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1. Introduction

Many important mathematical models governing various physical phenomena occurring during the
analysis of biological systems, heat transfer process, mass transfer process, etc., are represented by
partial differential equations [14,16]. Very few researchers have developed finite element strategies
for simulating three-dimensional partial differential equations. To name a few, Branco et al. [1]
proposed three-dimensional finite element technique to analyse the shape evolution of fatigue cracks.
Numerical tests have been performed and it has been shown that the numerical results agree with the
experimental findings. Mola et al. [13] developed Streamline upwind Petrov-Galerkin (SUPG)
technique for approximating unsteady three-dimensional non-linear water waves arising due to ship
hull advancing in water based on semi-Lagrangian framework. SUPG projection has been considered
to recover accurate estimates of position vector and potential gradients on free surface. The proposed
technique results in stabilization of the transport dominated terms and robust adaptation of the spatial
discretization on unstructured quadrilateral grids. Zhai et al. [17] analysed three-dimensional time
fractional convection-diffusion equation by proposing an implicit compact finite difference scheme
which uses fourth-order Pade " approximation for spatial discretization and central difference scheme
for time discretization. Mohanty and Setia [11] developed high order compact finite difference
scheme for approximating three-dimensional quasi-linear elliptic partial differential equation. In the
present paper, we will focus on proposing the Hughes stabilized SUPG finite element technique for
solving the singularly perturbed problems.
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Consider the three-dimensional SPP given by

—V.eVu+b.Vu+cu=f in T, (1.1
u=20 on dlp, (1.2)

Ju
Free g on JdTy, (1.3)

where " c R? is a bounded domain with Lipschitz-continuous boundary dI" and e is singular
perturbation parameter satisfying 0 < e « 1. We assume that 0" = dI'p U 9Ty withdl'p N
o'y =@, and b, c and f are analytic. dI'p and 9"y represent the Dirichlet and Neumann
boundaries of the domain respectively.

The considered problem is comprised of two basic phenomena-convection and diffusion. For the
case when e «< ||b]|, the above problem becomes convection dominant in nature. This results in
singularities, such as shocks, interior and boundary layers which deteriorate the accuracy of
numerical solutions obtained by various numerical schemes. Therefore, it becomes essential to obtain
some reliable and efficient error estimates for the computed numerical solution to rely on.

Broadly, error estimates are of two different types, namely, a priori error estimates and a posteriori
error estimates. It is seen that a priori error estimates provide crude information only about the
asymptotic behavior of the solution and involves regularity conditions which are very difficult to
achieve in case of singularities whereas a posteriori error estimates provide quantitative information
of the computed numerical solution. Therefore, it is more expected to derive some reliable a
posteriori error estimates based on the data of the problem and the computed numerical solution.

Stephansen [5] proposed robust a posteriori error estimates for convection-diffusion-reaction
problems based on weighted interior-penalty discontinuous Galerkin methods. Lazarov [10] derived
residual based a posteriori estimates for convection-diffusion-reaction equations using finite volume
element approximations. Carstensen et al. [3] proposed residual-type explicit error estimators and
averaging techniques for steady convection-diffusion-reaction problems using finite volume method.
Further, the authors proposed adaptive mesh refining strategy and considered numerical examples to
test the theoretical findings.

It has been seen that Streamline upwind/Petrov-Galerkin (SUPG) method provides good approximate
solution in the region where there is no sharp change in the solution but fails badly in the small
subregions of sharp boundary layers appearing in the sol. of singularly perturbed problems. It has
been observed that occurrence of these nonphysical oscillations in the region of sharp boundary
layers in discrete solution of SUPG method is based on the fact that this scheme is not monotonicity
preserving. To overcome this hurdle, in the present work, an effort has been made by using Hughes
stabilization strategy [6] alongwith Streamline upwind/Petrov-Galerkin (SUPG) method. This
corresponds to addition of one more term in the SUPG discretization of the considered convection-
diffusion problem. A posteriori error estimates have been obtained for the developed technique.
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The paper is organised as follows:

In Section 2, some notations and standard norms have been discussed. Then the variational
formulation and Hughes stabilized Streamline upwind finite element approximation of the
continuous problem have been discussed. Section 3 deals with some important tools which are
essential for deriving reliable error estimates.

In Section 4, residual based a posteriori error estimates have been derived on anisotropic meshes. In
the last Section 5, concluding remarks have been made.

2 Hughes stabilized SUPG technique

Let W’ (IMand L*(I") denote the usual Sobolev space and Lebesgue space respectively. We will use
the notation (., .) for inner product (.,.)r.

We assumethat—év.b +¢ =cy>00nT.

For any open and bounded subset T < T, let H/(T) be the standard Sobolev space. Let
Vy={weH(),w=0 ondlp}
Since, our objective is to bound the global error w — wy, in energy norm, so we define the energy
norm on any bounded subset T < I as
1wl = e |Ivwl + co| Iwl3. @.0)
The finite element weak formulation of (1.1) is given as:
Find v € H(T") such that
B(v,w) =< F,w >, (2.2)
where
B(v,w) = e(Vv,Vw) + (b.Vv,w) + (cv,w) (2.3)
<F,w>=(f,w)+ (g, W)aan VYweV,.

The existence and uniqueness of solution of above weak formulation (2.2) can be confirmed using
the Lax Milgram lemma. Let F = {I';, } denote the family of triangulations of T". Let T, be
triangulation of domain I" consisting of tetrahedrons in three-dimensions, assuming only admissible
and shape-regular triangulation in I',. For any tetrahedron T with face E, we define ny ;=

(ny,ny, n,) to be the unit outward normal vector for face E of the tetrahedron T. Let ng be the
normal vector for face E obtained from nr g by fixing any of two normal components.

2.1 SUPG method

We define V* = {w, € H' : w,|; € P,(T),V T € T" ,}, where P,(T) is the space of linear
polynomials over tetrahedron T and V! = {w, € V" Wylar, = 03}. The SUPG method [2] for
problem (1.1) is given by

Find v, € V" such that
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B,(vj,w;) =< F,w;, > Vw, €V}, (2.1.49)

where Bp (Uh, Wh) = B(Uh, Wh)+ <R, (Uh), pb V,w;, > and < R, (vh), pb V,w), >=
Yrer, Pr (—€0, v, + b. Vv, + cv, — f,b.V,w)r . p is nonnegative stabilization parameter,
B(v,w)and <F,w> are defined in (2.3).

Hughes stabilized SUPG technique

As is well known that convection dominated problems exhibit nonphysical oscillations at layers as
€ decreases, the solution of singularly perturbed problem displays boundary layers. Since the
Streamline upwind/Petrov-Galerkin (SUPG) method results in good approximate solution in the
region where there is no sharp change in the solution but fails drastically in the subregions of sharp
boundary layers, in the trial to overcome this hurdle, we propose Hughes stabilization technique [7]
to SUPG method. It results in an addition of the term <R, (v;,), ab,.V,w;, > in the SUPG finite
element discretization of the convection-diffusion equation where

(b Vvh)Vvh
b, = Vv, |? Jf [Vo,| # 0,
0, if [Vo,l=0

(2.2.1)

and o is nonnegative stabilization parameter. This additional term increases the robustness of SUPG
method in the boundary layer region by controlling oscillations. Using Hughes stabilization
technique to SUPG finite element method, Eq.(1.1) is discretized as follows:

Find v, € V" such that
Bplg(vh,wh) =< F, wy > VWh S VOh (222)

Here Bp,o-(vh,Wh) = B(Uh,Wh)+< Rh(Uh),pb. V,w, > +< Rh(vh), ob,.V,w, > and <
Rh(vh),O'bh.VhWh >= ZTeﬂ:‘h O'T(—EAhUh + b. thh + cvy, — f, bh'vhwh)T'

Let p and o be stabilization parameters over each element T. The existence and uniqueness of the
finite element solution v, obtained using SUPG finite element discretization has been proved by
Roos et al. [15]. The stabilization parameter p; satisfies

1 . —_ -2 —]a—
0 < pr < smin{colicllzr + (min) 271972, (2.23)
where A1;, is minimal length of element T and the constant 9 satisfies the inequality
V. Vosllr < O Chimin) " |[VV4l Iz Vv, € V7. (2.2.4)

It can be observed that 9 = 0 for piecewise linear functions in V/* . Therefore, the above bounds
reducesto 0 < pr < %||c| |;fT. For easiness, we will use ¢ < d to denote that there exists a positive

constant A independent of ¢,d, I" , and e such that ¢ < Ad. Further, we assume that

pr S KhlIBlIZEVT €T, . (2.2.5).
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3 Some auxiliary tools

Since the considered singularly perturbed problem displays abrupt changes in the solution when
Peclet number becomes very large as clear from (3.2), in such situations, elements with large aspect
ratio i.e. anisotropic meshes are preferred. Therefore, in the present work, anisotropic mesh has been
considered for domain discretization. In the present Section, some notations on anisotropic meshes
have been discussed which will be used in later Sections.

Notations: Consider an arbitrary tetrahedron T € I", with Q,Q;as longest edge (see Fig. 1).
Represent three orthogonal vectors by g; r with lengths 4; -+ = |q; 7|, where g,  is taken along the
largest edge. From Fig. 1, it can be be confirmed that ;7 > h, = h; 1. Define [ h;r. These
q;r's correspond to three anisotropic directions. Define an orthogonal matrix as Cr = (q; 1, @21, q31)
€ R3%3. Let ar be scaling factor defined as

L
ar = min {co €72, hZ;,m}. (3.0
We denote tetrahedron by T or T' or T;, and its faces by E. Denote its height over face E by
hgr =3 m
E,T ' |E|1

where |T| represents the volume of the tetrahedron and |E| represents the area of the face E. Let wg be
the bounded domain formed by using two tetrahedrons with common face E and w; to be the
domain consisting of tetrahedron T and its face neighbouring tetrahedra. We denote the local mesh
Peclet number as

T
_ ”b”oo,T hmin

P )
er 2€

(3.2)

where A%, is minimal length of element T. Let
Pey,, = maxy,, Per
be mesh Peclet number on the domain w,. For an interior face E =T, n T,, define face based
parameters hg = (hgr, + hgp )2, Boyin= Uiplin + hai) /2 + and ag = (ar, + ar,)/2.
For boundary face Ec aT n aT, we define g = hg 7, himin = hinin and ap = ar.
We assume
hir~hip YT,T'With TNT # @,i = 1,2,3,

and number of tetrahedra with node y; is bounded uniformly.
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qur ()
Figure 1: Tetrahedron T

4 Interpolation

Till now, very few researchers have proposed different a posteriori error estimates on anisotropic
meshes for three-dimensional singularly perturbed problems. Since the focus is to obtain reliable
upper error bounds, therefore, a suitable estimate or function called matching function [8] has been
defined to measure alignment of anisotropic mesh I';, and anisotropic function.

Matching function: Let v € H/(I") ) and I, € F be triangulation of " . Then M;: H/(I') X F > R is
defined as

1
My, = () Chinan) - ICFVRI2/ NIV, (4.0
Tely,

where C; € R**3 has been defined earlier.

In order to derive reliable error estimates in energy norm, we define Cle 'ment interpolation operator
1. [4] for v € H!(D).

Lemma 1: Let v € H}(I") and a be the scaling factor defined by (3.1). Define Cle ment
interpolation operator I.: H/(I) — V' as defined in [4, 9]. Then it satisfies

evlll 3 My, T 1wl (4.2)
> ai v = Il 3 My T v (4.3)
TET/,I

€PN ap v —Icvll 3 M@ DY IR (49
ECT\G]FD

Proof: The proof of the Lemma has been discussed in [9].
4.1 Residual error estimates

In the present Section, first we will discuss exact and approximate residuals. Then, residual error
estimator based on residuals has been defined to estimate error in energy norm. Further, reliable error
bounds for the proposed scheme Hughes stabilized SUPG finite element method has been proposed
on anisotropic meshes
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Exact residuals: Let R and Ry denote the exact element residual and exact face residual over a
general tetrahedron element T respectively and are defined as

Rr = f — (—€Au, + b.Vu, + cuy) onT,

lims_,g4 [On up(x + sng) — Oy u,(x —sng)]  if Ec I\l
Rz(x) ={ g — 0w, if Ecaly ,
0 if Ecarp,

where ng L E is unitary normal vector for face Ec I' — I'y and n L E < dI'y is outer unitary normal
vector.

Approximate residuals: Let Q be approximation operator, used to approximate the element
residuals and the face residuals i.e.

rr=Q(R;) EPNT) VTET,
re = Q(Rg) € PY(E) VE.

where r denotes the approximate element residual and rz denotes the approximate face residual.
Since the numerical solution wu;, is linear on E, therefore,

Residual error estimator: Residual error estimator n; and the approximation term §; over any
tetrahedron T are defined as

)
n% = a%_HTT”%v+'E 2. . :E: |“E||é ’

ECOT\dTp

2 2 2 = 2

6 = i lirr = Relli + € 2o > Il —Rellp
EcOdTNoTy

where a be scaling factor and ar = 3a;. Global error estimators are defined as

I = Srer, A1y and £ = Yper, £7 (4.1.1)

Before proposing reliable error upper bounds, we will prove the following two lemmas which will be
used in the results to follow:

Lemma 2: Let v € H](I") be exact solution and v, € V/ be numerical solution obtained by the
proposed scheme. Then the bilinear form B/, ;(.,.)satisfies the bounds

1 1
Bpo(v—vpw —Iw) S [( ) @ [ReIDZ+ > e 2agl[Rp [13)2] My, ). [[1wl]
TEr, Ec\oTp

Proof: Using Cle ment interpolation operator 1., we can write the bilinear form B,(.,.)as
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B, (v —v,w) =B, ;v —v,w—Iw)+ B, ;v —v,lw). (4.1.2)

Now, integrating by parts and using exact element residual R, and face residual R, the bilinear form

B, (v — v, w) can be written as
Bp,a(v —vpwW) = Z (Rp,w)7 + 2 (Rg,W)g VW € Hé(r)-
TEl, ECI\dTp
Using the above expression for bilinear form, the middle term of (4.1.2) can be expressed as
Bp,cr(v —UpW— ICW) = ZTEFh(RT' w = ICW)T + ZEC]F\BFD(RE: W_ICW)E'

Using Cauchy Schwarz inequality, we get

1 1
Yrer,Rr,w — Iw)r < Xrer, az ||Rrl|7)2. Xrer, ar’ [lw —I.wl|7))3,

1 1 1
Yeenar,(Re,w — Iw)g < ((Bpenar, € 2aglRel 1£)2 (Zecror, €2z |lw—Lwl[E)Y? .

Further, using Lemma 1, we get

1
D Reow—1ow)r 3 > ad IR 132 My w, 7). Iwl]|

TEely Tely,

1
Yecror,(Re, W = Iew)g 3 (Zecror, € 2agl|Re [12)72.M;(w, ). 1Iwl]].

Therefore, the term B, (v — v, w — I.w) is bounded above by

1 1 1
Boo(w—vuw—1w) 3 [ aF IRIDI+ Y e 2alIRel 13)2). My (w, T W]l

Tely, EcI’'\dT'p

Lemma3: Letv € H/(I') be exact solution and v, € V" be the approximate solution. Then
Cle 'ment interpolation operator I.: H) (") — V! satisfies the inequality

1
Boo(v = v Iow) 3 20) " @ |IRel 132 M,(w, 7). |[Iwl]|
Tely,
Proof: For any mesh function v, € V, using (2.2.4) and scaling arguments, we can get
1VVll7 < Cimin) ™ V4l I

From energy norm def.(2.1), we have

1
Hvallr < ¢, °[valllr-

1

= 1Vl 3 Chmin) ™" ¢, 13- (4.13)
Again, from energy norm, we get

Vvl < eZllwalllr. (4.14)
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Ly
= ||Vy| |7 3 min {(hmin) ¢, % € Bwalllr.  (4.1.5)

On simplification, inequality (4.1.5) reduces to

Ly
1Vvsll7 = min {(hmin) "¢, % € 3valllr = Cimin) ™" az|l| valllz for v, € V5.
(Using Eq.(3.1))

B,s(v — vy, I.w) =< eVv.VI,w > + < b.Vv,I.w > + < cv,I.w > -{< eV, VI, w> +
<b.Vv,, I.w > +< cv, I.w > +Yrpr (R, b.VI.W) + Y1 0or (Ry, by VIw)}.

Now based on the Galerkin orthogonal property and standard scaling results, the above equation can
be rewritten as

Bys(v — vy, Icw) = — Z por (Rp, b.VI.w) — Z or (Ry, by VI.w)
T T

< > prlRellglBllrlVIwlly + > orlIRe lirl bl lIVIewl 7

TEely, Tely

= z prlIRz 7 11b1 ooy (hmin) ™ ar 111w |7

Tely,

+ ) orllRr gl Ballr Gian) ™ arl[lewl 17

Tely,
Using Lemma 1, we get
[lewil| < M,w, 1), |[Iwl]| v w e H (D).
Thus, we have

1
Bpo (v = v lew) < () 3 IRz 11111, Cinen) )2 M, G, ). 1w

Tely

1
+(Zrer, 0F IREAP11bal 2,7 Crinin) =202 My (w, T). | Iwl |

It may be noted that the effect of nonlinear term b, in the L., norm will be bounded by that of the
term ||b||. as shown below i.e.

_ (b Vvh)Vvh

b, = , Vo, #0

11| |1V, ||V,
O AL

{Using Cauchy — Schwarz inequality}
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I ANIEZA]
Vv |2

< i

lIball <

From relation (2.2.5), we get
pr S hyin/|1bller VT €T,
or 3 hinin/||bpllr VT €T

Therefore,

1 1
Bpov = v Low) S 1) @l IReIID? + () @l Ryl 132 My, ). |[Iw|

Tely, Tely,

< 2(Srer, bl [Rpl 137 M, G, 1. [1wl] |

Theorem: (Residual error estimation) Let v € H/ (I") be the exact solution and v, € V} be the
Hughes stabilized SUPG finite element solution of (1.1)-(1.3). Then the error in energy norm is
bounded above globally by

1o = wall| < M, (v = v, 7). [17 + £].

Proof: We know that B,, ;(v,v) = IllvI||? Vv € H](T). Using this result, we get

Bpg(v=v, )

Iy = wl]| < I (4.1.6)
where w = v — v,,. Putting a; = 3a; and using Lemma 2 and Lemma 3 in Eq.(4.1.2),
the above equation reduces to
Il = vall] < [Srer, @?l1Rr 1137+ Cocrary € sl Re 112)21.M,(w, T)).
(4.1.7)

Using triangle inequalities
||RT||2T < |lrr - RT||2T + ||TT||% )
||RE||2T < |lrg - RE”%‘ + ||7”E||%,
Substituting these inequalities in Eq.(4.1.7), we get
Iy = vill| < My =, 7). (11 + 4],
where I}’ and £° are defined in Eq.(4.1.1).

5 Conclusion

In the presented work, reliable a posteriori error estimates have been proposed for singularly
perturbed convection-diffusion problem in three-dimensions. Hughes stabilization technique under
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SUPG finite element framework has been proposed to approximate the solution of singularly
perturbed problems. Anisotropic meshes have been considered for the domain discretization. At the
end, residual based error estimates in energy norm on anisotropic meshes have been developed.
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