ)-e””g;j@)},
Similarly, oy ((4(7) A, (3)))-e2m P (G0 A2 30 = min{ iy I(h)- z2w5rj(h)’Mrj(ﬁ),eigwﬁyj@)}
and

ﬁ}((_—](h) /\3 _-](6))) . ei2mBr (3(h) A5 4(9))) - min{ﬁ}_—l(h) . Z2ﬂ'ﬁ'rj MT—‘I@) . eiZW,BTj((’))}.

Let 4(h), (D) € B,. Let h € 4-1(4(h)) and & € 47'(4(d)) be such that v, (h) - €277 —

inf g (h) - e?7M and 1(3) - 220 = inf Tz (h) - 220,
hed=1(4(h)) hed=1(4(9))

Now, 7 ((4(h) A, (D)) - ei2r T3 (0 A, @)

= inf (R - 2z ()
)T A 40)
= inf 17 ﬁl) . ei%@(h’,)

(W)ed-1(3((hV, 0))
=vz(( h\/5 - e2m12(hV,9)

= max{l/Z( ) - 27z () 77(9) - ei27WAz(f5)}

= max{vy 3(h) - g2 ) EIG)E ei27rﬁ_—l(5)}.

Thus,z??((_-i(h)/\ 4(d)))-e 2myr (1) A1 40)) < max{vy4(h)-e 27y 3(h) , 3 A(0)- z27r'yTj(5)}
Similarly, 7 ((3() Ay 3(8)))-e 0N < marc{7z 3(h) €240, 5 5(3) 257400}
and

D}((_—I(ﬁ) /\3 _-1(5))) . 271 ((4(h) Ay 4(9))) = max{ﬁ?j(h) _eiZij(B), ﬁ?j@) . 6i27r'7§j(6)}.

The mapping 4 : %, — A, be any homomorphism.
Now, 3((2V,9)) = 3(h) A, 4(9), 3((AV,0)) = 3(h) \, 4(9) and 3((~ V3 0)) = 3(h) A\; 4(9)
forall 7,0 € %,. Let T = 4(Z),Z is any ComCIFSBS of %,. Let 4(h), 4(0) € A,. Let
h e 471(4(h)) and 3 € 471(3(0)) be such that py(h)-€2™2") = sup gy (h)-e?™Bz(0)
hefl(j(r))
and ,uZ(a) . eiQWBZ(a) — sup /J/Z(h) . 67;27752(;1)'
hed=1(4(9))
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Now, rir((3(h) A, 4(8))) - e27Bz(E0 AL 40)

— B e
(W) 41 (340) A, 4(9))

= sup pg(h) e

(H) 41 (H(hV; 9)

_'uZ h\/5 . ZQWBZ (hV,9))

z?wﬁz(h 12F52(5)}

= mm{uz( ) -

#z(0) -
— min{lﬁf—"( ) szﬁTj(h iy _‘I(Eﬁ) ‘e’iQT(ﬂ’rj(a)}.

Thus, py ((3(B) A\, 3(D)))-e 2B () AL 2OD) = min{ py A(R)-e2™3M | 1y 4(0) -2 30,
Slmllarly’/jl,r(<_—l<h) /\2 _—I( ))) el27r/3'f((j(h) /\2 3(9))) t min{MTj(h).eiQFﬁTj(h)’ MTj(ﬁ).eigﬂﬁTj(a)}
and

MT((-‘J(h) /\3 j(ﬁ))) . 2By ((3(h) A3 4(9))) - miIl{,u'r_‘l(h> . 2By 3(h MT—"(E}) ) eiZW,BTj(S)}_

Let 4(h), 4(0) € %,. Let h € 471 (4(h)) and & € 471(3(9)) be such that v;(h) - ¢2™2(") =

inf wy(h)-e®7M and vz (9) - 77O = inf wy(h) - ?m20),
he4-1(4(h) he4-1(4(3))

Now, v ((4(h) A, 4(3))) - e2mm (G0 A @)

= inf Vz(h/>  ¢i2mz ()
(W)ed=1(4(h) Ay 4(0))
= inf Vz(h/> . eiQWVZ(h/)

(h)ed=1(((hV,9))
—VZ FL\/6 . 127WZ (h\/19))

= max{uz( ) . 6Z27"’Yz(h)7 Vz(ﬁ) . ei27r’yz(8)}

= maX{VY_‘I(h> . eiQﬂ"YTj(h)7 VT_‘I<6> . ei2ﬂ”}/’rj(3)}.

Thus, ,/T(( (h) /\1 _—](5))) ei2myr ((34(h) Ay 4(9))) < max{vy:l(h) i2myy 4(h) ,/T:](ﬁ) i27rwd(5)}
Similarly,vy ((4(h) A, 3(9)))-e2rr(E0 A2 20D) < max{vy I(h)-e iz (1) ,vrd(0)-e2mr 0}
and

VT((:I(h) /\3 _—I(a))) . ei27r'7“f((j(h)/\1 j(ES))) j max{y,r_—i(h) . ei27r'YTj(a)’ ]/»r_—i(ﬁ) . eiQﬂ"YTj(a)}.
Thus,Y is a ComCIFSBS of %,.

Theorem 3.15. The homomorphic preimage of every ComCIFSBS is a ComCIFSBS.

Proof. The mapping 4 : %, — %, be a homomorphism.

Now,3((2V,9)) = 4(h) A, 3(9), 3((hV,0)) = 3(h) A\, 4(9) and 3((7V/30)) = 3(h) A3 ()
forall h,0 € #;. Let T = 4(Z),Y isa ComCIFSBS of %,. Let i, 0 € ;. Now,iiz((h\/,0))-
ei2mBz((hV,0)) — ,UT( ((h\/l ))).emﬁr(j((hvla))) = ((A(h) A\, 3(9)))-e2m P (G AL 0) -
min{ gy d(h) - ei2nbr(h MY-‘I(5) . ¢i2mBr 4D )} = min{fiz (h) - ei27r6/2(ﬁ)7ﬁz(5) . eiznﬁ/}(z))}_
Thus fi7((RV/, 8)) - ¢V = wmin{iz(h) - €270, 5 (5) - 02720,

Now,v((h\/, 9))-¢*™72 (Vi) = 7x(3((RV/, D)))-e 2T (40,90 = vr((d(h) A, 4(9)))-
2277 ((4h) Ay 3(0)

< max{ﬂ?_—l(ﬁ) . ei2m/}j(h)7 ﬁ?_—l(ﬁ) . ei27r7/~}j(3)} — maX{ﬁE(ﬁ) . ez‘%@(h)7 @(5) . ei27r§}(5)}‘
Thus, ;E((ﬁ \/1 5)) . ei2m7z((hV,9)) =< max{ﬁ}(ﬁ) . €i27WAZ(ﬁ)7 @(5) . ei27WAZ(5)}_
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The mapping 4 : %, — %5 be a homomorphism.

Now,3((hV/,0)) = 4(h) A, 4(9), 4((hV,0)) = 3(h) A\, 3(0) and 3((2 V4 0)) = (h) A\; I(0)
forallh,0 € %;. Let T = 3(Z),T isa ComCIFSBS of %,. Let h,d € %,. Now,uz((h\/, 9))-
A ) =

2Bz (MV19) = 11y (4 ((h\/,0)))-e 2B (AN = i ((d(R )/\1 (9)))-e?2mBx () 1ﬁ( )
minjix 3(1)-¢270), g A(0) 270} = mmhu<>ﬂwﬂf p7(0)-¢220). Thus,
pz((hV, 5)) 2PV O = min{puz (h) - ZWZ 2(0)- €279}, Noww (1, 9))-
€z2mz((ﬁ\/1 ) = vy (d ((ﬁ\/l 9)))-e2mre (U V,19) _VT(( (h )/\1 4(9)))-e??mr (G A H0) <
max{vy 4(h)-e2™ M) 1y 4(5)-e2 2O = max{vy(h)-e?mz (") Vz(6) 21z, Thus,
vz((h\/,0)) - z27r'yz((f7\/1 N < max{vz(h) - 27" 1, (d) - Z2mz .

Theorem 3.16. If 4 : B, — P, is a homomorphism,then _-I(Z/(t?)) is a subbisemiring of
ComCIFSBS Y of %.

Proof. The mapping 4 : %, — %, be a homomorphism.

Now,3((hV,0)) = 4(h) A, 4(9), (A V,0)) = () A\, () and 3((7V/30)) = (h) A3 I(0)
for all h,d € %;. Let T = 1(Z),Z is a ComCIFSBS of %,. By Theorem T

is a ComCIFSBS of %#,. Let Z/(tt) be any subbisemiring of Z. Suppose that h,0 €
Zs- Then h\/,0,h\/,0 and B\, € Zy.. Now,iz(d(h)) - €2 FrEm) — [7(n) -
€20 = i3 (3(0)) - 2PN = (D) - 00 = b Thus. i ((A(B) A, 4(9))
2B (B A 3O = 17 ((h \/,9)) - i2mBz(AV10)) = ¢,

Now, 77 (4(h))-e27 7T EM) — 75 (R).e27T20) < 5 77 (4(3))- 2T EO) — 75(5)-ei2r 70 <
S.

Thus, 7 ((4(h) A, 3(9))) - e2myr (B A 40)) < ,,Z((h\/l 9)) - e2m2((hV19)) < s for all
d(h), 4(0) € HBs. Similarly other operations,_-l(Z( 5)) is a subbisemiring of ComCIFSBS T
of %2.

The mapping 4 : #; — %, be a homomorphism.

Now,4((hV/, ) = 3(8) A, 3(0), (5, 9)) = () A, 3(0) and (V3 9)) = () A, H0)
for all 1,0 € %,. Let ¥ = 4(Z),Z is a ComCIFSBS of %;. By Theorem T

is a ComCIFSBS of %,. Let Z, be any subbisemiring of Z. Suppose that 7,0 €
Zs). Then h\/,8,h\/,0 and h\/;0 € Zys. Now,uy(d(h)) - e2™rEW) = 7 (h) -
2020 =ty (3(0)) - 2D = 11 (D) - 2702 = 1. Thus,gex (3() A, 40))
2 (GO A O = (B, ) - e22(VD) = ¢ Nowwy (A(h)) - e2mmEm) —

vz (h)-*m2" < 5 1y (3(0))-e?TEO) = 15 (8)-¢?720) < s. Thus,vr ((4(h) A, 4(9))):
2t (BWASO) <y, (R, 0)) - e2m2((V10) < g for all 4(h), 3(3) € P, Similarly
other operations,4(Z, ) is a subbisemiring of ComCIFSBS T of %,.

Theorem 3.17. If 4 : B, — By is any homomorphism,then Zt\S) is a subbisemiring of
ComCIFSBS 7 of %,.

Proof. The mapping 4 : %, — %, be any homomorphism.

Now 4((2V,9)) = 4(h) A, 3(0), 4((7V,0)) = 3(h) A, 3(0) and 4((2V/39)) = 3(h) A3 3(0)
forall h,0 € %,. Let T = 4(Z),Y is a ComCIFSBS of %#,. By Theorem YA a Com-
CIFSBS of #;. Let 4(Z(; ) be a subbisemiring of T. Suppose that 4(h), _-I(?i) € _-I(Z( )

Now,((hV/,8)), 4((hV,8)) and H((hV/;8)) € HZ(r,). Now,fiz (h)-c252") — fiz(3(R)-
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e G0 4 i (D) - 20 = [ (4(D)) - 2O =t Thus, iz((hV, ) -
eiZﬂﬁZ((h\/l 9)) - mln{ﬁ}(h) . z27rﬁz(h A( ) 6127rﬁz 5)} t. NOW,@(h) . 61‘271"?}(?1) —
vr(A(R)) - 2 CM) < 5 77(8) - 6227er = oy (4(0)) - e 27 (3(9)) < s.

Thus, 7((\/, 8))-¢ 572 (0V29) = 75(((h) A, 3(5)) -2 GO A 0D < maxe{75(h).

€2z 77(9) - e22@} < s for all h,d € %,. Similarly other operations,Z(; 4 is a sub-
bisemiring of ComCIFSBS Z of 4.

The mapping 4 : #; — %, be any homomorphism.

We have J((hV,0)) = 4(h) A; 4(0), A((hV,0)) = 4(h) A\, I(0) and I((hV,0)) =
() N3 4(0) for all h,0 € H;. Let T = 4(Z),T is a ComCIFSBS of %,. By The-
orem [3.15,Z is a ComCIFSBS of %;. Let 4(Z,s)) be a subbisemiring of Y. Suppose
that 4(h),4(0) € H(Zy,). Now,d((RV,0)),d((hV,0)) and 4((h\/,0)) € HZuy)-
Now,piz (B)-¢27828) — 1 (3(R))-e27Br ) = ¢ 11 (5)-27B2®) — 1 (4(D))-e2nBr ) =
t. Thusuz((h\, ) - €22V = min{ug(h) - €220 1,(3) - 220} » ¢,
NOW,Vz<h)'6i27WZ(h) = yr(j(h)).ei%’w(—“(h)) <s, Vz(g).emw(ii) = VT(_—](E§)).61'27F’YT(—“(5)) <
S.

Thus, vz((h\/, 9))-¢ i2myz((hV,9)) = vr((d(h) A\, 3(9)))-e i2myy ((3(h) A1 3(9))) < max{vz(h)-
ez 1, (D) - ez} < s for all h,d € %. Similarly other operations,Z(; 4 is a sub-
bisemiring of ComCIFSBS Z of 4;.
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