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1. Introduction

The fuzzy set theory was first introduced by Zadeh which helps to deal uncertainty in the
problem [1]. Gorzalczany [2] and Turksen [3] introduced the notation of fuzzy set theory. Dubois and
Prade have defined fuzzy numbers as a fuzzy subset of the real line [9]. A fuzzy number is a multi-
valued guantity whose value is precise, rather than a single-valued quantity. Most of the researchers
have used triangular and trapezoidal fuzzy numbers to handle imprecision in real life situations [10,
11, 12, 15-18]. Hexagonal, heptagonal, nonagonal, decagonal fuzzy numbers have also been
introduced to tackle the vagueness [5, 13, 14, 19, 20]. Wang and L.i [4] in 1998, defined interval-valued
fuzzy numbers and gave their extended operations. Karthik et.al [6] developed a fuzzy decision-
making system using triangular fuzzy numbers to study the impact of pesticides on human health.
Selvaraj et.al proposed linear and nonlinear hexagonal fuzzy number with symmetry and asymmetry
for solving transportation problem, and their respective alpha cuts also have been derived [8]. Karthik
et.al introduced heptagonal fuzzy number for both symmetrical and asymmetrical structures, derived
alpha cuts to solve assignment problem. Felix et.al [5] has introduced a new operation on a decagonal
fuzzy number (DFN) under certain linguistic environment is presented.

This paper consists of four sections. The first section describes the introduction and basic
definitions of fuzzy. We introducing the definition for Bounded closed interval-valued Decagonal
fuzzy numbers in the second section. Section three seeks about the theorem for Bounded closed
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interval-valued Decagonal fuzzy numbers. Finally, the last section is the conclusion based on theorems
part.

2. Preliminaries
This section describes the preliminary definitions of fuzzy sets,fuzzy numbers and
Decagonal fuzzy numbers.

2.1 Fuzzy Set

A fuzzy set A& is a subset of a universe of discourse X, which is characterized by a membership
function z44(0) representing a mapping 4: X —[0,1]. The function value of z4(6) is called the

membership value, which represents the degree of truth that € is an element of the fuzzy set A

2.2 Fuzzy numbers

A fuzzy set A€ defined on the set of real numbers R is said to be a fuzzy number and its
membership function AR [0,1] has the following characteristics,

G)  His convex.
(26, + (U= 2)6,) = min(ug6,), 1546,)), V6 €[6,.6,], 4 €[0,1].

(i)  Ais normal if max u,(6) =1.

(iii) A is piecewise continuous.
2.3 Decagonal Fuzzy Number

A Decagonal fuzzy number D =(a,b,c,d,e,f,g,h,i,j) and the membership function is defined as

( 1(6-a)

4 (b-a)
1 1(6-b)
_+Z_(c—b) b<f6<c

1(6-0

a<f<b )

c<f6<d

d<f<e
e<f<f

15 (6)=1 1
—100 f<p<g

-~

= PR W N R s
NN
N
7
(=)
—

—=28 g<ph<h

h<6<i

i<6<j

\0 otherwise”

3. Bounded closed interval-valued Decagonal Fuzzy number

The definitions of Bounded closed interval-valued Decagonal Fuzzy number are given below
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Definition 3.1

A= [zL,z"] or [j1jz] € [I1® If Ais a interval-valued Decagonal fuzzy set of R is called a

bounded closed interval-valued decagonal fuzzy number (BCIDFN). If AL, AV € Bc[R]. The
interval-valued decagonal fuzzy number A has two elements. Lower fuzzy number AL and upper
fuzzy number AU,

The interval valued decagonal fuzzy numbers A can be represented as

¥ (al 'a%z'a3 'ai‘l'as 'a6 ,(Z%7,(l8 'a9 'alo)L

2.3 2.6 2.10

(“1 yaz? a3’ ait ak®,af® ai’, ag® ag®, afy )Y

Where (a%l S a1.2 S a1.3 S a1.4- S al.S S a1'6 S 6¥1.7 S a1.8 S a%‘; S a%OO)
(all < (X%Z < a§3 < af“’ < aéS < aéé < a%7 < a28 < ag9 < a%lO)
0< WAL <WAV <1 dem AL < AY de
AL, AY € B c [R]
The set of all BCIDFNS on R is denoted by B c [R].

Definition 3.2
Let
= (“1 ,dz '“3 ,a4 ,aéS,% ,a7 :“8 '“9 'a100)L
A= 2.4 2.5 2.9 2.10 € BC[R]

2.2 2.7
(a1 y A’ ,a3 ,a4 » &g’ ;ae ,a7 'as ,a9 » A10

If A is called a positive bounded closed interval- valued decagonal fuzzy number (BCIDFNS) if

AY(x) = 0 each x < 0. All positive BCIDFNS is denoted by B < [R*]

If A is called negative bounded closed interval- valued decagonal fuzzy number (BCIDFNS) if

AL (x) = 0 each x > 0. All negative BCIDFNS is denoted by B < [R7].
Definition 3.3 (Algebraic operations on BCIDFNS)

Let ®€ {D, ©, ®, @} be the binary operation on R for fi?i € B c [R]

ﬁ ﬁ is defined as follows,

where

—_— 1.0N\L

1’4“_[ 1 ’az ,‘13 ,a4 ,a5 ,0‘6 '“7 ’0‘8 '0‘9 '“ )",

- 2.1 2.5 2.7 2.10

aq ,a2 '053 '“4 ,0(5 '“6 '“7 'as '“9 'a1o )

— 13 1.5 plé pl.7 1.0\L

E“_ e 5 »Pe +P7 B )",

- 2.5 p2.6 p2.7 '3210)

) 4 »F5 »P6e »P7 » 8 10

(ﬁﬁ)@):zz;Y(ZVT(X)AEV?(y)),zeR
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where A (X) AB1 (y) = [Zvi (x), A2 @)] [ﬁ(x),Bz(x)
Theorem 1
Let[\F:f,FBF:“I € B € C[R] then
()AL ® Bl € B C[R] for ®€ {©,0,®,}
(i))AT @Bl € BC [R] for B € B C [R*] or B € B C [R™] Where
Al = [(ak,ab, ak, ak, ak, ak, ab, ab, ab, ako) (a2, a3?, a3?, aj*, a2%, a2, a3”, aZ® a3®, %)
and
BL = [((B1, B32, B>, Bt BES, B, B3, B®, Bao, BiX) (bY, bY, bY, bY, b, bY, bY, b, bY, bly)]

Proof: (i) For ®€ {®, ©,®,} and each Z € R
(AT ®B1) (@)

1.7 ,1.8 ,19 1.0

. . 1. . 1. 1.
174 ((atha3? a3 ai*ad®ag®a;’ ab® a5 aiy) (x)
Z=XY 1.1 pl1.2 pl.3 pl.4 pl5 p1.6 p1.7 p1.8 p1.9 1021 2.2 p2.3 p2.4 p2.5 2.6 2.7 2.8 2.9 p2.10
A((BT.B3%.B3°.Bi*Bs° Bs°.B77.Bs®.Ba Bio ) (BT 1.B3 2833 B3>, BE°.B57 . BE %, BS° BT ) ()

|4 11 ,12 ,13 14 .15 ,16 .17 .18 19 1.0 1.1 pl2 pl3 pl4 pl5 plé pl7 P18 P19 p1.0
Z =X® Y(((al 'a’z' !a3. ’a4—. ,as' !a6. !a7. !a8. va9. ,(le)(x) / ((ﬁl ) 2. )] 3. ) 4-. )] 5. )] 6. ) 7. )] 8. ) 9. ) 10)(}/)),

- |4 21 ,22 ,23 ,24 .25 26 .27 ,28 29 ,2.10 2.1 p22 p23 p24 P25 P26 p2.7 P28 P29 p2.10
Z :X®Y((a1 'az. 'a3. ’a4—. JaS. !a6. 1a7. 1a8. ,(Xg' ;alb )(x)/] (ﬁl ) 2. )] 3. ) 4.. ) 5' ) 6. ) 7' ) 8. ) 9' 'ﬂll:) )(y))

11 12 13 .14 .15 16 17 .18 19 1.0 1.1 pl2 pl3 pld pls plé pl7 pl8 pLl9 pl.o
_( (a1t az?, a3”, a5, a5, as°, a7’, ag®, ag”, a1y ) (B, » P37, P4 Ps T Pe P7 P8, Po '.[310)(2),)
= 21 ,2.2 23 24 25 26 27 28 29 210\ p2.1 P22 p2.3 P24 P25 P2.6 p2.7 P28 P29 pP2.10
((ai?, a3, a3?, az®,as>,ag®, a5’ ag”, a7, aip ) (Bi B3, Bt Bs, Bs®, B, Bs ™, By, Bio ) (2))

On the other hand
(M eB)@

( ((0{%'1, a,%.z’ a%.s’ ai.4’ aé.Sl aé..6’ a%.7, aé.B, aél.9’ a]Z-lbO) ® ((ﬁ%l' 21.2’ ;.3' 4%.4, 51.5' é..6' 71.7’ §.8' 91.9' ﬂ1100)(z) >

= 21 22 .23 24 25 26 27 28 29 210 21 p22 P23 p2.4 p2.5 p2.6 p2.7 p2.8 2.9 210
(aih az a3®, az”, as?,ag®, a7’ ag”, a57, agy ) @ (B, B34, Bs~, Bi™, Bs>, B, B, Bs™, Bs™, Bio ) (2)

Hence
=~ _ =\k 11 1.2 13 14 15 16 1.7 1.8 1.9 1.0
(A1 B1) = (((al' ,a3c, a3, a7, as”, a0, a7, agc, ag ,a1b)
11 p12 pl3 plé pl5 plé pl7 pl8 pl9 p1.0
® (BB 31415'61718'9'ﬁ10))
=~ =\Y 21 22 23 24 25 2.6 27 28 29 210
(AZ BZ) = ((“1' a3t a3”, apt, a5, a5, a5’ ag”, a5”, agg )
21 022 p23 p24 p2.5 p2.6 p2.7 P28 p2.9 p2.10
(,31:2 3!4)5'6'7'8'9'ﬁ10))
That A ® B:,AY ® BY € B C(R) this shows A ® B € B C [R]

(ii) (ZTl ) "BA”I) € BC[R] for B € BC[R*] or B € B C[R™]
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(A eBl)®
_ V

T ZI=X0Y
A ((ﬂlll 21.2 1.3 1.4 1.5 1.6 1.7 1.8 ;..9' %(.)0)(ﬁ2.1’ 22.2 2.3 2.4 2.5 2.6 2.7 2.8 92.9’ 1?010)(31))

11 12 13 14 15 .16 17 18 .19 1.0\/,21 22 23 .24 25 26 27 28 29 210
(((0’1 Jaytazc,agt, a5, ag’, ar’, agt, ag”, ag ) (@it ayt az®, apt, as, ag, ar’, ag”, as”®, ajg ) (x)

+P3 »MP4 H»PFP5 PFP6 FP7 M8 »P3 »P4 H»P5 M6 FP7 M8

V@l ol ol ol o, ad® o, () 4 (B B B B A5 B B, 4% A7, RO
Z =X ©V((af, a3, a3 a3, 0%, a2, o3, a3, ad, ai) () 1 (BT, B3 B2, B, B35, 62, B3, B3, B3, B ) )
4
— 7=x @ Y[((a,ll.l’ 0!21'2, a,%.S’ ai.‘l—' aé.s' aé.G' (X%j, aé.B’ a%.9’ a]]-.(.)O)(x)
NGB B1 B1°, B, B3° 63 67, B% £3°, B,

14
z=xorl@

A BE B3 B3, B, B B2 B3 B3, B3, ) )]

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1.0
_ [((a1 , a7, a3,y 7, a5, g, A7, Ag™, Ag ;a10) ® ((31 P27 P37, Pa PsT Pe P77 P8 P Plo )(2),
- 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 2.10 2.1 2.2 2.3 24 p2.5 2.6 2.7 2.8 2.9 2.10
(ait az? a5? ap* a5, a5, a5’ ag®, a5, aiy ") © (B, B34, B3, Bi*, Bs>, Bs®, B77, Bs®, B, Bio ) (2)

21 22 23 .24 25 26 27 28 .29 210
ihayt ezt ayt as? ag” ay’, agt, as”, agy ) (x)

On the other hand
= = = =L —~ ~\U
(Fer)m=|"ed) w(Feb) ¢
= e
(A1 ) Bl) = [((eY, ad?, a3, abt, alS, al®, ab”, ad®, al?, atd))
© (51 BE% B35 81, 5L, 5L B3, 3%, 837, P10

— —~—.\U
A2 n2 _ 21 .22 .23 24 .25 .26 .27 .28 ,29 210
(AZ@BZ) = [(a1 yayt,a3”, a5t a5, a5, a7, ag”t, a5”, agg )

@(,812'1, 22.2, 32.3, 4?.4-’ 5.5, 62.6, 3.7’ 5.8' 5.9"812010)(2)]

It follows that
~1L ~L —~U ~U
Al ©B! A2 ©B?% €BC(R)thisshows A! @ B! € BC [R]
Theorem 2
Let A', B, T! € B C [R] then
Al

_ 11 12 13 14 .15 16 1.7 1.8 19 10N 21 22 23 2.4 25 26 .27 28 29 210
—[(a1 Jay S, a3, ay”, a5, a5, a7’ ag”t, ag”, agg ) (g, ayt, az”, ayt, a5, ag, ar’, ag”t, ag”, ang )]

Bl

— [(ﬁl'l 1.2 pl3 pl4s pl5 pl6é p1.7 p1.8 p1.9 ﬁl.O)(ﬁZ.l 2.2 p23 p24 p2.5 p26 p2.7 p2.8 p2.9 132.10)]
- L\ »F2 »F3 »F4 H»F5 »F6 »F7 »FP8 F9 1 F10 1 72 »F3 »P4 H»FP5 »F6 F7 »F8 F9 110
Fl

— 11,12 .13 ,,14 .15 .16 ,,1.7 . 1.8 ., 19 . 1.10 21 ,,22 ,,23 ,,24 .,25 .26 ,,2.7 .,28 .29 210
_[(Y1 y Y25 V3 Ve Vs Ve Y7 Y8 Y9 Y10 )'(yl Y Y25 V3 Ve L Ys Ve Y7 Ve Y9 Y10 ]

Proof: A" / BlL,AZU 2 B2Y

(DA + B = [(4' + B, (4% + B)Y] = [at" + 1" 42" + B2
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= [BlL + At g2l 4 AZU]
[(BY + AN, (B% + A%)Y]
=B'+ A

_ — (11 12 13 14 .15 .16 17 18 .19 1.0
A+B=A+B=[(at, a3* a3, a;* ai>, ag® a7’ ag® a5”, aiy)

+(ﬂil.1’ %.2' 3}.3’ }.4—' é..S’ g..6’ 71.7' EZI;..B’ %.9’ ]]-.00))]L

21 22 23 24 25 .26 27 28 29 210
[(aft, a5, a5® az®, ag®, a5®, a7, ag®, a5’ aiy”) +
(B2, 22, B33, B2+, B2S, 26, p27 p28 p29 p210y|U
i P2 »FP3 »P4 »F5 »FPe6e »FP7 M8 P9 P10
11 pl2 pl3 pld pls5 plé pl7 pl8 pl9o pl.o 11 12 ,13 .14 .15 .16 17 .18 .19 ~1.0\\L
[(BL, B2%, B3>, Ba*, Bs™, Bs® B77, Bg™, Bo s Bio' ) +1 (a1, @z, a3, ai®, as>, ag®, az7’, ag®, ag”, aiy))]

[(32.1 2.2 P23 P24 p2.5 p2.6 2.7 P28 P29 2.10
1 P2 »P3 »P4 »Ps »Pe »P7 »P8 »P9 »P10

+ (@t 0%l ab a2, 0, af, g, i, )
=B+A
(i) A'®Bt = Bt ® A?
A'®B! = [(A'®B)L, (A2@B2)V] = [A1L®B1L,A2U®32U]

= B @4, B2 @42"

[(B'®A")", (B*®4%)]
= BlA?
Al@B!

_ 11 12 13 14 15 1.6 .17 18 19 1.0 1.1 pl2 pl3 pla pl5 plé pl7 pl8 pL9 RLONIL
= [(ai az? a3°, a5, a5, a6°, a7, ag®, as”, aig )QB1, B2%, B3> Ba*, Bs™, Bs® B77, Bs o) B1o )]

21 22 23 24 25 26 27 .28 .29 210 2.1 p22 P23 P24 P25 p2.6 P27 P28 2.9 P2.10\1U
[(afh a5 as®, a5, as®, a5, a7, ag®, a5’ aiy )QBT, B3, By, Bi™ B5™, B&°, B77, Bs®, Bs”, Biv )]

1.1 pl2 pl3 pl4 plS5 plé pl7 pls p1l9 pL0 11 12 13 14 .15 .16 17 18 1.9 1.0N]L
[(Bi B2%, B3>, Ba*, Bs™, Bs® B77, Bg™®, Bo s Bio )®:, (arh, a3 %, az®, az*, as, ag®, a7’ ag®, ag”, agp )]

2.1 p22 P23 P24 P25 p2.6 P27 P28 P29 P2.10 21 22 23 24 25 26 27 28 29 ,210\U
[(BF, B2 B5, Bi* Bs>, B&°, B77, B5°, By, Bio ®ri(ai, az?, a3, af*, a5, ag® af’,ag®, a5’ aiy )]

..... 5
= B1®A?
(iii) (A'®BH®I! = A'®(B1@rY)
(AleaBl)@Fl — [(AléBBl)LEBFlL, (A2®BZ)U®F2U]

ottt ettt gt s i OUL BB 0 B B i 5 RSN 00 1%
[

14 15 1,16 4,17 1,18 1,19 - 1.10)L
32y vt vt ve S v T ve S vet viet Ok,

21 22 23 24 25 26 027 28 29 210\ 21 p2.2 23 p24 P25 P26 P27 P28 29 210U 21 1,22 1,23 1,24 1,25 1,26 1,27 1,28 1,29 1210\U
(afh,a3?,a3®, ai*, ad®, ag® ai’, ai® ad®, afy )@ (BY, B5% B3, Bt BE®, BeC, BT, Bs %, B2, B N @i, va 2 vis v va vé . vi " vé® vs® vie'®)

[ L O B BB B P PR B Y S i ) |

3 10
- 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 2.10N\U 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 2.10\U 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 2.10\U
(afh,a3?,a3®, ai*, ag®, ag® ai’, ai® ad®, afy V@ BL, B3% B33, it B, 850, 77, Ba®, B3, B ) @i, va 2 vi ® vt ve® ve o vy véa® vt vie™®)

11 12 13 14 15 1.6 17 18 1.9 ,1.0\L 11 pl2 pl3 pl4 pLS P16 pL7 P18 P19 P10NI: 11 ,1.2 4,13 114 1,15 1.6 1,17 o, 1.8 ,,1.9 1, 1.10)]L
(a1t a3?, a3, a;*, a5, a5 077, a5®, a5, aid ) ® (B, B2 2, B3, Ba*, B3, Be®, B7 7, B ®, B, B ) @i, va 2 vt it va® v o, va 7 va % v v 1%,
21 22 23 24 25 2.6 2.7 28 2.9 ,210\U 21 p22 23 [24 P25 26 27 R28 [29 P10\ 21 1,22 1,23 1,24 1,25 1,2.6 1,27 1,28 1,29 121010

(aft, a3?, a3, aZt, ads, al® as’,ad8, ad®, a2 ) @ (BEL, B2, BE3, B2*, BE>, BES, BF7, BES, BS?, BE0) @yt v22, v23, v& vas vEds, vi7, vé® vé® v )]

— I:AlL@(Bl@Fl)L'A2U®(32®F2)U]
(A1®Bl)®F1 :A1®(81®F1)

(A1®Bl)®F1 - [(A1®Bl)L®F1L, (A2®BZ)U®F2U]
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11 512 13 14 15 16 17 18 19 1.0\ 11 pl2 pl3 pl4 L5 p16 pL7 P18 P19 PLOYIL 11 3,12 1,13 14 1,15 0,16 1,17 1.8 ., 1.9 1, 110)\L
[[(al y a2, a37, 4, a5, A, A7, Ag™, Ay, A (B, B22 B33, B, B3, Be S, 77, Be®, Ba, BI I @it va 2, va®, vt v, ve S va " va , ve * v O N,

21 22 23 24 25 26 427 28 29 210\ 21 p22 23 P24 P25 (26 (27 p28 29 [210\]U 21 1,22 1,23 1,24 1,25 1,2.6 1,27 1,28 1,29 1,2.10\U
(at',ai? a5? az®, as®, ag®, a7’ ag® as”, af5 )@ (BT, 3% P53, Bi*, Bs, Be®, B3, B ®, B, Blo DI ® (v va 2 va > vt va® ve v vs . ve 7 vis

11 12 13 14 15 1.6 ,17 18 19 ,10\L 11 pl2 pl3 pla pls plée pL7 P18 P19 PLOY)L 11 3,12 4,13 114 115 216 1,17 1,18 5,19 1, 1.10\L

_ (aih az? az®, a;*, as5°, a5, a7, ag®, a5, aig ) @ (B, B2, B33, Ba*, Bs >, Bs®, B, Bs®, Ba?, Bio N ®i v 4, v3 2 va v vs> ve S v ve  ve 2o vie )" ]

= 21 22 23 24 25 26 027 28 29 ,210)\U 21 22 23 24 2.5 2.6 27 P28 29 R210\U 21 1,22 1,23 224 1,25 1,26 1,27 1,28 1,29 ., 2.10\\U
((at, a3?,a3?, ai* ad® ag® ai’, a;®, a5’ afy BT, B3, B3, Bi* Bs >, Bs°, B7 7, Bs . B, Bio Uiyt vs  vit vs® vévi vet vs  viv )

11,12 13 14 15 1.6 17 18 19 ,,1.0\L 11 pl2 pl3 pla pLS 16 pL7 P18 P19 PLONI 11 ,,1.2 13 114 1.5 .16 1,17 o, 1.8 ,,19 1, 1.10Y]L
_| (arhaz?e5® a3t as®, a5’ a77, ag®, a5, aig ) @B, B2, B3, Ba*, Bs®, Bs®, B7, Bs®, Bs 2, Bia )" @it v va® vt vs > v6 & vr 7 vs® ve 7 vio 1IN

= 21 22 23 24 25 26 427 28 29 ,210\U 21 p22 23 P24 25 P26 27 R28 [29 P10\ 21 1,22 1,23 1,24 1,25 1,26 1,27 1,28 1,29 121010
(afh,a3?,a3% af* ad® a® ai’, ai® ad® afy ) (BT, B3 B3>, B, BE®, BE %, B77, Bs®, B3, BEs ) " @i v3 2 vi s vt v&® vé . vi " v %, vs® vie ]

_ [A1L®(Bl®F1)L,A2U®(BZ®F2)U]
Theorem 3
If A',BY,T! € B C[R*], then
AL = [(al, ad?, a3, ab?, alS, ald, al”, al® ad? alO)t, (a1, a??, a2, a2t a?S, 25, a2, a®, a2?, a%i%)V]

BY = [(((BES B3, B3 B B35, B2, 37, B3, 3, BRSO, ((CBE, B33, B33, B2, B2, B, B2 B3, B3, BE©)) ]
l"l

L u
= (A V32 v Vi S v v v v i) (2 32 v3 Vi s vES, vaT vE v V) )
A'@(B'er') = (A'®BHB(A'QC)

A1®(31®F1) — (A1L®(31®C1)L,A2U®(32®CZ)U)

11 ,12 13 14 15 16 ,17 18 19 ,1.0\L 11 pl12 p13 pla pl5 p16 p17 p18 pl9 pL0 11,12 .13 14 15 16 .17 1.8 19 110 ,,1 -1 1 1 1 .1 \|L

_[(“1 yay?az®,agt a5, ag, az’, ag®, ag”, aiy)” ®[(Bi, B4 By Ba* Bs™, Be® Br 7, Bs ) By, 10)63(71 2Y2 Y3 Va Vs Ve Y7 Y8 Ve V1o ‘V5»1’6‘V7»1’8‘V9»V10)] ,

- 21 22 23 24 25 2.6 27 28 29 ,2.10\U 21 p2.2 p23 24 p25 2.6 2.7 2.8 2.9 [2.10 21 1,22 123 224 25 26 2.7 1,28 1,29 210 2 2 .2 \ U
(ai, a5 a5® az®, a5, ag® a5, ag®, a5’ agy ") ®[((/31 B34, B3, Bi, B>, BE°, By Bs°, BS ™, Bio )63(71 SV V3TV YS TV Y7 Ve Y9 Y0 'VS»VQ»VIO)]

AlQ(BI@rY) = (A1L®31L) (AZU ®32”) @ (A1L®A1L) (AZU ®1"2U)
A'®(B'Ort) =[(A'®BH®A'®r)]
Theorem 4
If AY,B* € B C[R],then A' v BY,A* AB' € B C[R]
where

1 _ 11 12 13 14 15 1.6 17 18 19 1.0\L (2.1 22 2.3 24 25 26 27 28 29 2.10\U
At =[((ar, a?, a3®, a3, a5, ag®, a7, ag®, ag”, aip))", (@i, az?, a5®, az®, as”, a5, a7, ag®, a5, aiy )" ]

B = (B, B1% B B, B 5 817 B, B3%, B, (B2, B3 B3, B B2, B2, B2, 3° B3, B3)"

Proof: only prove A v B € BC[R] for Z € [R]

D@ VEYZ) =, _Y A 4B )

(A'v BHY(2)

174 [((a%.l’ a%.z’ a%.S' aiA-' aé.s' aé.ﬁ’ a_}.7’ aé.B’ a%.‘B' allbo)L(x)! (a12.1' a22.2' a32'.3' aZA’ ag.S’ aéb’ a%.7’ aé.S’ ag.‘)’ a12.010)U(x)] A
- Z7=XVvY [((ﬁlll 21.2 3}.3 4%.4 51.5 61.6 1.7 1.8 91.9 1100)L()’) ((3121 2.2 P23 P24 P25 2.6 P27 P28 3.9 12010)U(y)]
) ) ) ) ) ) ) ) ) )

7 P8 » 2 »P3 »P4 »Ps5 »Pe »P7 »P8 »
At v BY)Y(Z)

11 12 13 14 15 1.6 .17 18 1.9 1.0\L 21 22 23 24 25 26 27 28 29 2.10\U
%4 [(((arh az?, a3”, a*, a5, a6, a77, ag®, ag”, a1p) " (x) A (ai, af?, as®, af*, a5, a5, a7/, a5, a5”, aip ")" (x)]

_Z=XVY[((B111; 21.2’ 3}.3' 4%.4’ 51.5' 61.6’ %.7’ 5.8' ‘Bl.g'ﬁllbO)L(y)/]((ﬁlz.l’ 22.2 ??.3 4?.4- 2.5 p2.6 p2.7 2.8‘ 92.9’[;12610)U(y)]

) ) +P5 »P6 »P7 P8
At v BY)Y(Z)
%4

— z=Xy Y[((a%.l’a%.z’ a%.S' aiA-' aé.s' Ofé'ﬁ, Of%], aé.B’ a%.‘B' allbo)L(x) A ((3111, 21.2' ?}.3' 4%.4’ 51.5‘ 61.6’ %.7‘ 3.8‘ %.9’ ﬂ%OO)L(y))]’

|4

Z=Xy Y[((a11.1’ a%.z’ a31’.3’ ai.‘l-’ aé.s' aé.ﬁ' a%.7' aé.B’ a%.Q’ allbO)U(x) A ((ﬁllli 1.2 1.3 pl4 pl5 plé pl7 p18 ;.9’ 1100)U(y)]

2 »P3 »P4 »P5 »P6 P7 P8
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_ (1@t @ a3, ad*,ad®, al® @, a3, a3, add) o) v (B B3 B3 B, L5, BL°, B3, B35, B3°, Bi) 0@,
[((all.l'a%.z’a%.S’aiA’aé.s'aé.6’a%.7’aé.8’a;.9’a1160)ucx)V((ﬂll.l’ 21.2‘ 3}.3’ 2.4‘ 51.5‘ 61.6’ ;.7‘ 3.8' 919'ﬁ1100)u(y))](z)
Note that

(A v BY(Z) =

T M s M e M L N W R B R e A

1
11 ,12 13 14 .15 .16 .17 .18 .19 . 1.0 11 pl2 pl3 pl4 pL5 plé pl7 pl8 pl9 RLONIU
(a1 az? a3, ag? a5, ag®, a7, ag®, ag”, aig) V (Bi, B4 B3, Ba* Bs™, Bs® B77, Bg°, Ba ™, Bio )1V (2)

(A'v BY)L = [(a%.l, al?, ql3 gl a%‘s,aé'6, @}, ab® al? ol
11 pl2 pl3 pl4 pls5 plé pl7 pl8 plo plo)kb
V((ﬁl!2'3'4'5'6'7'8'9'10)]
1 NU _ 11 12 13 14 15 16 17 1.8 1.9 1.0N\U
(A" v BY) —[(“1 A%, a3, ", a5, a6, a7, ag®, ag”, Ay )
11 pl2 pl3 pld pls plé pl7 pl8 plo p1.o\V
V((.Bl'213'4'51617'8'91ﬂ10)]
. 1L 1L U U ,
Since A*",B*",A“",B* € BC(R) it follows that
L L U U
A" v B, A2 v B?” € BC (R) and so (At v BHL, (A* v BH)Y € BC(R)

Hence A' v B! € BC[R]

PN 1 4 1 1
ii)(A* NA"BYH)(Z) = A (x)NB
U ABY@) =, _ @@ 1B )
A* 2BY(2)
_ V [(0{%'1, a,%.z’ 0{;'3, ai.‘l—’ aé.Sl aéﬁ’ a%.7’ aé.B’ a(])..‘)’ a%bO)L(x), (af.l' a%.Z' a§.3' aZA-' aé.S' aé.6' a$.7' a§.8' aé.‘)' af.QlO)U(x)] A
TZ=KAY (B BB B B B B B B B, (B B3, B, B3, B35, B, B B, B3°, 1) )]

(A4* A BY)Y(2)
_ V [(a,%.l’ a,%.z’ 0,’;'3, (114, aé.sl aé.ﬁl a%]’ aé.B’ a%.‘)) allbO)L(X) A (alz.l’ a%.z’ a§.3’ aZA-’ aé.s’ aé.6’ (13'7, aé.S’ aé.‘)' a12(.)10)U(x)]

Z= X AYIBE B3 B3, B B35 B B, B3 B3 B9V 00 1 (B B3 B B B B, B3 B3, B3 BIS) )]

(A' 21 BHY(2)

|4 11 ,12 ,13 .14 .15 16 .17 18 19 1.0\L 11 pl2 pl3 pl4 plS plé pl7 pl8 pl9 pPlOyL
=Z=X/1Y[(a1 vzt ast, et as”, agt, a7’ ag”, ag”, arg ) () A (B B2 B3, Ba®, Bs ™, Be™®, B Bs ™ B, Bia )" (W))],
|4 21 22 .23 .24 25 26 27 28 29 _210\U
Z—XAY[(al. Jayt,az”,ayt a5, a0, a7, ag”, ag”, agy )" (x)

NGB B BE B B35 5 17, 5%, 37, 1) )

3 ( [(a%.l’a%.z’a%.SlaiA’ aé.Sl a,é.G’ (X%], aé.B’ a%.‘)} a1160)L A ((Bllli 21.2' ;.3’ 2.4’ 51.5' 61.6’ 71.7‘ é.B’ ;.9’ ﬂ%bo)L](Z)' )
[(alz.l' ag.zl a§.3’ aZA’ aé.Sl aé.é’ a;]’ aé.S’ aé.‘B’ alz(.)lo)u A ((ﬁlll’ 21.2 ;.3’ 1.4’ 51.5' 2.6’ 71.7‘ 3.8’ ;.9’[;1160)U](Z)

Note that

A* 2BY (D)

_( [(all'l,a%'z,0(%'3,0(1'4,0(;'5,aé'G,a%],aéB,aé'g,a}bo)/I((Bll'l, 21.2 3}.3’ }.4’ 51.5, é.6’ 71.7’ 3.8’ ;.9,ﬁ1160)]L(Z) >
- U
[(0(12'1,0(22'2,a§'3,0(2'4,aé's,0(26,0:%7,015'8,0:3'9,0(12(')10)/I((Bll'l, 21.2, §.3’ }.4’ 51.5, 61.6’ %.7’ é.S’ ;.9,ﬁ11.00)]L (Z)
1 1NL 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1.0\L
(A* 2 B) —[(Cﬁ Jaz%, a3, ", a5, a8, a7, ag”, ag”, aqp)
L
1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1.0
/I((ﬁ]_!ZP3)4)5!6!7)8!9!310)]
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(Al Y Bl)U — [(le'l, ag.z’ a§.3’ ai.él-’ aé.Sl ag.6’ Q%J, CZS'S, ag.9’ afbl())U
/1((ﬁfl. 12 p13 pl4 pls pl6 pl7 pls %B,ﬁﬁf)u]

since A", B1", 42", B2Y € BC (R) it follows that

A* 2B, 42Y 1B2Y € BC (R) and so (At 2 BY)L, (42 1 B2V € BC(R)

Hence A% A BY? € BC[R]

Theorem 5

If AL, BY,T! € BC[R]

1_ 11 12 13 14 .15 .16 17 18 .19 _10\L (2.1 22 23 24 25 2.6 27 2.8 29 ~210\U
At = [(a1, a3?, a3®, a3, a5, ag®, a7, ag®, ag”, aip)", (aih, ag?, as®, azt, as®, a8, a7, ag®, a5’ afy )" ]

BY = [(((BL, B32, B33, B, Ba®, Ba®, B77, Bs®, Ba®, Bid)™, ((BE, B33, B33, B, B2°, B2, BZ7, P&, &2, BE5 )]
rt =

(L v 2 vd3 vt vds ve S v va B ova S vie O NE, (L vE2 v 33, vEs vEs v s, v v vd® vt )Y

Then (i) A'@®(B* v T) = (A'@BY) v (A'@I)

Proof:

A'®B vV TY) = [(Alea(Bl v ) (Al@ (B v rl))”]

L
11 ,12 ,13 14 15 16 417 18 19 ,1.0\L 11 pl12 pl3 pl4 pl5 plé pl7 p18 pl9 plo 11 ,,1.2 ,,13 14 15 16 .17 1,18 ;1.9 1110
[ (a1 az®, az® ay®, a5”, ag®, a7/, ag®, ag”, aiy) $[((ﬁ1 2 P25 P37 Pa Ps Be BT PET P 10)V(V1 2Y2 Y3 Ya L YsT Ve Y7 Y8 Ve V1o )] ,

%
2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 29 2.10N\U 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 2.10 21 ,,22 .23 .24 ,25 .26 ,,27 .28 .29 210
(a1 az% as5”, a5®, as”, ag® a7, ag®, a5”, agp ") @[((ﬁ » P25 P37 b, PST PeT P7 BT P Pl )V(Yl YV YT YA VST Ve Y7 Ve Ve Yo )]

2.10

L L
11 ,12 ,13 14 15 16 417 ,18 19 ,1.0\L 11 pl12 pl3 pld pl5 pl6 pl7 pl8 pl9 pl0 11,12 .13 14 15 16 .17 1.8 .19 1 110
[ (a1, a3%, 37, a3, a5, a5°, a7’, ag®, ag”, agp) @[((51 1 P2 3P4 Ps T Pe P7 P8P, 10) V(V1 2Y25 V3 Ya Vs Ve Y7 Y8 Ve V10 )] }

(B2,

2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 2.10NU 2.1 2.2 2.3 2.4 2.5 2.6 2.7
(a1 a3 a3, az®, a5”, a5, a7, ag®, a5, ajp ) @[((ﬁl 2 P25 P37 Pa, P Pe T

- 11 .12 13 14 15 16 .17 18 19 10\L 1.1
(a1, az% a3”, az®, a5, ag®, a7, ag®, ag”, ajy ) ©((By
11 ,12 13 .14 .15 16 .17 18 1.9 . 1.0\L 11 ,,1.2 .13 ,,1.4 .15 . 1.6 ,,1.7 . 1.8 .,19

(a1t az?, a3”, a5, a5, a6, a7, ag®, ag”, a1 ) @i H v2 % v3°, va vs> e S v7 7 ve ™ ¥a  Yio D5
(a2, a2?, a23, a2, a§'5, a6, a27 a8, a2, a2l (521,
21 22 23 24 25 26 27 28 29 210\U 21 .,2.2 1,23 224 .25 1,26 1,27 2.8 - 29 . 210\U

L (ait ay? a5, ait, a5, a5, a5, ag®, a5”, aip ) O vah vEt v vET et e Ve s Yio )
- 11 12 13 14 15 1.6 .17 18 19 1.0 1.1
[((ait az? a3°, a5, a5”, a6, a7/, ag®, a5”, ajy )O((B1,

11 .12 13 14 15 16 17 .18 19 1.0 11 .12 .13 .14 .15 .16 .17 . 18 . 19
[((arh az?, a3, a®, a5, a6, a7, ag®, ag”, a1 )OW1H v2% v3° ¥a ™, ¥s™ Ve S v7 ' ¥e s ¥a Yo )
21 22 23 24 25 26 27 .28 .29 210 2.1
[(ai a5, a3?, az, a5, a5°, a7, ag™, a5, aiy )D((Bi

2.5

2.1 2.2 2.3 2.4 2.6 2.7 2.8 2.9 2.10 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 2.
L [(af a3?,a3®, af®, ag>, a5, a5, ag®, a5”, aty )OWi va s v vat ve ve v L vET v vio

(@ a3 o, o, o, b, af, ad, ) @B,

1.5

2.5

21 ,,22 23 24 2.6 27 28 29 210 21 1,22 1,23 .24 .25 2.6 027 1,28 1,29 2.
L [(afh, a3, as®, a5, a5, a5, a7, a5, a5”, aiy DOWi vy 5 v vit v ve S vy vs T ve T Vio

r [((a%.l’ a%.Z' a%.S' aiA' a%.S’ aé.ﬁ’ a_}.7’ aé.S' a%.‘B' a1100)®((ﬁll1’

1.5

2.5

U U
2. 2.9 21,22 .23 .24 ,,25 .26 ,,27 .28 .29 210
LB3E, B30, BE) v (Y vER v vt vES Ve v vt vt vi'®) ]

1.3 pl4 pl5 pl6 pl7 p1l8 p19 Bl.o L vV
3 P4 »Ps5 »Pe »P7 »P8 »P9 »P10

1.10NL

23 p24 P25 p2.6 p2.7 2.8 P29 P2.10\U
B, B, By )V

2 vP3 »P4 HP5 »FPe6 1 P7

1.3 pl4 pl5 pl6 1.7’ s];..8' %.9' ﬂ1100)]L v

2 »P3 »P4 »P5 2P6 1 FP7

1.10\L
2.3 p24 P25 p2.6 P27 N2.8 P29 2.10\1U
3 »P4 »Ps »Pe »P7 »Ps8 9'B10)]V
10 ]U

1.3 pl4 pls5 plé 1.7' 81.8’ 3.9’ﬁ]2!.00)] v

2 P3 »P4 »P5 »Pe6 »P7
11 12 13 14 16 .17 18 19 10 11 .12 .13 .14 .15 .16 .17 - 18 .19 ., 1.10\\1L
(((aih az? a3”, a5, a5, a6, a7, ag®, ag”, arp )OO v25 v3> va ™, ¥5™ Ve O ¥v7 ' ¥s ™ e s Vio DI° V.
21 22 23 24 25 26 27 28 .29 210 2.1
[(ait a5 a3?, az, a5, a5, a7, ag”, a5, aiy )D((B7

2.3 P24 P25 p2.6 2.7 p2.8 P29 2.10
3 »P4 »Ps »Pe »P7 »P8 9 ’ﬁlo )] 4
10 ]U

13 pl4 pl5 plé pl7 pl8 pl9 pPlo
Bs7, Bio) V

2 »P3 »P4 »Ps »Pe »P7 »Ps8
11 12 13 14 16 17 18 19 1.0 11 .12 .13 .14 .15 .16 .17 - 18 . 1.9 ., 1.10\\1L
(((aih az? a3”, a5, a5, ag®, a7, ag®, ag”, aig )OW1 ™ v25 v3> va ™, ¥5™ Ve v7 ' ¥8 ™ Ve s Vio DIFV
21 22 23 24 25 26 27 .28 .29 210 2.1
[(ait a5 a3?, az, a5, a5, a7, ag”, a5, aiy )D((Bi

2.3 P24 P25 p2.6 2.7 p2.8 P29 2.10
3 »P4 »Ps »Pe »P7 »P8 9 ’ﬁlo ) 4
1

21 22 23 24 26 27 2.8 29 210 21 .22 1,23 1,24 25 .26 .27 .28 1,29 . 210\U
L (aih a3? a3, a3, a5”,a8°, a7, ag°, ag”, aiy )OI va 4 vss vi va ve S vs L vET vs T Yio DI

L
1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1.0NL 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 2.10NU 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1.0
((a17 az% a5”, 03", a5”, a6®, a7, ag”, a9, a1p) " (a1, a3, a3~ az", a5>, ag®, a7, ag™, ag”, ajp ) @((ﬁl » P25 P37 P P be T P77 P8 BT P1o

U
23 p24 P25 2.6 2.7 p2.8 2.9 p2.10 11 ,12 13 14 15 16 17 18 1.9 1.0\L 21 22 23 24 25 2.6 27 28 29 ,210\U
B Bs Be® B Bs ™ B Bio ) V(a7 a3 a3” ay %, as”, ag®, a7, ag®, ag”, agg) (ar, az*, a5”, ag®, a5, a6, a7’ ag”, ag”, afy ) ®

L U
11,12 ,,13 .14 15 16 .17 18 19 . 110 21 22 123 24 25 26 .27 2.8 29 1210
(}’1 2 Y25 Y3 Ya Vs Ve Y7 Y8 Y9 Y10 ) (V1 2Y2 V3 Ya L Ys Ve L Y7 Y8 Y9 Yo )
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=A'-BY A4 ' -TH
(DA'®(B* ATH) = (A'®B") A (A*@T™)

Proof:
A®B ATY) = [(Alea(Bl AT, (A1 (B / 1"1))”]

L
5 pl6 pl7 pl8 pl9 plo 11 ,,1.2 ;13 14 15 16 .17 1,18 ;1.9 110
2 P37, Ba PSP P77 P, Py rﬁm)/'(h 2Y2 Y3 Ya Vs Ve V7 Ve Y9 Y10 )] ,

2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 29 2.10nU 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 2.10
(@, a3?, a3 af* a2, a2t a3, a®, ad®, o) | (B,

11 12 13 14 15 16 ,17 .18 ,19 ,10\L 11 p12 p13
[ ((adt, ad? ad®, a}*, at®, al, al’, ak® ad?, ald) ®[((BLY,
= %
21 ,,22 .23 ,,24 ,25 .26 ,,27 .28 .29 210
2v3v4v5v6v7v8v9'10)/](71v72'73vy4ry5vy6ry7vy8vy9vy10)]

L L
1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1.0NL 1.1 1.2 1.3 1.4 pl5 1.6 1.7 1.8 1.9 1.0 11,12 ,,13 .14 .15 16 ,17 .18 .19 ,,110 ,,1
[((0‘1 Jaytazt ayt, as”, ast a7’ agt, ag”, arg) @[((ﬁ1 P27 P37 Pa b5 Py P77 P P 10) /](71 YY2 Y3 VA Ys T Ye Y7 Y Ye Yo rVw) ]]

[ U
21 2.2 23 24 25 26 27 28 29 ,2.10\U 21 p22 p23 p24 25 2.6 p2.7 2.8 29 210 21,22 1,23 24 25 226 27 28 1,29 .,2.10
(aih az®, a3®, a3, a5”, a5, af’, ag®, a5’ afy ") @[((ﬁl 2P P37 PAT P TPET, PT PSP, Pl ) /'(71 SV V3L YATYs Ve Y7 Ve Y9 Yo ) ]

3 »P4 »Ps5 »Pe »P7

11 ,12 13 14 15 16 .17 .18 19 1.0\L 11 .12 .13 .14 .15 .16 .17 -, 1.8 -, 1.9 . 1.10\L
(a1t az? as3®, a5, a5, a5, a7, ag®, ag”, a1y ) @i v2 4 3> vat, v5™ Ve & vr 7 vs ™ ¥a ™ Yio )

11 ,12 13 .14 15 16 17 .18 19 _1.0\L 11 pl2 pl3 pla pls plé pl7 pl8 pL9 pPlOyL
_[((0& saztaz® apt, as”,ag, a7, ag®, ag”, agy ) OB B2 Bs® Bs”, Bio )" A
7

’

2 23 24 25 26 27 28 29 ,210\U 21 p22 p2.3 p2.4 P25 P26 P27 p2.8 P29 R2.10\U
sazc agt a5, ag® a5’ a5’ as”, aiy ) ®WBT BEE, By, Byt BS, Be®, By, By 57, Bio )" A
21 2.
1
2
2

22 23 24 25 2.6 27 28 29 ,210\U 21 2,22 1,23 224 2.5 12,6 1,27 2.8 .29 . 210\U
3% a3, azt, a8, a8, a7, a5, ag”, aty ) O L v vt vat vst ve S vy vs T ve T vio )

a
11 12 13 14 15 .16 17 18 .19 1.0 11 pl2 pl3 pla pls plé pl7 pl8 pl9 RL.ONL
((arh az?,a3”, a;*, a5, a6, az7’, ag®, ag”, a1y )OWBL ™, B2% B3, Ba™*, B> Bs, B77, Bs ™ Ba™, Bio )] /]]
12 13 14 .15 .16 17 .18 19 1.0 11,12 .13 .14 .15 16 .17 .,1.8 . 19 . 1.10\L |’
Jayc a3, axt, a5, ag, az’, agt, ag”, aig )OW L vt Vst vat s e v v e s Yio )
a

3 P4 »Ps5s sP6e »P7

2
2 23 24 .25 .26 27 28 .29 210 2.1 p22 P23 P24 p2.5 2.6 P27 p2.8 2.9 p2.10\1U
Jaz® azt a5, ag®, a5’ a5’ as”, aiy OB B Bs°, B, Bio )17 A
22 23 .24 25 26 27 .28 .29 210 21 ,,2.2 1,23 224 2.5 226 2,27 2.8 1,29 . 210U
cayt asc aft, a5, g, ar’, ag®, a5, aly D)®WT vt va St vit vs vE v L vt v vio )]
2

[(
((all.l’ a%.Z' a%.S' ai.‘l' (X%'S, aé'ﬁ, (Z%], a§.8‘ a%.‘)‘ a1100)®((‘8111' 1.2, %.3 1.4 51.5 1.6 pl.7 p1.8 1.9’[311(.)0) A

[ 2 » P4 6 M7 »M8 »F9

11 12 13 14 15 16 17 .18 19 1.0 21 .,22 23 1,24 .25 .26 127 .28 .29 . 210\\]L

(((ag, az%, a3, a3, as>, a6, a7, ag®, ag”, aip )OO va % v va  va>, ve S v L vs o v vio DI A
[ @
[(at

_ 11 12 13 .14 15 16 17 .18 .19 1.0 1.1 pl2 pl3 pla pls plé pl7 pl8 p19 pl.o
= [[((ait az? a3”, a5, a5°, a6, a7, ag®, ag”, aig YO((BL, B2%, B3, Ba™ B5™, Be®, B77, Bg 9 Bio)

11 12 13 14 15 1.6 .17 18 .19 1.0 11 ,,12 1.3 ., 14 .15 .,1.6 . 1.7 .,1.8 . 1.9 . 1.10
A (it az?, a3®, a5, a5, ag®, a7, ag®, ag”, aig YOWi ™, v2 2, v32 va ™t vs> ve 0 v7 ¥ Vo s Yo ]

7 0

)

23 24 25 26 27 28 .29 210 21 p22 p23 P24 P25 p2.6 P27 P28 P29 p2.10
saz® azt a5, ag® a5’ a5, as”, aiy OB BYE B3P Bt B, Bs°, By Bs ™, By, Bio ) A

22 23 24 25 26 27 28 29 210 21 ,,2.2 1,23 224 2.5 1,26 2,27 2.8 1,29 . 210U
sayt,asc aft, a5, a5, ar’, ag®, a5’ aly DO vt vs S vit vs ve S v L vt v vio )l

.
(a21
[((ad
12.1’0{2.
[(az 1
a
a21

_ 11 12 13 14 15 .16 .17 .18 .19 1.0 1.1 pl2 pl3 pl4 pls plé pl7 pl8 pl9 pl.o
= [((a1h, az%, a3®, a3, a5, ag®, 77, ag®, ag”, aig YO((Bi, B2% B3, Ba*, Bs>, Bs®, B77, Bs ™, Ba”, Bio)

11 12 13 14 15 1.6 .17 18 19 1.0 11 ,,12 .,1.3 ,,14 .15 .,1.6 .. 1.7 ., 1.8 . 1.9 . 1.10\]L
A((arh az?, a3%,a3*, a5, ag°, a7, ag®, ag”, aig O v24 v3> va ™t v, ve* ¥7 ve S e Yo )1
21 22 23 24 25 26 27 .28 .29 210 11 pl2 pl3 pla pls plé pl7 pl8 pl9 plo
[(aft az? as® az* a5, a5, a7, ag® a5, aiy VOB, B2 B3>, Ba™, Bs>, Bs®, B, Bs 97 Bio)
21 22 23 24 25 26 27 .28 .29 210 21 .22 1,23 1,24 25 .26 2.7 .28 1,29 . 210\]U
A(ait az? az®, a5t a5, ag®, a7, ag®, a5”, afy VO v vit vt va vES v L vE T v vio DI

= (A'@BY) £ (Al@TY)

(Ao @BvIHY=@A'oBYA@AtoOTYH

Proof:

Ao B'vIhH) =[[A'© B'vIH][A'© B v TH]Y]

_ (@t a3?, a3, @i, a3, ag, a7, ag®, a5®, adg) © ((BLY 827, B3, B, B3 B, B7 7. e, 210, BV (Vi Va2 v v v v v vt v v vd k)
(a3, a32 33, a3*,a2% a2, a37, a3®, a3®,aid®) © (B3, B32 B3°, B4, BE5, B2S, B37, B3®, B32, B2 v (v2 V32 v33 v vas ve o v  v3 s v3 v vy

L
1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1.0NL 1.1 1.2 1.3 1.4 1.5 1.6 pl1.7 1.8 1.9 1.0 11,12 .13 .14 .15 .16 ,17 .18 .19 ,1.10,,1 ,,1 .1
(a1, az%, @37, 2y ™, a5, a6, a7’ ag®, ag”, aip) @[((ﬁl » P2 P37 Pa P P P77 PR Py vﬁlo)l/(h 2Y2 Y3 YA Vs Ye Y7 Y Yo Yo Vm)’g-l’w)]

= U
21 22 23 24 25 26 27 .28 ,,29 210 21 p22 p23 P24 2.5 2.6 p2.7 2.8 29 210 21,22 123 24 25 026 ,27 2.8 1,29 1,210 ,,2 .2
[(al Jayt ast apt as”, ag’ ar’, ag”, as”, agy )U © [((ﬁl B4 B3, B, BS, Be, By, Bs ™, B, Bio )V(V1 SY2 V3 YA L Ys Ve Y7 Y8 Y9 Yo ,}'9,}’10)] ]

[((all.l' a%.Z' a%.S' OfiA', a%.S’aé.ﬁ’ a;.7’ aé.S' a%.‘B' allbO)L e ((Bllli 21.2' ?}.3' 4%.4’ 51.5' 61.6’ %.7‘ é.S‘ %.9’ ﬂ1100)L] Vv

11 ,12 13 .14 15 16 17 .18 19 1.0\L 11 .12 .13 .14 .15 .16 .17 . 1.8 .19 ., 1.10\L
[((@i, az? a3°, a3, a5®, ag®, a7, ag®, as”, aig)t © (it v2 % v3 va ™t vs™ ve® v7 " vs ™ va s vio )",

[(a12.1’ a,ZZ.Z’ 0!3%'3, 0!2'4, aé.S’ aé.G’ 0!%'7, aé.B’ aéﬂ’ a12(.)10)U e ((,8121 2.2 P23 P24 p25 p2.6 2.7, 5.8’ 92.9’ ﬁ12(.)10)U] %

P2 »P3 »P4 »Ps5 »Pe »P7

21 22 23 24 25 26 27 28 29 210\U 21 1,22 1,23 .24 2.5 026 1,27 1,28 .29 . 210\U
(aih az® az®,az® a5, a5, a7’ a5®, a5”, agy ) © (it va s vss vat ve> et va L vET vs T Yio )
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— L -
11 .12 13 14 15 16 17 .18 19 1.0 11 pl2 pl3 pla plS plé pl7 pl8 pl9 pL.0
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L
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((BIY, BA2, B13, Bi# BL5, BL6, p17, BL8 BL9 BLOYVL(B21, p22, f23, f24 B25 B26 27 28 29 EI0VU A

_ 1,P27 P37 Pa Ps T Pe P77 P P P10 1,P27 P37 PsPs ™ Pe” P77 P8 P9y P10

= 11 ,12 13 14 15 1.6 17 18 1.9 1.0\L(,21 22 23 24 25 26 27 28 29 210U

((ai, az? a3°, a5, a5, ag®, a7/, ag®, ag”, aip ) (@i, ay?, az3®, az?, a5, ag®, a5/, a5®, a5’ aiy )° ©

L Lyt v vd et et v vt vt vl O i iR v iR v v S vES v T vE R vet v Y
= (A'—BY) A (Al — )

((MA'—B'ATH=A'OBYrATtOrYH
Proof:

A'— (B ATY) = [(A' © (B' AT, (A' © (B! ATHY]

11 412 13 14 15 .16 ,17 ,18 19 1.0 11 pl2 pl3 pla pl5 ple pl7
_ ((a1 , a2, 037, a7, a5, A, a7, Ag, Ag Jlm)@[(ﬁ

L
18 19 1.0 11,12 13 14 .15 1.6 17 1.8 ,,19 110
1 P2 P37, Pa s, Pe P77 BT Po :ﬁm)/'(h Y25 Y35 Ya Vs Ye Y7 Ve Y9 Yo )]»
21 22 23 24 25 26 27 28 29 210 21 p22 p2.3 p24 25 p2.6 p2.7 P28 P29 210
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%
21,22 .23 .24 ,25 .26 .27 .28 .29 210
JBEE B3, BEY BES L BES BT, BES B3 BEot0) A (r L va R v vt v v v T vt v vie )]
L L
1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 19 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1.0NL 11,12 .13 1.4 ,,1.5 16 ,17 ,,18 .19 ,,1.10 ,,1
((‘11 A, a3, a7, a5, ag, a7, ag, Ay .Otm) e[(ﬁ1 » P2 P37, pa b5 By P77 P8 PoT P /'(71 2Y2 V3T Ve Vs Ye Y7 Y Ve Y V10) ].]

10
= U U
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- 21 22 .23 .24 .25 .26 .27 .28 .29 210U 21 p22 p23 p24 R25 2.6 P27 p2.8 p2.9 p2.10\U
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11 12 13 14 15 .16 .17 18 19 1.0 11 pl2 pl3 pl4 pls plé pl7 pl8 pL9 pLONL
[[((“1 Jay?,as® agt, a5, ag®, ar’, agt, ag”, aiy) © (Br, B2%, B Ba* Bs™, Be® B77, Bs ™, By Bio )]F V
11 ,12 .13 .14 .15 .16 .17 18 19 1.0 11 .12 .13 .14 .15 .16 .17 - 18 1.9 . 1.10\]L

[(((a1h az?, a3”, a;*, a5, a5, a77, ag®, a5”, a15) © (it v2%, 73>, va ™ vs>ve® v7  vs® ve ™, vio DI
(1,21 22 23 24 25 .26 27 28 29 210 2.1 p22 P23 P24 p2.5 p2.6 P27 P28 2.9 p2.10\1U
[afh az?, as®, az, as®, a5 a7’ ag® a5”, aiy”) © (B, B2 B5, Bi*, Bs~, B6°, B77, Bs°, By, Biv )" v
21 22 23 24 25 .26 27 28 29 210 21 1,22 1,23 224 25 .26 .27 1,28 1,29 210U

[af?t ag? as®, aft, a5, a5, a7’ a5, a5”, ai5 ") © (it vs2vs  vit ve> vs. v vEt s vio DI

’

— L -
11 ,12 13 14 .15 .16 .17 18 19 1.0 11 pl2 pl3 pla pl5 plé pl7 pl8 pL9 pR10
(((“1 Jazt a3t apt, a5, ag, ar’, agt ag”, aiy ) © (B B B3 Ba ™t Bs Bs, Br7 Bs Ba 'ﬁw)/])
11 ,12 13 .14 15 1.6 1.7 .18 19 1.0 11 .,1.2 .13 .14 .15 .16 . 1.7 ., 1.8 . 19 . 1.10 ’
_ ((al ] az )] a3 )] a4— )] as 1“6 1“7 ] a8 ) a9 ) alO ) e (yl I)/Z )y3 I)/4- JVS I)/G ))/7 !YS 'Y9 !Y1

0
U
21 22 23 24 25 26 27 28 29 210 21 22 P23 P24 p2.5 p2.6 P27 p2.8 2.9 210
<a1 Jayt ez, aft as”, et ar’, agt as”, aqy ) © ((BY B B3>, Bi* B>, Bs°, By, Bs ™, By, Bio )/1>
21 22 23 24 25
[\ ai,aré a5t ait,a ]

26 27 28 29 210 21 .,2.2 2,23 224 25 2.6 227 2.8 .,29 . 210
g2,a8°, a7, ag®, a5, aip ) © (Vi vatvst v L vET vet va L ve Tt ve U Yio

=[(A'©BY 1 (A'© Y]
Theorem 6
IfA,B,C € [RY]
Where Al — [(all.l' a%.z’ a31,.3’ a1.4’ aé.s’ aé.G' a;]' (Xé'B, aé.Q’ allbO)(alz.l' ag.z' a§.3' aZA-' aé.s' aéﬁ‘ (X;j, 0{%'8 0{2'9, alzblo)]

Bl

[(b1, b3, b5, bg, bs, bg, b7, bg, bg, bio)(by, by, b, by, bs, b¢, b7, by, b3, bip)]
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C=I[(ct,c5,c5,¢ck,c5,¢6,¢7,¢5,¢5,¢io (et ¢ c5, ci e cg cf il e, cip)]
then ()A'®(B!V () = (A'® BY) v (A'®C)
(DA'®(B' 1 C) = (A'® BY) /1 (A'®C)
(iDA' @ (B'v ()= (A'®@ BHA(A'® 0)
(WA'@ (B /10)=(A'® BYHV(A' @)
() A'®(B' v C) = (A'® BY) V (A'®C)
Proof:
A'®(B'v C) = [[A'®(B* v O)]4, [A'®( B! v 0)]Y]

_ [[A“@( Bl C)L,][AU®( B v C)Y]

L
1.1 1.2 1.3 1.4 15 1.6 1.7 1.8 19 1.0 1.1 1.2
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7

1.8
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9"y

L
. . . . 1.5 X . K R . . . . . 1.5 X .
[ ((a% 1' a% Z'a% 3"11}4' as 'a616' a% 7,a§8’ a‘%g'a%oo) ®[((B11 1' 212 3}3' }4' 5 616' 7171
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2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 29 2.10 2.1 2.2 2.3 2.4 2.5 2.6 i
ait,a3? a3? ait ad® a2t ai7, a3’ ad®, af0) ®U((BT B3 2 B33, Bi* BE®, BEC, B,

- 11 ,12 13 .14 .15 16 .17 .18 19 _1.0\L 11 pl2 pl3 pla pls plé pl7 pls
[((a1h az? a3”, a;*, a5, a6, a7”, ag®, ag”, a1y )" @B, B2% B3>, Ba*, Bs™, B ® B77,

21 22 23 .24 25 .26 27 .28 29 210\U 21 p22 p23 p24 P25 P2.6 P27 P2.8
[(af?, a3, as5®, ag®, a5, a5, a7/, a5®, a5”, aiy )" QBT B2 %, B, Bi*, BS, B&®, By,

1.8 pl.

- 11 12 13 .14 15 16 .17 .18 19 1.0 11 pl2 pl3 pla pls ple pL7
[((arh az?, a3”, a*, a5, a6, a7”, ag®, ag”, a1y )Q((B1, B2 % B3>, Ba*, Bs >, Bs®, B77, Bs ™5 Ba

21 22 23 24 25
L [ai, a5%, a3, a5, as

1.2 p13
2 'P3

14 pl15 pl6 pl.7

(@ a3 o, o, o, b, af, ) OB,

1.1 ,12 13 14 ,1.5
((al 'aZ 'a3 ;a4 vas

21 22 23 24 25 26 27 28 29 210 21 1,22 2,23 2.4 25 0,26 .27 2.8 1,29
L (af, a3%,a3®, ai®, ag>, a5 a5, ag®, a5”, aiy DQWi vy, vat ve ve v Vet ve s

r i1 ,12 ,13 14 15 16 .17 .18 19 ,1.0\L 21 .22 .23 .24 .25 26 .27 .28 .29
[((al y A7, A3, Ay !as , A A7, Ag™, Ag :alo) (al , A, a3, Ay ,as ,Ae™ A7, A8, Ag™,

(B B3, B3, B, B3, B, 837, BE°,B3°, BI)- (BT, B3, 5, B, B2, B2, B3, B

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1.0\L 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9
[(a1t az® a3®, ai®, a5, a5°, a7, a3®, a5, aip) (o', a5, a5, as®, a5, ag®, a5, ag®, as”,

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1.10\L
L (L v2s vt vt vs Y ve v vst Ye s Yio

= (A®B) v (AQRC)

(i) AQ(B /1 C) = (A®B) / (A®C)

Proof:

AQ(B A C) = [[AQ(B 1 O)]*, [AQ(B 4 C)]F]
= [[4*®(B 1 O)]" [A"®(B 1 0)]"]

21 .,22 1,23 24 .25 026 1,27 2.8 .29
itvetvs® va s> ve o vy ve S vs Y

1.8
8

12 13 1.9
az”",az

[ (at?,
(a",a3%

L
B ((a%.l‘ a%.z' a31’.3’a1.4’ a%.S’ aé.6’ a%]’aé.S’ a;.‘)'a%.oo) ®[((ﬁ111v 21.2‘

- 21 22 23 24 25 2.6 27 28 29
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L
1.4 1.5 1.6 1.7 1.8 1.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7
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2.5 2.6 2.7 2.8 2.4
asz”,ay”, a5, a, a7, ag, agn,

P4

2.5 p2.6 p2.7
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[((aih az?, a3, az*, a5, a6, az7”, ag®, ag”, a1 )" @B, B2% B3>, Ba*, Bs™ B ® B77, Bs ™, Ba”s Bio ) N

11 12 13 .14 15 16 .17 .18 19 1.0\L 11 ,,12 .,1.3 ,14 .15 1.6 . 1.7 .,1.8 . 1.9 . 1.10\L
(a1t az?, a3°, a5, a5, a5, a7, ag®, ag”, a1 ) @i, v2 4, v3°, vat, v ve & v7 7 ve® va ™ vio )",

2.1 2.2 23 24 25 26 27 28 29 ,210\U 21 p22 p2.3 p24 p25 P26 P27 P28 p2.9 p2.10\U
[(afh a3 a5® az, a5, a5®, a7, ag®, a5?, aiy )" QBT B32, By, Bi™ B5™, B&®, B77, Bg®, Bs~, Bio )" N
21 22 23 24 25 26 .27 .28 29 ,210\U 21 .,2.2 1,23 224 .25 2 2.6 1,27 .28 .29 . 210U
(aft, a5?, a3’ ai*, ag>, a5 a5, ag®, a5, aiy ) QWi va, v, vi Y v, vé,vs vs o vs vio )" ]

- 11 ,12 13 14 15 16 .17 18 .19 1.0 11 pl2 pl3 pl4 pls plé pl7 pl8 pl9 PLOYIL A
[((arh az?, a3”, az*, a5, a6, az7”, ag®, ag”, a1p )QUBL, B2% B3, Ba*, Bs > Bs®, B77, Bs ™ Ba™”, Bio )]~ A

11 .12 13 .14 .15 16 .17 18 .19 1.0 L
[((ai, az? a3°, a3, a5”, ag®, a7, ag®, ag”, aiy )®(cy, €3, €3, €4, Cs, Cg, €7, Cg, Co, C10)]

[(al,az,a3,a4,a5,a6,a7,a8,a9,a10)®(([?12'1, 22'2' 3?'3' 3'4' 52'5' 62'6' 72'7' g.s‘ 92'9'.312610)]U/]

21 ,,22 1,23 1,24 .25 2.6 .27 .28 1,29 . 210U
L [(ay, a3, a3, a4, A5, A6, A7, Ag, A9, A10) (Vi L, V34 V5>, Ve ' v5>, ve vy vs o ve ™ vio )l .

- 11 12 13 14 15 .16 17 .18 .19 1.0 11 pl2 pl3 pld pls plé pl7 pl8 pl9 pl.o 1
[(((aih az?, a3”, a5, a5, a6, a7”, ag®, ag”, a1y )Q((B1™, B2% B3, Ba*, Bs > Bs®, B77, Bs ™ Ba™”, Bio ) /

11 .12 13 14 15 .16 17 .18 .19 1.0 11 ,,12 .13 ,,14 .15 .,1.6 . 1.7 ., 1.8 . 1.9 . 1.10\1L
(a1t az?, a3°, a5, a5, ag®, a7, ag®, ag”, arg )OWit, 22, v3>, va ™t v5>, v6 ¥, ¥8 o Vo s Yao I

21 22 23 24 25 26 27 .28 .29 210 21 22 P23 p24 P25 p2.6 P27 P28 2.9 210
[(aft, a5? a3® az, as®, a5, a7, ag®, a5’ aiy )BT, B5%, B3>, Bi*, BS, B, BT, Bg ™ Bs~, Bio ) /N

21 .22 23 .24 25 26 27 28 29 210 21 .22 1,23 24 .25 .26 .27 .28 1,29 . 210\U
L (af, a3%,a3®, a5, as>, a5, a5, ag®, a5”, aiy DQWi v vs®, vat ve> ve vy L veT ve  vio Dl

r 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1.0N\L 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 2.10NU J
[((ait az?, a3, a5t a5, a5°, a7, ag®, a5”, aig) (ai?, as?, a5, ait, as, ag®, a5, a5°, a5, afy ")’ ®

((Bl.l 1.2 pl.3 pl4 pl5 pl6é L7 pL8 P19 pl1.0 L((Bz.l 2.2 N23 p24 P25 2.6 P27 2.8 n2.9 2.10)U]/]
1 P2 »P3 »P4 »Ps5 »Pe »P7 »P8 »P9 »P10 1 P2 3 P4 »FP5 »Fe6 »F7 »F8 »F9 10

[((al, ad?, ad3, alt, aé.s' al®, ad, al® al? (a2, ad?, a?3, a2, aé's, a6, 027,28, a2, a2V
11 .12 .13 214 15 . 1.6 1.7 . 1.8 - 19 - 1.10\L(,2.1 1,22 1,23 2,24 2.5 - 2.6 1,27 .28 . 2.9 . 210U

L i v25 v vt vs 2 ve v vt v vio ) i v vst va t ve et vy ve S ve vio )01

(A®B) /1 (AQC)

((liDA®@BVEO)=AG@BAABC0

Proof: A@ (BV C)=[[A® (Bv C)]-[A® (B v 0)]Y]

L
11 ,12 13 14 15 16 ,17 18 19 1.0 11 pl12 pl13 pl4 plS pl6 pl7 pl8 p19 pLo 11 ,,1.2 13 14 15 1.6 17 1.8 ,,1.9 . 110
— [((‘11 , A2, Q37,857 A5, Qg , 77, AT, A "110)9[((51 2 b2 b3 pa s P, be T b7 P Po s 10)V(V1 2Y2 Y3 Ya Vs Ve Y7 Ve Y9 Y10 )].
21 22 23 24 25 26 27 28 29 210 21 p2.2 2.3 p24 25 2.6 p2.7 2.8 2.9 210 21 1,22 1,23 024 25 126 2.7 28 29 ,210\]U
[(a1 )z, a3, a7, as, A, a7, agt, agT, Aqp )@[((/31 P2 P37, By, PsT, Pe 7 Bg 85, Bio )V(Y1 2Y25 Y3 Ve Y5 Ye Y7 Ve Y9 Y10 )]
L L L
11 ,12 ,13 14 15 16 17 ,18 19 1.0 11 pl2 pl3 plé plS pl6 pl7 pl8 p19 L0 11,12 13 14 15 1.6 .17 18 19 .,1.10
_ (‘11 ,azs,a3v,ay, a5, ag T, a7, ag, A .Otm) 9((3 2P25 P37 Pa T PsT P P77 Py Po vﬁm) V(Yl 2¥Y2 V3T Ya Y5 Ve Y7 Ve Ye Yo ).
= U
(a 2.10

U U
P a3% a33, adt a5, 0l al”, o’ a3, aff®)” @ ((BEY BE2 B33, B B35, BES, B3, B3®, B2, BE) v (2 V32 vis vt veas vée v vds v vis
- 11 .12 13 14 .15 16 .17 .18 19 _1.0\L 11 pl2 pl3 pla pl5 plé pl7 pl8 pl9 pPLOyL
[(((a1h az?, a3”, az*, a5, ag®, az7’, ag®, ag”, aip)” @ (B, B2% B3> B Bs™, Bs®, B, Bg™, Bs ™, Big )~ /
11 ,12 13 .14 .15 .16 .17 18 .19 1.0\L 11 ,,12 .,13 .,1.4 .15 .16 ., 1.7 .,1.8 - 1.9 . 1.10\L
(a1t az?, a3”, a3, a5, a6, a7, ag®, ag”, aip)" @ (Vi v %3, va™ v ve® ¥7 ' ¥e S Vo s ¥io "],
21 22 23 24 25 26 27 28 29 210\U 21 p22 P23 p24 P25 p2.6 p2.7 p2.8 2.9 R2.10\U
[(ait a5, a3?,az a5, a5, a77, ag®, a5, aiy )" @ (B, By% B5, B Bs™, B&°, B77, Bs*, Bs”, Big )~

21 22 23 .24 25 26 27 28 29 210\U 21 .22 4,23 2,24 225 .26 27 .28 .29 . 210\U
L (ait ay? a5?, aft, a5, a5, a5, a5, a5”, aiy @ (it vt vt vat s ve S vy vt ve T vio )]

- 11 ,12 13 14 15 16 .17 .18 19 1.0 11 pl2 pl3 pla pls plé pl7 pl8 pl9 plo
[(((ar, az?, a3, ax®, a5, a6, a7, ag®, ag”, ay) @ (B, B2% B3> Ba™, Bs™, Bs®, B77, Bs®, Bo~” Bro ) N
11 12 13 14 15 1.6 .17 18 19 1.0 11 ,,12 .13 .,1.4 .15 ., 1.6 ., 1.7 .. 1.8 .19 . 1.10\L
(a1t az?, a3”, a3, a5, a6, a7, ag®, a5”, a1p) @ (1, v2%v3°,va ™ vs™ ¥e S v7 5 ¥s® Yo s vio )]
21 22 23 24 25 26 27 28 29 210 21 p22 p2.3 p24 P25 p2.6 p2.7 P28 R2.9 p2.10

[(ait, a5, a3?, az, a5, a5, a7, ag®, a5”, aiy ") @ ((Bi, B32, Bs, B, Bs™, B&°, B77, Bg*, Bs”, Big ) N

21 .22 .23 24 25 26 27 28 29 210 21 2,22 1,23 2,24 2.5 2.6 1,27 .28 .29 . 210U
L (aih a3’ a3, a5, a52,a5°, a7, ag®, a5”, aiy ) © (vihvet vt vat vst ve S vy vt ve T vio )l

r .11 12 .13 .14 15 16 .17 .18 19 10l 21 22 23 24 25 26 27 28 29 ,210\U
(a1t az%,a3”, a3, a5, a6, a7’,ag®, a5”, aqpy (@i, a3, a3, a3, a5, a5°, a7, ag®, ag”, aiy )" ©

((ﬂl.l 1.2 pl3 pl4 pl5 plé pl17 P18 P19 pl.o L((ﬁZ.l 2.2 P23 p24 P25 p2.6 P27 2.8 P29 p2.10 U/]
i P2 »P3 »P4 »FP5 »FPe6 »F7 »FP8 »FP9 P10 1 P2 »P3 P4 »FP5 »Pe »FP7 »FP8 »FP9 »F10

11 12 13 14 15 1.6 17 18 19 1.0\L(21 22 23 24 25 2.6 27 2.8 29 210
((ath az? a3 ai? a5®, ag® a7, a3®, a5, afg) (afh, a3 ?, ai?, ait, ai®, af® a3, a5®, a5®, afs )’ ©
11 ,,12 .,1.3 .14 .15 .,1.6 . 1.7 ., 1.8 - 1.9 . 1.10\L(,2.1 ,2.2 ., 2.3 -,2.4 .25 - 2.6 .27 1,28 . 2.9 . 2.10\U
L 25 vt et vs Y ve S v vet ¥e U Yo ity vss vt ve ve S vs L vET s vio )
A@B)N(ABC0)
(MA@ BAO)=(ABB VA0
Proof:

A@BAC)=[A®BAC)AD (BAC)]

L
11 ,12 13 14 15 16 1.7 18 19 10 11 pl2 pl3 pl4 pls plé pl7 pl8 p19 P10 11,12 .13 ;14 15 16 1.7 18 19 110
((“1 y A7, A3, Ay, A5, A, A7, Ag™, Ag 'a10)®((ﬁ1 2P27 P37 PaT, Ps T Pe P77 P P, P1o /'(Vl Y25 Y3 Ya Vs Ye Y7 Y8 Y9 Y10 )) )

= U
21 22 23 24 25 2.6 27 .28 ,,29 210 21 p22 23 P24 2.5 p2.6 p2.7 2.8 2.9 210 21,22 123 24 25 26 ,,27 2.8 29 1210
(al , a7, a3, a7, A5, Ag™, A7, Ag™, A, Ap )@(((ﬁl 2P P37, PaT, P ,B77.Bs”, Bs, Bis )/'(V1 2Y2 V3TV Y5 Ve V7 Ve Y9 Yio )
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L
(el 3% o ab 3%, ab,al”, ad®, ol ald)” © (B, B% 81, B3, 6L 65 B B, 3%, BIS) A (/v v vy g )1, ]

= U
21 22 23 24 25 26 27 28 29 210 21 p22 p23 p24 25 2.6 p2.7 2.8 29 210 21 1,22 1,23 0,24 25 226 27 28 1,29 210U
(al , a5, a3, a7, a5, A, a7, ag, Ay, Aqp ) @[((ﬁl B4 B3, By, BS, Be, By, Bg ™, Bs, Bio )/'(Vl SY2 V3 Ya L Ys T Ye L Y7L Y8 Y9 Yo )]

) [[(

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1.0 L 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1.0 L 1.1 1.2 1.3 14 .15 .16 ,,17 ,,1.8 . 19 1.10L
[((‘11 , A7, a3, 0, A5, A, A7, AgT, Ay :“10) @((31 B2 B3 Bt Bs, Bet B B By '310) V0 2wt oy S 7 S 7 S - e ST el

U U U
21 22 23 24 25 2.6 27 28 29 ,2.10 21 p22 p23 p24 25 2.6 p2.7 28 29 210 21 1,22 1,23 2.4 125 2.6 1,27 2.8 129 1210
ait,azc,az”, apt, a5, a5, ar’, agt, a5’ afy ) @((ﬁl B34 B3, Bt Bs™, Bs® B7, Bs®, Bs™®, Bio ) /'(V1 I £ /S (I (I S (RS R £T) ) ]

[, o}, o, b, b, ad, af”, o, o, alf) @ (BT B12, BY2, BL, B, B, BY B B3, B0 v

11 ,12 13 14 15 .16 17 .18 .19 1.0 11 ,,12 .13 .14 .15 .16 .17 . 1.8 .19 . 1.10\1L
(a1t az?, a3”, a;*, a5, a6, a7’, ag®, ag”, a15) @ (it v2 5 v3>, va ™ vs>ve® v7 ", ve® Vo h vio D15

21 .22 23 24 25 26 27 28 .29 210 2.1 p2.2 p23 P24 P25 p2.6 P27 P28 2.9 p2.10\1U
[(ait a3 as3®,ai® a5, a5, a7, a5®, a5”, aiy ") © (B, B4, By, Bi*, B>, B, B77, Bs ™, By, Bio )]” V

21 22 23 .24 .25 26 27 28 .29 210 21 1,22 .,23 .24 .25 2.6 1,27 1,28 .29 - 210U
(aih az® az®,az® a5, a5, a7’ ag®, a5”, aiy ) @ (vith vt v vat vs ve S vy vs S v vio )l

11 ,12 13 14 15 .16 17 .18 .19 1.0 11 pl2 pl3 pla pls plé pl7 pl8 pl9 plo
[((ai, az?, a3°, az®, a5, ag®, a7, ag®, ag”, aig) @ ((Bi, B2%, B3>, Ba™*, Bs™, Bs® B77, Bs™, Bo”s Bio' ) V

11 12 13 ,14 15 16 .17 18 .19 1.0 11 ,,12 .,13 .14 .15 .16 ., 1.7 ., 1.8 . 1.9 . 1.10\L
(a1t az? a3°, a5, a5, a5, a7, ag®, ag”, a1p) @ (yit,v2 % v3°, v vs > ve S v7 7 ve ™ ve s vio DI

21 22 23 24 25 26 27 28 .29 210 21 p22 p2.3 p24 p25 p2.6 P27 P28 p2.9 p2.10
[(ait, ai? a3® az, a5, a5, a7, ag®, a5, aiy”) @ ((Bi, B32 BY°, Bi™* Bs™, B&°, B77, BE®, Bs”, Bio ) V

| (af, 032,03, a3, a2, a2, o}, ad®, ad”, afi®) © (P vEL 3R VB VS v v v v v O
=(A@B VA0
4. Conclusion

In this paper we successfully developed decagonal fuzzy number and derived some important

theorem for bounded closed interval-valued decagonal fuzzy numbers. Further, the alpha cuts also
have derived for the decagonal fuzzy number, and some important theorems have also been proved
using alpha cuts. Application of this theorem is used in many fields such as medical, control system,
automatic system, engineering, science and technology, etc. for handling the vagueness in the decision
making problem.
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