Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 3 (2025)

New approach towards complex bipolar intuitionistic fuzzy subbisemiring applied to
homomorphism

R. Raghavendran', P. Jeyanthi?, M. Palanikumar?®, Aiyared lampan* *
L3Department of Mathematics, Saveetha School of Engineering, Saveetha Institute of Medical and Technical
Sciences, Chennai-602105, India.

2Department of Sustainable Engineering, Saveetha School of Engineering, Saveetha Institute of Medical and
Technical Sciences, Chennai-602105, India.

4Department of Mathematics, School of Science, University of Phayao, 19 Moo 2,Tambon Mae Ka, Amphur
Mueang, Phayao 56000, Thailand.

E-mails:!lakshmiragha1986 @ gmail.com, ®palanimaths86 @ gmail.com, “aiyared.ia@up.ac.th,

*Corresponding author: Aiyared Iampan.
Received: 14-03-2024 Revised: 27-08-2024 Accepted: 19-09-2024.
Abstract

We establish the concept of complex bipolar intuitionistic fuzzy subbisemiring (CBIFSBS). We analyze
the homomorphic features and important properties of CBIFSBS. We construct the CBIFSBS level sets for

_ - — F— g+
bisemirings. Suppose that L is a subset of 8. Then R = (uuy XL N4 XL ,ML9+ eXE ,/LL'?+'
zt
eXT ) is a CBIFSBS of 4 if and only if u(***) is a SBS of Z forall t,s € [—1,0] x [0, 1]. It is shown that

there are homomorphic pre-images and homomorphic images for every CBIFSBS. We illustrate the results
based on numerical examples.

1 Introduction

Zadeh! developed fuzzy set (FS) theory, which succeeds when dealing with ambiguity and uncertainty. If
an element in an FS has a single value inside the interval, it is considered a member. The degree of non-
membership does not necessarily equal one minus the degree of membership, however, because resistance
might exist in real-world situations. As FS theory advances, a growing number of hybrid fuzzy models appear.
Numerous uncertain theories, including FS," intuitionistic FS (IFS),% Pythagorean FS (PFS) and spherical FS
(SFS)* have been developed as a result of the uncertainties. An FS is made up of MG sets, or sets with grades
ranging from O to 1. IFS is classified as MG in spite of Atanassov’s~ assertion that non-membership grades
(NMG) may only have a value of 1. Throughout the entirety of a decision-making process, the total of MGs and
NMGs may occasionally reach 1. The generalized MG and NMG logic, which has a value not exceeding 1 and
is determined by the square of the MGs and NMGs, was developed by Yager® using PFS logic. These theories
are unable to represent the neutral state since it is neither positive nor negative. Cuong” discussed the photo FS
with coworkers. Three grading points were utilized by FS: positive, neutral, and negative. These grades added
together could not total more than 1. In a few of scenarios, it also performs better than PFS and IFS. It is an
independent generalization of three models that handles the truth, indeterminacy, and falsity of FS and IFS.
The concept of bipolar fuzzy sets was introduced in Lee ® In typical fuzzy sets, the membership degree range
is [0, 1]. Bipolar fuzzy sets (FSs) are those whose membership degree range is extended from the interval [0, 1]
to the interval [—1, 1]. A bipolar fuzzy set has elements whose membership degree is [—1, 0], which indicates
that the implicit contrary property is partially satisfied, and elements whose membership degree is (0, 1], which
indicates that the property is not relevant to any extent possible.

The neutrosophic set (NS) was developed by Smarandache” to deal with contradictory and ambiguous data.
This logic establishes the degree to which a notion is true, ambiguous, or wrong. In)® Ramot et al. present
the idea of the complex fuzzy set (CFS). The values of the membership functions in CFS transactions might
vary greatly. The unit circle of the complex plane has been extended to [0, 1], but the unit circle of a fuzzy
membership function stays fixed. The membership function px (x) of the CFS X extends to the unit circle in
the complex plane instead of only to [0, 1]. Thus, px () is a complex-valued function that yields a grade of
membership of the kind 7y (z) - eiTx (f), where 7 = v/—1, for each element z in the discourse universe. The
value of 1 x () is defined by the two real-valued variables, nx (z) and 7x (x), where nx (z) € [0, 1]. Semiring
logic and its uses were introduced by Golan® Hussian et al'? discussed about the idea and application of
bisemirings. Ahsan et al. researched fuzzy semirings!' The notion of bisemirings was first presented by
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Sen et al 2 An intuitionistic fuzzy normal subbisemiring of bisemiring was introduced by Palanikumar et al.

(2019) 13 Bisemiring was first proposed by Palanikumar et al.'* employing bipolar valued neutrosophic normal
sets. We will look at specific components of the SBS and CBIFSBS concepts and make some assumptions.
The article is divided into the following three sections. In Section[I]is called an introduced. Section [2]contains
basic information. Section 3] has a list of CBIFSBS concepts. Section [4] deals that homomoprhism based on
CBIFSBS concepts.

2 Preliminaries

Definition 2.1. "'? An algebraic structure (%,M, ©, ®) is a bisemiring, if (%, M, ©) and (%, ©, ®) are semir-
ings, ie.,(#,N), (%, S) and (£, ©) are semigroups and

l.as(®bNc =(acb)N(acc),
2. bNe)sa=(boa)N(coa),
3.a0(sc)=(a0b) S (a®c),

4 (boc)oa=(b®a)o(cOa), ¥V a,bcc B.

Definition 2.2. A bipolar fuzzy set x4 in a universe U/ is an object having the

form pu = {(x, A} (2), A (x)) : 2 €U}, where Af : U — [0,1] and A, : U — [—1,0].
Here Al (x) represents the degree of satisfaction of the element x to the property of A (x) represents the
degree of satisfaction of = to some implicit counter property of p. For simplicity the symbol <AJr AL > is used

o
for the bipolar fuzzy set = {(x, A} (2), A, (x)) : x € U}.

Definition 2.3. For two bipolar fuzzy subsets u = (1, =) and ¥ = (¥*, &™), the product of ;1 and ¥ is
denoted by . o ¥ and is defined as

(4 0 UF)(x) =  (sreh. T AT O} i A0

0 if A, =0

o) o, {v=)ve-}ira, +o
~1 if A, =0

Definition 2.4. " A NS 4 in the universe U is 1 = {x, AT (z), A (z), A] (z)|z € U},where AT (2),A] (x)
Af (z) represents the TD,ID and FD of v respectively. Consider the mapping AE U — [0,1], Ai U —
0,1, A :td - [0,1] and 0 < AT (x) 4+ Al (z) + Af (z) < 3.

Definition 2.5. 7 Let p11 = (X, X} Xon )bz = (X}ips Xho» X}ip) and piz = (X[, X1, X}i,) be the three
neutrosophic numbers over /. Then

L pi2 © p = <maX(xfg,xﬂ),min(xfth;)amin(xﬂ, x53)>,

2. paps = <min(x§2, Xiis): maX(fo2,Xﬁ3),maX(x52,xﬁg)>,

3. p2 = s iff le;z = le;:», and Xlllz < XlItB and Xﬁz < Xf;s’

4. pg = pgiff xT = xT and X/Iu = Xig and X,}; = Xffg.

Definition 2.6. * For any NS y = {z, A (x), Al (x), Al (x)} of U. Then (7, 5)-cut is defined as {z €
U|Ag(x) > T, Aﬁ(m) > 7, Afj(x) < B}
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3 Complex bipolar intuitionistic fuzzy subbisemiring

Here % denotes bisemiring unless other stated, p stands for real part and x stands for imaginary part and
zZ =127
Definition 3.1. For any complex bipolar intuitionistic fuzzy set(CBIFS) L in universal set U,

_ - _ - >+ + _
L={lp7 )-eXD O puF @)Xt " u (1) O 17" (1) X0 e U, where p (1)
XY ) XD Y iU [<1,0) x [0,1] and p (1) - X2 uF (1) X0 U — [~1,0] x [0, 1]
represents the truth degree,indeterminacy degree and false degree respectively.

T )

For simplicity the symbol 7, 7 is CBIFS L = {l, u7 (1) - eoXx

w0 7@y e (1) e e U

_ 7= o 7 T+ a+
Definition 3.2. Let L = {l 4 (l)~e5xf (l),uf (l)~e‘5XLg (l),uf+(l) eOXE (L),uf+(l)~e5xf m} and

_ _ z— g+ z+
M = {l,uﬁ (1) - e (@) e g ) e (1) - e ”’}be two CBIFSs of U.

Then we define the intersection and union operation is defined as
(i)LﬂM:{(l maX{,uL “Wy-etxi Vg

F7 () F (1)

)-e g (- Uy min{p? (1) e (1) - e
7w Y w0 @) i Y e v,
)-e

O - VY max{p? (1) -0 Vg (1) exn Uy,

1+

2

Tt )

min{p7 " (1) - X2
(i) LUM = {(z min{p? " (I

+ +
max {7 " (1) - X2 uy+(l)~e5’<ﬂ94 VY max{yf (1) - e
FT) Z+ )

z+
min{uf " (1) -7 uf @) e ")) e U},

— - - z— ~ +
Definition 3.3. For any CBIFS L = {l,uf ) - X7 (”,,uf (1) - XL (l),yL'7+ 1) - X7 (l),

F ()

} of a universal set U. Then (¢, s)-cut is defined as {l e Uluy (0)-exi "V <t, i (1)-exe

5Xg (1)

7+ +
s ()X 2t (@) e <)

Definition 3.4. The Cartesian product of L and M is deﬁned as

_ ~(@.m) _ ~((@.m)
Lot = (i) 8 )
((1,m)) Ft
i e (L)) - T 2 ) - SEE) for attm € 8},
where L and M be the CBIFS of U
_ Z=((Wm)) _ 7= _ T (m)
pens (1)) - D s (@) Ty om0

F = ((L,m) . z— FT W - FT(m)
iear(tm)) - €00t = min {uf (1) - ™0y (m) - e

+ L7 my) . + EadO) + T+ (m)
1 ar((L,m)) - e?Xexar ™ = min {Mg (I)- e pugy (m)- e }
Z+ syZ T (wm)) Z+ FTW) g+ F1(m)
i (m)) - 0™ = ma (1) - e (m) - e

Definition 3.5. For any CBIFS L of % is said to be a ()-complex bipolar intuitionistic fuzzy SBS (CBIFSBS)
of # if

p? (Lt m)) - X2 (hm) < max{pZ (1) - X2 (O 17 (m) - eSxi (m)}
w7 (12 m)) LeOXT ((fam) < max{p? (1) - eaxf’((z)jug— (m) - eOXZ ((m)}

w? (113 m)) Cexi ((sm) < max{p? (1) - eﬁxff((l)vuf‘ (m) - eOXZ ((m)}
wZ (14 m)) Cexi ((hm) > min{pZ (1) - eﬁxff((l),uf‘ (m) - eOXL ((m)}
pZ ((Ltam)) - eOXZ (Wam) > min{pZ ™ (1) - X2 (O 1,77 (m) - eOXE ((m)}
pZ " ((Lism)) - X2 (Wam) > min{pZ ™ (1) - X2 (O 1,77 (m) . eOXT ((m)}
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w7 (Ut m)) - X hm) > minfu? " (1) - X (O 17" (m) . XE ((m))
wZ (Lt m)) - X7 (@am) > min{ 77 (1) . X7 (O 177 (m) - X7 (m))
W (Lt m)) - X (@sm) > min{ 7" (1) - X7 (O 177 (m) . X7 (m))
W2 (L m) - eXE hm) < max{pZ T (1) - eXE (O 17 (m) - XT ((m))
‘LL? ((l i2 m)) . 66Xf+((l12m)) S Inax{uf+ (l) . €6Xf+((l) ‘LL?-F (m) . 66Xf+((m)}
w7 (L m)) - eOxT T (ttsm) < max{p? " (1) - eéx?((l), wZ " (m) .65Xf+((m)}
forall [,m € A.
Example 3.6. Consider the bisemiring & = {a, b, ¢, d} with the Cayley table:
hhla|blcl|d||ia]la|b|lc|d]||Izg]|a|b]|c|d
a lalalalallal|al|lb|lc|d]||a]|a|al|ala
blalbla|b|| b |blb|d|d|]|b|lalb|c]|d
clala|c|c||c|lc|d|lc|d||c|d|d|d]|d
dlal|blcld]||d]|d|d|d|d]||d]|d|d]|d]|d
() =a (b) =0 (b)=c (b)=d

(M577ng)(b) —0.86i2ﬂ(_0'65) _0.75ei27r(—0.60) _0.65ei27r(—0.50) _0.762’2#(0—.55)
('U/L?77XL§27)(b) _0'767;271'(—0.55) —0.86i27r(_0'65) —0.96i2ﬂ(_0'75) —0.85€i2ﬂ(_0'7)

b)=a (b)=5b (b)=c (b)=d
(ML9+ ) Xf+)(b) 0.7¢i27(0.6) | (. 6ei27(0.5) | () 4¢i27(0:3) | () 5ei27(0.4)
(Mf+axf+)(b) 0.6€i27r(0'5) 0.7€i2ﬂ(0'6) 0.96'&271'(0.8) 0.8€i27r(0.7)

Hence, L is a CBIFSBS of £.
Theorem 3.7. The intersection of a every CBIFSBSs is again a CBIFSBS of 4.

Proof. Let {7; : i € I'} be the family of CBIFSBSs of % and L = M;cr7;. Letl,m € A.
Now,

(5 m)) - e ) = sup 17 (14, m)) - eXE ()
el
< T . X7 W, T ox7 (m)
< sup ma{ (1) ™% O, 7 (m) e )
1€

_ T— _ F—
= max {Sup M_‘Z (l) . €5XT1' (1)7 sup /J/Z (m) . €5XTi (m)}
el i€l

= max{uf (1) O uf " (m) - N (M)
Similarly,
u? ((Ltam)) - eXZ (Uf2m)) < max{p? (1) - EISANUR w? (m)- Xz (m)},
w? (s m)) - eXE (am) < max{pZ (1) - X2 O 177 (m) - X2 (m)},

Now,
- F— . o — F— m
pf (grm)) X0 () = inf 7 (141 m)) - X0 ()
> 111§ min{,uf_ (1) - e‘sxiii(l),pf— (m) - eéxfﬂm)}
1€ . )
—mindinf 42 (D) X D it T () - 6xf;’<m>}
mm{yg py, (1) -e inf pz (m)-e
= min{uf (1) ™7 O pf (m)- ()
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Similarly,

pZ ((Ltam)) - X2 (Wem) > min{pZ ™ (1) - X2 O 1 F ™ (m) - X2 (M)} and
i (g m)) - X0 (m) > mindf (1) - X0 O, puf (m) - e™E (M),
Let {7; : i € I} be the family of CBIFSBSs of % and L = M;c7;. Letl,m € A.

Now,
uf(Utom)) - TR —ing )7 (1 m)) P ()
1€
7+ o+
>inf minf{u? (1) e O, uZ " (m) -7 M)
7+ 7+
= min {inf fo (1) - e5xf; (1)7 inf MZ* (m) - eéxf; (m)}
el icl
+ +
= min{u " (1) - X0 O, 17" (m) - 55 ()}
Similarly,

17 (U ta m)) - X7 (Wam) > minfu? " (1) - X7 O, 1y 7" (m) - X7 ()},

w7 (Ut m)) - X Wsm) > minl 7 (1) - X7 O 17 (m) - X7 ()Y,
Now,

w2 (1 m)) - OXE T (tim) sup Mf*((l 1 m)) - ARG

iel

Cas

F+ +
SXW ox7,

» Ty

<sup max{uZ (1) (m) - X ™)y

iel

+ +
ox7 () X7, <m>}

= max {sup ,uf+ (1)-e
iel

ssup " (m)
iel
@ + ”, +

= max{pf (1) X0 O pF " (m) X (M)

Similarly,
+ + +

u?+((l 12 m)) . @Xf ((I12m)) § max{‘ul‘g?*— (l) . eéxf (l)’ u?+ (m) . e‘SXf (m)} and
w2 (Lt m)) - eXE (@sm) < max{puZ T (1) - X O, 1 Z7 (m) - XE ()Y,
Thus, L is a CBIFSBS of £.

Theorem 3.8. If L and M be the CBIFSBSs of 981 and %5 respectively, then L x M is a CBIFSBS of %81 X Bs.

Proof. Let l1,l5 € % and mq, mg € Ps. Then (I1, m1) and (l2, m2) are in By x Bs. Now

1T ear (I ma) 1 (lay mo))] - XD [((Hma) b lz,ma))]
1T ar (1 Loy my 11 ma)) - X (ihalzmatima))

max{uy (1 12)) - X2 (OB W F7 () my)) - X ((matima))y
max{max{u? (1) XL Gy 177 (1) - XL (2}

max{pg; (my)- e ")y T (my) - X7 (m2) )y

max{max{u? (1) - ™7 @)y (my) - XD (m)),

max{py (la) - €2 ) uf (o) - X (M)}

= mas{uf o ((lam) - XD oD 0 (1, mg)) - X ()

IN

Also 17y [((Im) §a (I, ma))] - X Dnl(tma(lz.ma))

é max{#gX_M((ll7m1)) . e‘SXf;M((lhml)),ug;M((l27mz))eéxfglw((lzamZ))}
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and p? 0, [((11,m1) 13 (I2, ma2))] - XD n[((1ma)Ea (12,mo))]

— T — T
< mac{p 7 py (1) - T O T (1, m)) - e9X Do Gzimay,

Now,

W arl((yma) 11 (lz,ma))] - XDl ()i tzma))]

wZnr (L 1 oy my 11 my)) - XD ((alz,mafims)

min{pZ " ((Iy 11 1p)) - XD (i) &7 () 41 my)) - X Dxar ((matima))y
min{min{u7? (Iy)- XL (1) e (lg) - XL (l2)y

min{puy; (my) - XX (ma), wy (mg) - XN (m2)1}

min{min{p7 (1) - X0 O pf (my) - e (m0}

min{,yff (Iy) - eéxf_(l2)7m\</?* (mg) - XN (mQ)}}

= min{uZ o ((lyma)) - DG (1, my)) - XD (Uma))y

Y

— F—
AT50 g m1) B2 (I, )] - Xl alssma))
. - F— — F—
> min{uy, 5 (L, ma)) - eXexarlGoma) yF oy (1, my)) - e2X0x (I, my))},
- F
foM[((lhmﬁ 13 (I2, m2))] - XL x m[((l1,m1)i3(l2,m2))]

> min{uf gy (1)) - XD O (1, m)) - XD (e,

Letly,ls € %1 and my,my € HBs. Then (I3, m1) and (I3, ms) are in By X HBy. Now

.
() i (12, ma))] - Xl tma))

gt
Mf:M((ll 11y, my 11 ma)) - €5XL7xM((l1illz,m111mz))

min{u? (11 11 1)) - X7 (@1 L F5 () 1) my)) - X7 (Cmatima))y
mingmingi (1) - €0, 7 (1) - e 020},

min{ufy (ma) - €7, (mg) - X (20}

minfmin{p?” (1) - X0 ), 5] (ma) - X7 0m))

min{u7 " (1) -7 ) )" (my) - XE (m}y

+ +
= min{uf((lyma)) - DG 70 (1, my)) - 3o (ma))y

Y%

N
Also pZ 5 (1, ma) 12 (Lo, mg))] - eXDxml((m)ta(loma))]

¥ +
> min{ 7y ((lr,m)) - X0 (m) T8 (1, my) )X (Uzima))y

n
and ,u,f;M[((ll, my) Iz (l2, m2))] - 65Xf><M[((517m1)¢3(12,m2))]

+ +
Z mln{ﬂZQ—M((llvml)) . eéngZW((ll’ml)),/,Lg;M((ZQ,mQ)) . eéxgxlw((l%m?))}_
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Now,

z+
i ar (11 ma) 11 (1o, ma))] - XDl (Bma)ta (zma))
(1 11 looma $1my)) XD (atala mitima)
max{u? " (I 11 12)) XD (W1112) [ ZF () 4 my)) - XD ((matima))y
zt+
max{max{uer(ll) (ll) (12) XL (=)},

.
max{ufy (ma) - ™5 ), (m2>.eéxM (m2)}}

IN

) 17 (ma) A (m1)}

max(max(sf W
+ Ft+ ma
max{uy (Iz)- €’ () Ly (m2).e5XM (m2)11

.
= max{uf:M<<zl7m1>> T ) Z (g, my)) - X (2ma)y

)

.

Also 77y [((l,ma) 1 (12,m2))] - XD [((lma)ta(la,m2))]
+

< max{uf{yy ((,m)) - eEellim),

17 (12 m)) - e 5XLXM<<12,m2>>}
1711, my) Ts (Iz,ma))] - XExn [((mi)is(la.me)]
(

+ +
< max{ufj;M (I1,m1)) - eafoM((ll’ml)),M?:M((lg,mgn .65Xfxzv1((l2,m2))}_
Thus,L x M is a CBIFSBS of #.

Corollary 3.9. If Ly, Lo, ..., L_ be the finite collection of CBIFSBSs of #1,$s, ..., B, respectively. Then
Ly X Ly X ... X Ly, is a CBIFSBS of $1 X $Ba X ... X By,

Definition 3.10. Let L. C Z,the strongest CBN relation on 4 is

nZ” ((1,m)) - €7 (Em) = min (1) - eXE O, p7 " (m) - €27 ()}

w? ((1,m)) - efx? ((Lm) = maz{p? (1)- XL O uZ ™ (m) - eOXT (m)}

17" (1m)) - 7 () = max{uf (1) - X O,y 7 () - XE ()
B (1m) - e (O = wmingpf " (1) - X O, 7 (m) - eXE ()

Theorem 3.11. Let L be a CBIFSBS of % and T be a strongest complex bipolar intuitionistic fuzzy relation of
AB. Then L is a CBIFSBS of  x A if and only if T is a CBIFSBS of B x 2.

Proof. Suppose L is a CBIFSBS of % x % and 7 be the strongest complex bipolar intuitionistic fuzzy relation
;f)i;lyl — (I, 1s),m = (my, ms) € B x . Now,
1Z (L m)) - X7 (Um)

= 17 (1, 12)) 11 ((my,mg))] - X7 L(((t2))r ((mamo))]
w? (I 1 ma, o F1ma) - e (ihimilatims)
max{u? (1 11 mq)) - X2 (RmD) 77 (1,11 my)) - eOXE ((2him2))y
max{max{uy (I1)- eOxE () wy (my) - eSXT (m)y,
max{u? (Iy) - X2 12 17" (my) . SXE (M2
max{max{py (I)- XL W) 7 (1) - eOXZ (t2)}
max{p7 (my) - eXC M), 7 (my) - e (M)}
= max{p? ((l,l2))- 65X77((51712)),M777 ((m1,my)) - 65X;77((m17m2))}

= max{p? () ™7 O 17 (m). X (m)}

IN
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Also uZ (L 12 m)) - €7 (U2m) < max{uZ (1) -7 O 17" (m)-eSx7 (m)},
17 (Lism)) - X7 (@sm) < max{pZ ™ (1) - X7 O, 177 (m) - eOX7 (M)},
Similarly,.? (11, m)) - €7 (M) > min{(pZ (1) - %7 O 4 F " (m) - e0X7 (M)}
17 (1o m)) - 97 (U2m) > min{pZ ™ (1) - %7 O, 17" (m) - €7 (™)} and
17 (Lism)) - 97 (@am) > min{pZ (1) - %7 O 1y 7 (m) - edxr (m},

For any | = (I1,12),m = (mq1,ma) € B X B. Now,

w7 (L1 m)) - X7 (tm)

g+t
— 17T, 1)) £ (i, mg))] - X7 (U2t ((ma,ma)))
gt

Cas
(11 t1ma, 1y T1ma) - x5 (lifima,l2fimz)

(

"
min{pf " (I 1ma)) - €5 (BB W T (1 11 ma)) - XD
min{min{p7 " (1) - X7 W) 7" (my) - Xm0
minfu? " (12) - ™7 ), 7 (ma) - DL ()
min{min{y7 " (1) - 27 W) 07" (1) - ),

min{u? " (ma) - e M) u7 " () - X ()}

— min{pZ (I, 10)) - 7 l2) 1T (my my)) - X7 (muma))y

o+ o+
= minf{u? (1) O 7" (m) - (M)

(

(lziﬂnz))}

v

Also 7 (112 m)) - X7 ((t2m) > min{pZ " (1) - e5xf+(1)7ﬂf+(m) eox7 (m)}
w7 (L3 m)) C X ((tam) > min{pZ " (1) .eéx?(l), 17" (m) - eox7 " (m)}

+ + +

Similarly’ u?“’((l il m)) . eéxg ((If1m)) S max{lufz_*— (l) . 65Xf¢ (l)" ‘LL?-F (m) . &Xfc (m)},
a7 z+ g . 7+

17 (g2 m)) -7 (@) < max(pZ (1) - e O, uF (m) - () and

17 (g5 m)) - 7 (EHem) < max(pZ (1) - X7 W, uZ () - X7 (),

Therefore, 7 is a CBIFSBS of & x 4.

Conversely,suppose that 7 is a CBIFSBS of & x A.
Let! = ((I1,12)),m = ((m1,m2)) € B x B. Now,

max{p (I 1 m)) - eXE (GHm)) 77 (1, 41 my)) - X0 (U2fima))y
=7 (I frma, o §1ma) - X7 (timalatims)

= 170, 02) 11 ((ma, ma))] - €8 (02 ta((msma))

=17 (If1m)- X7 (hm)

< max{u? (I)- 66)(;07*(1)7”?7 (m) - 65Xf77(m)}

=max{p? (1))} e D} 77 (g my)) - e5X7 (mim2))y
= max{max{p? (1) eXZ ) ;7" (1) . XL (=)},

max{py (m1)- XL ") 47 (my) - eXE (ma)yy

If 7 (1 77”51)) L X (ihm) > u{f((lz I ma)) - eéxfi((lﬂjmz)), then pu7 (1) - X2 () >
pf (1) - €02 and p " (ma) - €T (M) = () - e 072, We get u (1 1 m))
eOxi ((tim1) < max{u? (Iy) Xt ) u? ™ (my) - eOxi (mY for all Iy, m; € %,and

max{p? " ((Iifamy))-ex2 (F2m) 77 ((11amg))-eX ((2t2m2)} < max{max{uZ  (Iy)-eX2 () 17" (I)-
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X7 Y max{pZ  (my) - eXE (M) [T (;my) . eOXE (m2)})

If 7 ((Iytamy))-e9X2 (ad2ma) > T (1yamy))-eX7  ((2t2m2)) then u7 ~ ((Iy1amy ))-e8X7  ((ifam) <
max{p? (1) - X2 1) 177 (my) - eSXE (M)},

masc{u () (3m0) 177 (Iafamy))e™E (m2)} < max{max{p? ()€™ 0, 57 (1y)-
XL (12)}, max{u?  (my) - XL (1) u? " (ms) - XL (m2)11,

If 17~ ((lifsma))-eX2  (tama)) > T (1yiamy))-e0X2 (2Fam2) then ;i (13 f3my))-efxE  (hiama)) <

max{u (1) - XE ) u7 (my) - E (m)),
Similarly to prove that

min{pf (hfim) e (), uf (lptyma))-eC (0D} > mindmin{pg (1) O, uf™ (la):
eXE (20} min{puf " (my) - eXE (M) (ma) - eXE (m)yy ]

If 5 (I 11 ma)) - X2 (hm)) < [ F7 (1, 41 my)) - X ((ehm) then puF ™ (1y) - X2 (1) <
ML?_ (l2) . e‘sxfi(b) and N’L?_ (ml) . 65Xf7(m1) S /j’Ly_ (mQ) . 65)('19,-7(7”0)'

We get 17 (I 41 ma)) - X2 (hma)) > min{ 77 (1) - X2 1) 17 (my) - 8X7 (m)},

min{pZ (I famy)) - X2 (dm)) 1 F7 ((1y 1y my)) - X (Ualama))}

> minfmin{pf (1) -5 0, uF (1) - eXE Dy min{pnf (ma) €N 0 pf (o) - €XE )

If 7~ ((Iifarmg))-e®x2 (hk2ma)) < 177 ((Iytmy))-eXE ((282m2)) then 7~ ((Itamy))-eXE  ((af2m) >
min{u? (I) - eOXL (), /{L?’ (my) - X2 (m)}, ) )

min{u?  ((lifsma))-eXZ (dam) [T (1ytamy))-e8X2  (2tama)} > min{min{p?  (I1)-eX7 D), 177 (1,)-
X7 (DY min{puZ " (my) - eXT (M) T (my) - eOXE (M)}

If u? ((Igmy))-e®X2 (adm)) < 1 F7 (1yfamy))-eOXE (atama)) then uZ ™ ((I1f3my))-eXE  (hama)) >

min{pf (1) - X2 O, 17 (my) - HXE ()}
Letl = ((l1,12)),m = ((m1,m2)) € & x %. Now,

+ +
min{uLﬂJf((ll il ml)) . 65XLg ((l111m1))’ /L"Ly+((l2 il m2)) . 65XL9 ((l211m2))}

g+
— u?* (ll 11 mi,lo il m2) . e5XT (Ifima,lafima)

— 17 (11, 12)) 41 ((mr, ma))] - X7 [(@d2) 1 ((mama))]

— 17 (1t m) - X7 (m)

i

> min{u? (1) €7 O, 7" (m) . ()
+ +
= min{u? " (L, 1)} - €7 G 177 (my,my)) - X7 (mmaly

7+ 7+
= min{min{u? () - X7 ) 177 (1y) - XD ()},

g+ Cas
min{p7 " (ma) - X5 ) 17" (my) - PXE (M)

+ 7+ +

It 7 (1 7711)) X (hhm) < /@W((lz 11 ma)) - X ((lzijmz)), then 117 " (1) - X (1) <
Mng (l2) . 65X‘L7 (I2) and Ng+(m1) . 65X£7 (m1) S N’Ly+(m2) . e‘SXg (m2) We get //Lng((ll 11 ml)) .

X7 (ntima) > min{p? " (1) - e5xf+(ll)’ u? " (ma) - 65xf+(m1)} for all Iy, m; € %,and

min{p? " ((Lgamn))-eX7 (@b 7 (lytamy))-eE (G2tzm)} > min{min{pd * (1)-eX7 0, 17" (1y)-
N7} min{ja  (my) - @00, 17 (ma) - e ()} )

17" (aama))eE (O < 7 ((lafama))e™ 7 (ma) then ™ (Lufamn))-e5XE (Btam) >
min{uf+ (1y) - XL (1) MLer (mq) - eIXE (ma)},
min{ﬂg+((lligml)).eéXng((llis’”il))’MIL?_F((ZQiSmQ)),€5XL?+((121377742))} > min{min{p? " (11),66xf+(11), u? " (1)
(3‘5><I:g+(l2)}7 min{u{+ (mq) - eOXT (m1), ML9+ (mg) - e6xf+(m2)}}

I (Litsma))-eXE (tsm)) < 17" (Iy1gmg))-ePXE (U2tsm)) then uZ ™ (i gzmy))-eXE (tam) >

111111{IML‘9+ (ll) . 65Xg+(l1)7ug+ (ml) . 65Xf+(m1)}_
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Similarly to prove that

max{puZ" (I, 11 m1)) - 65Xf+((llilml))’ w7 ((Ia 11 m2)) - eéx‘?+((lzilmz))}

< max{max{pZ" (1)-eXT O 1T (15)-XT Y max{p? " (my)-XT M) 1 (my)-eXE (m2)})
If pZ (1 11 ma)) - X7 ((tama)) > u " ((ly 11 ma)) - edx?((lzilmz)), then

W) - XE ) > 1 (1) eXE ) and T (my) - XE M) > 1 (my) - OXE T (ma),

We get i " (1 fama)) - T (i) < e (1) - e 00, i (ma) - X ()},
max{puZ" (I t2m1)) - 65Xf+((lli2ml))’ w7 ((Iy T2 m2)) - 6§xf’+((lzizmz))}

< max{max{u? " (1) - W 17 (1) DY max{uf T (ma) - ), 17 (my) - 1)

I 0?7 ((Lifama))-eXE (tem)) > 17 (Lytama))-ePXE  (U2t2m2) then (1 1amy))-e?XE - ((htzm) <
max{pZ "t (1) - eXT W) 1 F (my) - eXT (m)},

max{pZ " (I 13 m1)) - X (tsm)) 1 FF (1, 13my)) - X (Uatama)))

< maxfmax{uf " (1) O pF " (15)-F O} max{p " (ma)-eXE ), 17" (mg)-XE (m2) )}
It uf " (ggma))-eE (dm)) > i (Iytymy))-ePXE (atoma)) then uZ * (1yggmy))-exE (tam) <
max{puZ " (Iy) - eéxf+(ll)’ uZ" (mq) - eéxf(ml)}.

Therefore, L is a CBIFSBS of %.

Theorem 3.12. Suppose that L is a subset of . Then R = (u7 XL wl XL ,uLg+ P , ,w?+ .
eéxf+) is a CBIFSBS of & if and only if i) is a SBS of % for all t, s € [—1,0] x [0,1].

Proof. Assume that j is a CBIFSBS of %. For each t,s € [—1,0] x [0,1] and I3, 1 € u**). Now,uy (l1) -
N (L) S topf (la)- €D (lo) < tand pf () -0 (1) < tpf (o) €E (1) < tand pf (L) -
XL (L) > s,puf (1) - eXE () > 5. Nowu ((lhf1l2) - €0 (I3 1 1) < max{u? (h) -
eXE (1), n7 (I) - X7 (Iy)} < tand

pZ (11 12) - X2 ((Iy 11 12)) > min{u? (1) - X2 (1), 47 (lo) - €XZ (Iy)} > s. This implies
that [; 11 Iy € M(t’s).

Similarly,l; T2l € p“®) and I1 131y € u®*). Hence,u™*) is a SBS of Z,forall t,s € [-1,0] x [0, 1].

For each t,s € [0,1] and ly,ly € u(t’s). NOW,,uLng(h) . e‘sXLng (lh) > t,,uLng(lg) . 65XL9+ (lz) > t and
uZ ) e (1) < s, (1) e (1) < s

Now, u7 (11 11 1)) - eE (1 41 1)) > minfu? " (1) - e (1), 17 " (la) - X (1)} > ¢ and
i (1 k) - e (1 f1 ko)) < max{uf " (1) - X (L), pf " (o) - XF (o)} < .

This implies that 11 11 lo € p©%). Similarly,l; {2 lo € p(t®) and I} 131y € p®9).
Hence,u(»*) is a SBS of Z,forall t,s € [—1,0] x [0, 1].

Conversely, assume that 1(**) is a SBS of Z and t, s € [—1,0] x [0, 1]. Suppose if there exist [;,lo € % such
that i (b 1 12)) - €5 (1 11 12)) > max{uf (1) - e™F (), p (1) - ™ (1))

and uf ((h1102)) €% ((hirle)) < min{pf (1) (L), uf (I2)-€?X7 (Ia)}. Fort,s € [~1,0]x

0.1 such that 7~ (1 $112)) - ™ (1 §112)) > ¢ = max{u? (1) - ()] (1) - e (1)}

and

pZ (11 1) - X2 ((I11110)) < s <min{u? (h)-eX2 (L), u? (o) - X% (Iy)}. Thus, Iy, 1y €

pt) but 1y 11 1o ¢ p*). This contradicts, p(**) is a SBS of 4.

Therefore 17 ((Iy 1 1)) - X2 (I3 41 b2)) < max{u? (1) - eXZ (1), u7 (o) - X7 (Iy)} and

pf (11 1)) - e (It l2)) > min{uf (1) - €5 (), uf (Ia) - X% (1)}, Similarly,}> and §

cases.

Hence yu = (u7 - eX7 7~ - e%XZ ) isa CBIFSBS of .

Let us assume that () is a SBS of Z and t, s € [—1,0] x [0, 1]. Suppose if there exist [1,lo € % such that
+ + +

p? (i) -0 (i tala)) > min{p " () - e (1), " (o) - X7 (1)} and pf " (1 11 12))

T (I 1 1)) < max{pZ (1) - X7 (1), uZ " (o) - X% (Ip)}. Fort,s € [~1,0] x [0, 1] such that
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pZ (1)) - e (It 1)) > £ < min{u? " (1) - X7 (1), pZ " (1) - X7 (1)} and

+ + +
pf (31 12)) - X (L1 1)) < s > max{u? (1) - eXE (L), uf (Ia) - XE (i)}
Thus, I1,1y € p®*) but Iy 1 I ¢ p*). This contradicts,u(t*) is a SBS of 4.

Therefore 17 ' (I 11 1)) - X7 (I 11 b)) > min{p? (1) - 7 (1), 57 (1) - X7 (1)} and
+ 7+ +

pf (1 12)) - e (I 1 12)) < max{p? (L) - e (1), uf  (Is) - eXZ (I)}. Similarly, {5 and 13
+ g+ + Ft .

cases. Hence pn = (uy - et puf - e®Xt ) isa CBIFSBS of 4.

4 Homomorphism

Definition 4.1. Let (%1, 01, 02, O3) and (HBa, %1, *2, %3) be any two bisemirings. The mapping U : #; —
%, and L be any CBIFSBS in 1, 7 be any CBIFSBS in O(By) = By X g, - eOX0 = [u7 X0 7~
eXE g - exe 7" eXT ,uf+ -7 is a CBIFS in 21, then 1, is a CBIFS in %,,defined by

-
- inf - XL if le U 'm
MTQ (m) ,LLL () f
0 otherwzse
F— . _
- T sup,uL cexe (1) if 1e U 'm
7y (m)
otherwise
7+ sup puy . ‘SXL+() if le U0 'm
uZ " (m) -7 £
0 otherwzse

+ e inf ,ug 1) - e‘SXL+(l) if leU ™ 'm
[L;g (m) - XL (m) = L
1 otherwise

forall | € %, and m € %, is represents the image of R, under U.

. Sxr — [, T XTI XL T oxT 5 gt oIt Ft T
Similarly,If i, - €°X7 = [p - e®XC ,pur e Jul e | -e®Xm p el ud - ef%r isa
CBIFS in %, then CBIFS pz, = U o pi, in % ie,the CBIFS defined by i1, (1) - e2Xt W 1y (13(1)) - X2 OD)
pr, = Uop, in % [ie, the CBIFS defined by i1, (1)-e2Xt (D) = 11 (13(1))- X2 (BW) is represents the pre-image
of p1; under U.

Theorem 4.2. The homomorphic image of every CBIFSBS is a CBIFSBS.

Proof. The mapping U : %, — % be any homomorphism.
Now, G((I01m)) = U(1) %1 B(m), B((102m)) = U(1) %2 B(m) and
U((I0sm)) = U(1) %3 B(m) forall [,m € %,. Let 7 = U(L),L is any CBIFSBS of #;. Let U(l),U(m) €

%.Letzeuwl(um)andmeU*l(zs(m))besuchthawf‘*(n-eéxfw:l IV u?(1)-efxi O
€
and 7" (m)- X7 M) = inf p7 (1) )

pp (m)-e leU_llng(m))ML (1)-e

Now, 17~ (B(1) 1 B(m))) - eDx7 (C0%15m)))

= inf w? (1) eOXE @)
(1)eB=1(BU)*18(m))
= ll’lf 57 (l/) .€§X57 (l/)

(1) eB=1(B((101m))
=17 ((101m)) - XL ((01m)
S max{,uf_ (l) . 66X27 (l)7 H“Z_ (m) . 65)(1'?7 (m)}
= max{u B(1) -7 OO, u7 Blm) - M7 O,
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Thus,u? ((B(1) 51 B(m))) - X7 (OO#00m) < max{u? B(1) .eéxf"’fs(l), 17 B(m) - eéxfiwm)}.
Similarly,uZ ~ ((5(1)%,05(m)))-e9%7  (OO*2:80m)) < max{puZ (1)-e%7 8O 17" 5 (m)-edx7 Bm)y
and

wZ (B(1) %3 B(m))) - X7 (BU)%3B(m))) < max{uZ O(l) - X7 5O, 17" B(m) - eOx7 B(m)y,

Let B(1),5(m) € %,. Letl € B~1(0(l)) and m € U~1(B(m)) be such that 7 (1) - X2 ) —

sup pf (1)-eE Dandpf (m)-eXD M = sup  pf (1)-XE O Now, uZ ((B(1) 1
les—1(UB(1)) 1eB5—1(B(m))

B(m))) - ex7  (BUx15(m))

= sup /Jf?i (l/) . GJXL?_ 1)
(1"EB~1(B(1)%10B(m))
= sup /J/fi (l/) . €5Xf_ @)

(1")eB=1(B((101m))

= 17 ((101m)) - XL (0rm)

> min{u? (1) X2 O 17 (m) - eHXE (m)y

= min{u? O(1) - 7 OO, 1775 (m) - €2 By,

Thus, 1Z~ ((5(1) %, B(m))) - %7 (OB > min{pF " B(1) - e 8O 1 Z " B(m) - e9X7 Blm)},
Similarly,

17 (D) %2 B(m))) - X7 (OW*2Bm) > min{ 7~ 0(1) - %7 OO 1 F " 5(m) - 57 B} and
17 (1) %3 B(m))) - X7 (BORBE) > min{pZ”B(1) - €57 B0, 1 Z"G(m) - X7 Bm)y,
The mapping U : %, — B, be any homomorphism. Now,

O((101m)) = U() %1 B(m), B((102m)) = U(1) %2 B(m) and

U((I0gm)) = U(l) %3 B(m) forall [,m € %,. Let 7 = U(L),L is any CBIFSBS of #;. Let U(l),U(m) €

Bs. Letl € 51 (B(1) and m € 51 (B(m)) be such that 7 (1) - X2 O = sup 7 (1) XL O

1eB-1(B(1))
D, Now, uZ " ((B(1) 5, B(m))) X7 (BU*Bm))

g+

N
and p7 " (m)-eOXi (

(m) = sup uL9+ (l)-e‘st
1€B-1(B5(m))

= sup ML§+ (l/) . e5xf7+(l,)
(1) eB~1(B(1) 5, 0(m))
Y A e

(1) eB=1(B((101m))
— 17 (101m)) - 5XE (@01m)
> min{f " (1) -7 O, 7" (m) - X (M)
= win{p? " B(1) - OO, 17 G(m) - B,

Thus, 17" ((B(1) 51 B(m))) - X7 (@OFB)) > minf 7 5(1) - %7 00 1,7 15(m) - 5% O},

Similarly, [1,;.7+((U(l)%g(}(m))).e‘sXTng((U(l)*gl}(m))) > min{u7 " U(l)~e5xfg+”(l),,u;9+ U(m),65X?+U(m)}
and
17 (D) %5 B(m))) - 57 (OOFT) > min{u? " B(1) - X OO 1T B(m) - X7 Om)y,

Let U(1),0(m) € %y. Letl € U~YB(1)) and m € U(B(m)) be such that uZ (1) - XE W) =

+ Ft + st
inf T eOXT D and 1 F T CeSxT (m) — inf F . X7 ()
ot (e O and ) 0 =t (1)
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Now, pZ " ((B(1) %1 B(m))) - 7 (BO#T0m)

’ + .,/
= inf ,uf+ 1)- Xz (1)
(1)EB=HB1)*:18(m))
/ gt ./
= inf uf+ 1)- XL ()

(1) eB=HB((101m))
= ,U/er((lle)) . eéxif+((l<>1m))
7 + +
< max{,uf* (l) . e&(f (l)’ﬂf+ (m) . 66Xf (m)}

7+ . F+
= max{uZ B(1) - X7 OO, 1 B(m) - X7 O,

T

5 . >+ 7+
Thus, i (B0) % 5m)) e EORBD < (a2 (1) 57 B0 t50m) - 67 5}
Similarly, u;ng((U(l){égU(m)))-eéX? (BW*206(m)) < max{ufrrU(l)e‘SX? U(l),ufﬁU(m)-e‘SX? Gim)}
and
12 (O(1) %5 T(m))) -2 (@O=80m) < mase{pZ " B(1) -7 B0 1 Z 15(m) -7 B0m)}. Thus,
7 is a CBIFSBS of %>.

Theorem 4.3. The homomorphic preimage of every CBIFSBS is a CBIFSBS.

Proof. The mapping U : #; — %> be a homomorphism.

Now,U5((101m)) = U(1) %1 B(m), B(({02m)) = U(1) %2 B(m) and

U((10sm)) = UB(I) %5 U(m) for all [,m € %;. Let 7 = U(L), 7 is a CBIFSBS of #s. Let l,m € %;.
Nowu?  ((101m)) - €7 (0 = 177 (15((10ym))) - €27 @0 = 177 ((@©5(1) %1 B(m))) -
7 (OOxi6m) < max{uZ V(1) OO 17" 5(m)-eX7 0} = max{u? (1)-eZ O, 17" (m)-
X7 (M)} Thus,u? ((101m)) - e (0rm) < max{u? (1) XL O 47 (m) - XL (M)},

Now, 17~ ((101m)) - X (01m) = |, F ™ (5((101m))) - edX7  (©(01m)) =

17~ ((B(1) %1 B(m))) - 7 (©OxBmD)) > min(uF~5(1) - %7 OO 17 5(m) - X7 Bm)y =
min{pZ (1)- X2 O 17 (m) - XL (M)},

Thus, i ((101m)) - X2 (0rm) > min (1 Z ™ (1) - X2 O F ™ (m) - eOXE (M)}

The mapping U : %1 — %2 be a homomorphism.

Now, U((101m)) = UB(1) %1 U(m), B((102m)) = U(1) %2 B(m) and

U((10sm)) = U(l) %3 B(m) for all I,m € %,. Let 7 = U(L), is a CBIFSBS of %,. Letl,m € %;.

Now,u 7 ((101m)) - X (0orm) = 175 (@5((101m)) - X7 ©UOm) = 17 (@5(1) %, B(m))) -
7 (@WFB)) > min{ 7 B(1)-X OO, 1T 5 (m)-e0xT Om)y = min{p? " (1).65xf+(l)’%7+ (m)-
T OY Thus,u? * ((101m)) - X7 (G0rm) > min{ 7 (1) - X2 O, 17 (m) - X7 ()Y,

Now, uZ " ((101m)) eOXT T (101m)) 17 (B((101m))) - X7 (B((101m)))

— 17T (B() %, B(m))) - X7 (@050 < max{uZ B(1) - X7 00 1T 5(m) - xI Om)y

= max{uZ " (1) - XF O 1 F" (m) - eXT ()Y,

Thus, 17 ((101m)) - X7 ((101m) < max{puZ " (1) - A

0, (m) - X0,

Theorem 4.4. If U : B, — Py is a homomorphism,then U(L(y s)) is a SBS of CBIFSBS T of %5.

Proof. The mapping U : %1 — %> be a homomorphism.

Now,U((I01m)) = UB(l) %1 U(m), B(({02m)) = U(I) %2 B(m)

and U((103m)) = U(1) %3 8(m) forall [, m € By. Let 7 = U(L),L is a CBIFSBS of %,. By Theorem[4.2] 7
is a CBIFSBS of %,. Let L(; ) be any SBS of L. Suppose that [, m € L, ). Then [O1m, [Oam and [O3m €

Lit.)- Now,uZ  (B(1)) - e BW) = 77 (1) X D <t 7 (B(m)) - e O = 77 (m) .
eXZ (M) <t Thus, 7~ (B(1) %, B(m))) - X7 (OOx0mD)) < 77 (10 m)) - X7 (101m) < ¢,
Now, 17~ (B(1))-e%7 ©W) = F7(1).eXT O > 5 17~ (B(m))-ex7 Om) = . F 7 (m).eXL (M) >
s. Thus,uZ  ((B(1)510(m)))-e¥x7 (OO TmmD)) > [, F7 (10, m))-e5X7 (101m) > g forall (1), B(m) €
SBs. Similarly other operations,U5(L; ) is a SBS of CBIFSBS 7 of %,.
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The mapping U : %, — %, be a homomorphism.

Now, G((101m)) = U(1) %1 B(m), B((102m)) = B(1) %2 B(m)

and O((103m)) = U(1) %3 U(m) forall [, m € %,. Let 7 = U(L),L is a CBIFSBS of %,. By Theorem[4.2] 7
is a CBIFSBS of %,. Let L(; ) be any SBS of L. Suppose that [,m € L(; ). Then [Q1m, [Qam and [O3m €

7+ 7+ 7+
Lit.sy- Now,uZ " (B(1)) - X7 ©W) = 77 (1) . T O > ¢ 17" (G(m)) - X7 Om) = 117" (m) -

65><f+(m) > . Thus,u;7+((U(l) %1 0(m))) - 66x79+((6(l)>:<115(m))) > ,Uf+((l<>1m)) . 65><f'+((l<>1m)) >t

Now, ,u?+(U(l))~e5Xf+ ©W) = 7" (l).eéxf+(l) <s,u7" ((5(7,1)).e<3><f'+ (B(m)) — uf*(m).eéxf(m) <

5. Thus,uZ  ((B(1)210(m)))-ex7 (OO0 < 1 F* (10,m))-e5XF (@01m) < s forall (1), B(m)

%s. Similarly other operations, U(Ly,s)) is a SBS of CBIFSBS 7 of %.
Theorem 4.5. If U : %y — HBo is any homomorphism,then L,  is a SBS of CBIFSBS L of %.

Proof. The mapping U : #; — %> be any homomorphism.
We have G((101m)) = U(1) %1 B(m), B((102m)) = U(1) %2 U(m) and B((I0zm)) = U(1) 3 U(m) for all
l,m € %;. Let T = U(L),r is a CBIFSBS of %,. By TheoremL is a CBIFSBS of ;. Let U(L(; ) be a

SBS of 7. Suppose}hat U(1),6(m) € U(L(f’s))' Now,U((I01m ,U(({Ogm)) and U((I03m)) EiU(L(t,s)).
Now, uZ ~ (1)-eX2 O = 47~ (B(1))-e9%7 ©O) <t 477 (m)-eXL (M) = 1,77 (5(m))-ex7 Bm) <
t. Thus,u?  ((101m)) - X2 (10rm) < max{pZ (1) - X2 O 17" (m) - XL (M} < ¢,

Now, uf ~ (1)-eXE O = uZ " (B(1))-eX7 OO > 5, 1™ (m)-eXL (M = 7~ (B(m))-e7 ©O0m) >
s.

Thus, pZ~ ((101m)) - X2 (Om) — 1T~ (5(1) 5, B(m))) - X7 (@Dx:5(m))

> min{p? (1) X2 O 1 F " (m)- XL (M} > sforalll,m € By,

Similarly other operations, L ) is a SBS of CBIFSBS L of %;.

The mapping U : %, — %2 be any homomorphism.

We have G((101m)) = U(1) %1 O(m), B((102m)) = U(1) %2 U(m) and
U((I0sm)) = U(l) %3 B(m) for all ,m € ;. Let 7 = U(L),7 is a CBIFSBS of %2. By Theo-
rem L is a CBIFSBS of #;. Let (L)) be a SBS of 7. Suppose that O(1),0(m) € U(L,s)).
Now,G(({01m)), B((102m)) and G((103m)) € B(Ly,s)).

Nows? (1)) = 7 (©(1))- e OO > 57" ()0 () = o7 () -7 @) >
t.

Thus, 17 ((101m)) - X7 ((101m) > min{pu? " (1) - €5Xf+(l),,uf+ (m) X7 (m)} > ¢,

T = 1 Z BT OW) < s 1T (m)eXE M) = 1T ()X ©Om) <

Now, ,ng+ (l)-e‘sxf
s.

Thus, 17" ((101m)) - X2 (01m) = 1, F(15(1) %, B(m))) - X7 (BOxBm)) < g for all l,me %.
Similarly other operations, L(; ) is a SBS of CBIFSBS L of ;.
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