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Abstract:

This paper is about finding the best way to control certain types of equations that describe heat and
diffusion using methods that are not exact but close to the best solution. A new way to control things
better is suggested using patterns we've seen before and computer learning. By employing the data
gathered from the EEFs are computed using the Karhunen-Loeve decompose in the PDE computer.
The EEFs are used to convert the PDE system into a high-order ODE system. A smaller model
(ROM) that may depict the primary behavior of the PDE subsystem is created using the SP
approach. This facilitates understanding of the system. In order to reduce its size, a more basic
model (ROM) that demonstrates the primary motions of the PDE system is created using the SP
approach. Next, the optimal controller for the ROM is designed using the HIB technique. This
ensures that the high-order ODE system is stable using the SP theory. By splitting the best way to
control something into two sections, we can solve a math problem to figure out the first part and
come up with a new equation for the second part. Third, a method is suggested for updating and
controlling based on small improvements to solve a specific equation, and it has been proven to
work effectively. Moreover, we use a technique called the NN approach to estimate the cost
function. Finally, the simulation results demonstrate the effectiveness of the proposed optimum
control approach when applied to a diffusion-reaction process using a unique spatially component.

Keywords: The HIB equation, KLD, NN, PDE systems, optimal control, and SP are all
complicated mathematical concepts.

1. Introduction

Optimal control theory is a useful method for making controllers. There have been numerous
significant discoveries regarding the optimal methods for regulating linear or nonlinear systems
characterized by ordinary differential equations. These elements include the linear parabolic controller
hypothesis, Bellman dynamic programming, and the application of the greatest assumption. [1], [2].

In real life, many industrial processes are spread out in different places, so how they work depends on
where they are as well as when they are.

These systems are often explained using a group of complex math equations with specific boundary
rules. - Optimal control methods are difficult to use for designing a controller in real-time with a regular
computer due to the complex dimensions of PDE systems. In the last few decades, Rutkowski [3] has
done important work in developing the best way to control PDE systems [3], Wang, Tung, [4], and
Lions [5] looked at math stuff, and you can find more theoretical results in other places too. Meanwhile,
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people have studied how to control PDE systems effectively. Engineers have worked on ways to
minimize performance measures using [6] LQ methods [7]. Meanwhile, people have studied how to
control PDE systems from an engineering perspective. They have focused on methods that use LQ
performance indices to minimize and improve control. Previous studies on how to make the best
controller for PDE systems [8]-[10], can be divided into two types: first designing and then
simplifying, and first simplifying and then designing approaches. In the first, optimal controller for
PDE networks are designed using sophisticated mathematics. [8] These controllers are then simplified
for use. Curtain, Zwart, Aksikas and their colleagues [9] Using algebraic operator Riccati formulae, |
was able to solve the LQ ideal control issue for devices with a lot of states. Aksikas together with
others. [10] I used a method called spectral factorization to find the feedback operator by solving a
special type of mathematical equation. A novel approach to linear parabolic PDE system control was
developed by Ray at the age of [11]. He used the original PDE model and found a way to control the
system by figuring out a unique equation. Conversely, nevertheless, the reduce-then-design methods
first turn the PDE system into a simpler ODE model and then use it for control design [12]-[19]. A
way to control the amount of chemicals in a reactor was suggested in a book. [12] Also, two methods
to control chemical reactions were created using different techniques. The investigation was
undertaken by Xu and his peers. [13] They studied a type of math problem called a bilinear parabolic
PDE system. A plan to make a not-perfect controller using a simple model. [14] Sadek and Bokhari
used special math to estimate the state variables in a control problem with linear PDEs. [15] The
Navier-Stokes equation was outfitted with a top-notch controller by 16-year-old Ravindra, who
employed the Newton method to achieve optimal functionality. In Yadav et al. 's research, they used
a method called approximate dynamic programming (ADP). [17] In the study by Padhi and others,
make better microcontrollers by putting them together, [18], [19]. It should be emphasized that In the
PDE problems covered in those works, the spatial differential operators are usually linear. [8]-[10],
[12]-[19].

However, SDOs in actual industries are frequently nonlinear. For instance, in the process of rapid
chemical vapour deposition, [11], [20], [21] Dispersion and react are nonlinear processes that rely on
temperatures and conductivity of heat. [22], [23]. In this case, we want to create the best ways to
control non-linear problems.

When the spatial operator is not straight, it's hard or impossible to figure out the basic functions using
math. To get around this problem, some ways of using data to find patterns have been used. Examples
of such methods are Karhunen-Loéve decomposition (KLD) [14], [16]-[25] and singular-value
decomposition. [26], [27]. By making use of EEFs, it is possible to generate a smaller ODE system
that is then applied in the development of a controller.

However, only a few studies focused on finding the best way to control something, like Armaou and
Christof ides [22]. Decreased gradient methods were used to solve the dynamical nonlinear code issue
with equality limitations that resulted from the transformation of the optimum control problem. In
recent years, the HIB method has been useful for designing the best way to control nonlinear systems.
Some important progress has also been made for LPSs. nevertheless up until now, solving the HIB
formulas with algebra or numbers has proven to be extremely difficult. Recently, researchers have
used ADP to solve this problem in a specific way. [16]-[19], [28]-[36] This method has been used to
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solve this problem in a careful and quiet way. ADP was suggested in [28]. There are two primary
categories: bidirectional robust computer and heuristic dynamic programming [29]-[33], [31], [34].

More algorithms and a scheme for all ADP kinds were developed by Prokhorov and Wunsch. Check
out the special issue [36] for further details on the use of ADP to provide input regulation. A method
for solving the HIB problem for continuously running systems was created by Saridis and Lee, but
they didn't figure out how to find the cost function for each step of the process. Beard and others [38],
[39] proposed a way to solve the HIB equation by solving a series of simpler equations using a method
called successive approximation. This method uses Galerkin approximation to solve the equations.
Abu-Khalaf and Clark [40] and [41] created near-optimal state feedback controllers for continuous
nonlinear systems where control restrictions are present, drawing inspiration from the work of [37]-
[39]. Cheng et al. [42] and [43] employed neural networks instead of a policy iteration to answer the
evolving HJB equation. They also applied this approach to the situation where inputs are restricted.
The authors have limited knowledge of research on the most effective approach to managing PDE
problems employing HIB equations and a regressive SDO. In this paper, we create a simpler controller
for systems with certain equations using a special framework. We base our work on certain functions
and neural networks. We start by using the KLD to figure out the EEFs using snapshots. The PDE
network is constructed using the EEFs as a high-dimensional, singularly perturbed mathematical
representation of ODEs. The SP technique helps to create a simpler model that focuses on the most
important parts of the PDE system. The optimal controls for the system are designed using the ROM.
This guarantees the long-term stability of the high-order ODE system. To solve the HIB-like equation,
we suggest a method that uses gradual improvements and neural networks. We also show that this
method will always work. Finally, we did some tests on a computer to see how well our suggested way
of controlling a chemical reaction works. We found that it worked well. To sum up, this study's key
contributions can be categorized into three main areas.

Create a way to make a complex math method simpler for parabolic equations with a nonlinear part.

Suggest a better way to control non-linear PDE systems and come up with a new type of equation. The
SP technique proves that the closed-loop high-order ODE system is stable in the long run.

Create a plan to update controls to solve a specific equation using a method that makes small changes
and neural networks. Then show that this plan will work.

This is how the remainder of the paper is structured: The definition of elliptic PDE systems is given in
Section 1. In the third part, the KLD approach and the SP technique are used to generate a ROM. The
best controller is made and explained in Section IV. Section V is about testing a model, and Section
VI is the ending.

In short, this study has three main contributions.

1. Simplify a way to make parabolic PDE systems with a nonlinear SDO smaller using KLD and
SP technique.

2. Suggest a good way to control systems that follow a certain mathematical rule, and come up
with a new type of mathematical equation to help with this. The long-term stability of the
closed-loop high-order ODE system is demonstrated by the SP approach.
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3. Create a plan to update the control in order to solve a specific equation using a method where
we keep improving our solution step by step and also use a neural network. Then show that
this plan works and our solution keeps getting better.

Symbols: Rnxm stands for all real n x m matrices as R represents n-dimensional space, and R is actual
amounts. Rn and d stand for the usual way of multiplying things together and measuring their length
in Rn, in that order. If a matrix M is symmetrical, M > (<) 0 means it is positive (negative) definite.
The symbols X() and o() represent the biggest and smallest singular values of a matrix.

The small letter T written above a matrix means to switch the rows and columns. L?([z, z], R") is a big
space of vectors with a certain kind of math inside, and it's related to a type of function called square
integrable. It's used for working with vectors in a certain way, and has a specific way of measuring
their size and how they relate to each other.

Iz

(w1(2), W2(2))rn dz

(@1(), w2())

z

lwi()l2 = (@1(+), @1(-))?

where w1(-) and w2(-) are any two elements of L?([z z], R").

Explanation of Curved PDE Systems

In this paper, we study a group of curved PDE equations in one direction with a certain way of
representing the state.

Wz, =AYz ) +f @ 1)) +B@u® @)
Dependent on the limits or rules.

May(z,t) + N1y, (2, O)]o=z = da

2
M>y(z,t) + N2y, (2, t)]z=z = d> @

and the initial condition

y (z.0) =yo(2) 3)

The suffixes z and t are part derivatives with a relationship with z and t, while y(z, t) is the state
function with components y1(z, t) to yn(z, t). What is written as y(z, t) is the state. The letters z and t
represent partial derivatives.

The definition is related to the time coordinate, which is represented by the symbol [0,). The letter "u"
of time "t" Rp is the input that is controlled. (y) is a curved SDO that involves some math stuff and
follows a certain rule.

t [0,) is the time coordinate and represents the values greater than or equal to 0. The manipulated input
is u(t) Rp. The equation (y) is a curved line with some rules that involves different types of math and
meets a certain condition.
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”A(yl) - A(yz)”Z <01 ”yl - y2”2 + 02 "(yl - yz)z”Z
+ 03 ”(yl - yZ)zzl|2 (4)

Where al, a2, and a3 are real numbers that are positive. F (y) is a function that doesn't follow a straight
line and meets the condition f (0) = 0. It is also continuous in a small neighborhood around each point.
B (z) is a smooth matrix function that shows how control actions are spread out in different areas.

Where genuine negative integers al, a2, and a3 are involved. f (y) is a globally a Lipschitz continuously
nonlinear vector function that satisfies f (0) = 0. The adequate smooth matrix function of dimension
suitable, The distribution of control operations in spatial domains is believed to be characterized by
B(2).

The starting point is yo(z), continuous vector d1 and d2 are constant matrix M1, N1, M 2, and Na. In this
research, it is assumed that the free- and closed-loop cases of the PDE system (1)—(3) are well-stated.
Complex calculations will be needed for the well-posedness analysis of the PDE system (1)—(3), even
for basic PDE networking with linear SDOs. [44]. We leave it for future research because the
controller's architecture is the primary topic of this paper. The operator A has a specific domain, and
the input operator is defined as u=B(z)u(t). Therefore, the nonlinear PDE system (1)-(3) can be restated
in a simpler way.

{yt =Ay) +f(y) + Bu
| ¥e D(A) (5)
Y(z,0) = yo(2).

I11 means the third in a sequence or the roman numeral for 3. Simplifying the Reduced-Order ODE
System Formula

The nonlinear SDO of PDE structure (5) prevents the computation of the mathematical formulae for
the eigenvalues and eigenfunctions of the PDE system. As a result, they prohibit the direct creation of
finite-dimensional approximations of the PDE system using conventional basis symbol sets in
combination with model reduction strategies like Galerkin's approach and symmetric collocation.

To circumvent this issue, we calculate a collection of EEFs (dominant spatial patterns) of the PDE
system via the retrospective technique first, using KLD [24]. These EEFs will then be applied in
conjunction with the SP method to obtain a ROM that precisely explains the prevailing dynamics of
the nonlinear PDE system.

A. EEF Computation Using KLD

In many engineering domains, KLD is a well-liked statistical pattern analysis technique for identifying
the dominating structure in a collection of a multidimensional process and deriving low-dimensional
accurate descriptions. Given a set of data, KLD gives an estimate of how much each EEF contributes
in relation to the group's total “electricity” (mean-square fluctuation). In addition, it generates a
collection of orthogonal EEFs for the mathematical model that comprise the community. The image
of the trimmed series of games, as has a lower mean-square error than the other basis of one dimensions
is thus best served by the EEFs as an ideal basis. Stated differently, more energy is captured by the
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projection onto the first few EEFs than by any subsequent projection. Because of these characteristics,
the EEFs are a suitable choice to take into account while reducing models. We now quickly go over
the KLD process for composing EEFs using the quick snapshot technique within the context of
divergent dynamic PDE circuits. Collect M sampling states of the PDE system (with u 0) (5),
represented as yi(z), so that the set is sufficiently big (referred to as an ensemble). yi(z),i = 1,...,M, are
referred to as "pictures” of the (5) solution. Given the assumption that the snapshots yi(z) obtained
from the PDE system (5) exhibit ergodic behavior [45], the following is an expression for the spatial
association value:

[t

1

R(z & = lim¢ Yy’ (& )dr
(6]

which is approximately calculated with
M

Z -
R(z,§) = (/M) _ yi(2y"(&. (6)
The Mercer theorem [46] states that R(z, &) possesses a characteristic that
>2 o
R(z, &) = ;
=1
Ao (o ()

where the orthogonal eigenfunctions of R(z,) are represented by ¢i(z) while the positive eigenvalues
by Ji. Taking into account the subsequent integral

Iz 1>
R(z, ), (§)ds = A;0;(2)] (e (§)dE
z z /=1
=Aip(2) (7
and employing (6), we've
¥ R, ooade =¥ 1y 0T @0
M J
z z =1
3~
= 5y, (2) (3)
9, = (1/M) J 2 YT ()@ ()dE. From (7) and (8), we get
>
e;(z) = a; iy ;(2) )
j=1
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Where, aji = 2—i 19;.

Observe that the EEFs {\i(z)} are merely linear mixtures of snapshots {yi(z)}; hence, the computation
of the coefficients is all that is needed to compute the EEFs. [a1 --- a1i<ami ] = AT. Reorganizing (7)
and putting (6) and (9) into (7) produce

Y (2) (Cai) =Y (2) (Lie) (10)

M= (1//\//)j Z y®(y’(£)dE,
and Y (2) 2 [y*(2) ---yM(2)] € RV*M,

where C2 (cij )y ERMM, ¢

The conventional method of evaluation deconstruction can be used to calculate all Eigenvectors are
{«i} and related eigenvalues {4} for the subsequent eigenvalue issues include Cai = Ziai, assumes
linear independence of the set {yi(z)}. After standardising the eigenvector ai to meet ai, ai RM = 1/(M
M), EEFs can be globally orthogonal. Next, using (9), all EEFs ¢i(z) are obtained directly.

Remark 1: It is important to note because in the PDE system (5), i.e., (9i(z)) = Zipi(z), The Eigen
functions and eigenvalues of the operator (y) are not the EEFs and their corresponding eigenvalues.
The amplitude of an EEF, which stands for the "architecture” that symbolizes the cohesion of the outfit,
which consisted is the matching force that is recorded.

B. Using SP Methodology to Derive Reduced-Order ODE Modeling

The primary characteristic of parabolic PDE systems, which are very dissipative, is the ability to divide
the SDO's eigen spectrum into a stable fast complement and a finite-dimensional slow one. This
suggests that finite-dimensional slow systems can adequately explain the prevailing dynamic behavior
of such systems [20], [21], [48]. Nevertheless, it is frequently impossible to obtain the nonlinear SDO's
eigen spectrum. The division of the PDE system using EEFs is essentially not distinctive from using
other conventional basis functions sets, such as the legendary equations and sine and cosine functions.
if the collection of pictures is sufficiently vast and includes sufficient data on the PDE system's
worldwide fluctuations [21]. By omitting the fast modes outright, Galerkin's technique was used in
[17]-[19], [21], and [22] to develop an EEF-based finite-dimensional ODE model. In this part, we
apply the SP technique—basically a multitime-scale approach—to derive a ROM based on EEFs. For
an estimate of your the PDE system, we first employ a high-order ODE model based on EEFs (5). To
further minimise its size, an SP model of a linked fast/slow ODE systems is built, and a fast moments
scale is added to achieve a ROM. The eigenvalues of matrix C are represented by {4}, and the
equivalent EEFs in KLD are represented by {¢i(z)}, as demonstrated in subsection I11-A. When {4}
and {¢i(z)} are sorted according to {4} in a decreasing order, that is, 11 > 12 > - > AM, the PDE
equation (5)'s resolution y(z, t) can be roughly expressed as

b2
gz )2 x(Dei(2). (1)

=1

An M-dimensional ODE system is obtained by substituting (11) for y(z,t) in equation (5) and applying
EEFs to both sides for the expression to accomplish the center composition.
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x = ﬁ(x) +j"(x) + Bu

x(0) = xo (12)

where x 2 b --x 1T, A(x) 2 (A@), D). fa &
(1), ©(2)), B 2 (B(2), ®(2)), and x £ (§ (2), ®(2)),
with ®(z) 2 [@,(2) - ¢,,(2)]". From [20, Proposition 1],

The disparity among the PDE equation (5)'s resolution y(z, t) furthermore it is demonstrated that the
solution y*(z, t) [derived by (11) and (12)] satisfies py(z, t) — y/(z, t)p2 = w(M), where u(M)) is a small
optimistic actual number that depends on M. additionally limM—co x(M ) = 0. This can be shown from
[20, Claim 1]. Owing to the ODE technique's (12) large dimension, a greater dimension lowering is
necessary. At this equilibrium point, or origin, of interest, a linearization is performed for (12). After
that, (12) is the same recast as

x=Ax+ Bu+gj(x)
x(0) =xo0 13)

where A 2 9[A(x) + f1x)]/0x| .., and §(x) 2 A(x) +

Jx) - Ax.

In this instance, we recast (13) as a connected ODE systems with slow and fast subsystems and
matching measures of N and M N.

{ Xs = AsXs + Asfxr + Bsu + §s(Xs, Xr)
Xr = ArsXs + Arxr + Bru + §r(Xs, xXr)

Lx 0)=x (14
s s0
xr(0) = xp0

where xs 2 [x;---xnv]T €ERN, xr & [xpns1 - xm]T E
RVM-N  gs2[g,---gnv]" €ERYN, Gr2[g,,, guv]’ €
RVM-N [xT X' J=x", [g" g 1=9", [x_ x']=ax,
and As, Ag, Ak, As, Bs, and éf are block maftices of

As Ay _ A and

Suitable proportions that fulfil Ars Ay

B. _3

By " The xs subsystem's depth, or N, needs to be selected so that it fulfils
N M

> >

A/ Aij=1-C (15)
=1 j=1
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Regarding a modest positive real number {. Assume that 6(As) = {1, 2,..., N } symbolises As's ganz
range, while o(As) = 1, 2,..., m -~ represents the eigen spectrum of Ar. Then, our theories regarding the
distinct attribute of (14) are stated in our presumption that follows.

Addressing

{"1} >Re{2} > - > Re{N } and which{1} > which{2} > --- > Re{"M —N }, where \j is the imaginary
part. This is the first postulate.

A tiny positive value, € = [Re{\1}|/|Re{\1}| < 1, is present. The order-of-magnitude nomenclature in
this case is O(g) [47]; which means that ¢(g) = O(¢) if the real numbers k1 and k2 exist with respect to
c(e)<kl g, e<k?2).

Regarding a modest positive real number {. Assume that o(As) = {1, 2,..., N } represents the eigen
spectrum associated with As, while 6(Af) =1, 2,..., M —N represents the eigen rainbow of Af. Then,
our theories regarding the distinct attribute of (14) are stated in the presumption that follows.

Assumption 1:
1) Re{A1} = Re{A>} = --- = Re{An} and Re{A:} =
Re{iz} == Re{XM_N}, where Re{A;} denotes

the rgal part of A/. - ~
2) ReA{Al} <0 and |Re{An}|/]Re{A1}| = O(g), where

A tiny positive value, ¢ = |Re{\1}|/|Re{\1}| < 1, is present. The order-of-magnitude designation in this
case is O(¢) [47]; namely, ¢(¢) = O(e) if positive real numbers k1 and k> exist with respect to ¢(e)<ki &,
e<k2).

Remark 2: The parabolic PDE systems with nonlinear SDOs have the fast/slow dissolution feature.
[20], [21], and basic SDOs [48]. This characteristic is stated using Assumption 1, which is shown here.
For hyperbolic PDE frameworks, the criteria in Assumption 1 are frequently met by appropriately
selecting constants N and M.

A typical SP counterpart of the xf module may be obtained by multiplying both sides by € (14) that is
equal to what is presented in Proposition 1.

Xs = Asxs + Bsu + g.(xs, Xr)

exr = AreXr + eEBru + g c(xs, Xr) (16)
xs(0) = xs0
x7(0) = xp

where Afe 2 €Ay, g (x5, Xp) 2 ApxXr+§ (X5 Xg), and
gf(sz xf) £ Afsxs + gf(xs« xf)'
Introducing a fast time scale T = t/e and setting € = 0, then,
the xr subsystem in (16) is
oxXr

= Astf. (17)
ot
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System (17) is globally exponentially stable based on the concept of € and the fact that Re 1 < 0.
Consequently, x¢s = 0. The ROM is obtained as (16).

Xs = Asxs + Bsu + gs(XS)
xs(O) = Xs0

(18)

In which case gs (xs) = gs (xs, 0).

Remark 3: The approach used to get the ROM here differs from the approach described in [20]. The
linked fast/slow ODE structure (14) is derived in [20] via the coordinate change, where As and Ar are
orthogonal matrices and the terms Ast Xf and Assxs are miss-identified.

Iv. Synthesis of Approximate Optimal Controller

This section will create an estimated optimum controller using NN for the PDE system (5) using the
HJB theoretical structure, based around the ROM (18).

A. HJB Approach to Optimal Controller Synthesis

Now, let's examine a generic effectiveness functionality.
foo

V (xs0) = Q(xs) +u'Ru dt (19)
0

In this case, Q (xs) is a positive definite function; that is, if xs = 0, then Q (xs) > 0; Q (xs) = 0 only in
that case. R is a subset of Rpxp. When ¥xs = 0, Q (xs) > 0; Q (xs) = 0 only when xs = 0. Here, Q (Xs)
is an optimistic continuous function. A positive definite matrix is denoted by R € Rpxp. When xs = 0,
V (xs) > 0; that is, V(xs) = 0 only in the event xs = 0. For xs = Q — Rn, V (Xs) — C1(Q) is a positive
definite function. We present the concept of acceptable control as follows.

Criterion 1[37], [38] (acceptable Control): Given system (18), with xs ©, a control variable u(xs): Q -
RP is determined to be acceptable with regard to (19) on Q, represented by u(Xs) (Q2), provided that the
following requirements are met: First, u is continual on Q; second, u(0) = 0; third, u(xs) stabilises the
system (18); and fourth, V (xs0) <, xs0 ".

Our goal is to minimise the performance functional (19) in order to identify an acceptable control
ux(Xs) (Q). It is widely acknowledged that the problems that follow may be correspondingly solved by
solving the optimum control issue regarding the system in question. HIB

inf  Hu) =0 (20)
ueu(Q)
with the Bernoulli component denoted by H(u).
Hu=2V* T(Ax +Bu+g)+Q+u'Ru

in which the partial derivative exists about x is indicated by the exponent xs, meaning that V = =A oV
*/0X, and V * is the magnitude of the variable. The initial-order required condition of optimality, which
is satisfied by the best possible control ux, is 0H(u)/0u u=ux = 0. As a result, we have Since ux, the
best command, violates dH(u)/ou u=ux = 0, the situation is
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w = -1RBV 21)

2 S Xs

Conversely, the related expense variable V for an uncontrolled parameter u (€2) satisfies the following
GHJB equation [37]-[39]:

(V )JAx +Bu+g)+Q+u'Ru=0. (22)
s S S S

Xs
Substituting u* into (22) yields
T
Ve, Axs+Bar+g)+Q+uw'Rur=0. (23)
(18) Selecting V = as the potential Lyapunov product for the system as a whole (18), we are left
with

V¥ = Vi T Axs+Bau+g.)=-Q-u'Ru* <0.
24)

This implies that the closed-loop system of (18) with optimal control is differently stable.

u*. The HJB equation (20) may be rewritten as follows from (21) and (23).

Ve T(Asxs +g.)+Q(x)-(1/4) Ve 'BsR B V.=0.
(25)

Thus, the HIB equation (25) for V * may be solved by reducing the issue of constructing an optimum
control (21) to that of solving it.

The two components of the dynamics of the system (18) are the negative term gs and the linear portion
AsXs, as we can see. In this research, we suggest an optimum microcontroller synthesizing approach
employing the following modal feedback control rule to fully use the quadratic part:

u(xs) = wa(xs) + wa(xs). (26)

Let us examine a few different versions of the monetary value V (xs) and the state penalty function

Q(xs):
Q(xs) =xTQxs + Q(xs) (27)
V(xs) =xTPxs + V(x) (28)

where Q; >0 € R™", V(xs) € C(Q),and P >0 € R™n

is the solution to the following algebraic Riccati equation
(ARE):

AP +PA.,+Q,-PB.R'B'P=0. (29
The optimum controller may be expressed similar as (28) + (21), where

ut =ul +u (30)
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u; 2 —R'B!Px; 3D
a 1
ws = — ZR—lB“’r Vo (32)

P and V = have yet to be ascertained. It follows from (22) that a novel kind of GHJB-like formula is
provided by employing (26)—(29).

(Va )T (As + Bsuz) + @ + u Ru> = 0 (33)

where A AA x_ +B R 1BTPx Y9, and Q@2 Q+
ZxTPgs Replacmg w, in (33) with u* that is given in (32)
ylelds a new type of HJB-like equation

Vi, A+ Q- (1/4) Vi TBsR—lBIV;S =0. (34)
[From (24)] it is evident that the synthesized ideal system for control (30) [which is equivalent to (21)]
can both maximize velocity across the ROM and ensure the ROM's maximal closed-loop applications

stability (18). Additionally, (12)'s closed-loop architecture is highly stable, as demonstrated by
Theorem 1.

In the case of the nonlinear parabolic PDE system (5), the first assumption is false is true, is the subject
of Theorem 1. Next, if xsO \1, xf0 \2, and ¢ (0, &*), thus, in an identical manner, the optimal operator
(30) [or (21) may guarantee that the closed-loop system of (12) is asymmetrically stable. This is
because there are positive real values 61, 62, and ¢x.

Note that the best controller can make sure the system stays stable over time. This is because the
solution obtained through a specific equation will keep getting closer to a specific value.- Additionally,
[20, Proposition 1] shows that the PDE scheme (5)'s resolution y(z, t) will approach the solution y*(z,
t) as M grows. Actually, because of the curved shape of the SDO, we can accurately describe the main
way parabolic PDE systems behave using just a few patterns. Several studies have shown that a very
small M can give good results, meaning that y"(z, t) and y(z, t) behave similarly. The top control system
for ROM (18) can achieve results that are almost as good as the original PDE system (5).

V. Conclusion

Within the context of HIB theories, an approximation optimum control system has been synthesized
in this research for a group of parabolic PDE solutions that are nonlinear. The prevailing dynamics of
the PDE system may be accurately characterised by the ROM that is created using the data-based KLD
method and SP technique, because the SDO of the PDE component is nonlinear. The high-order ODE
system's closed-loop systems terminal stability is ensured, and an estimated optimum controller is
offered by two sections to fully use the linear portion of the ROM. The linear portion of the ROM,
which is acquired by solving and ARE, is the target of the first section of the synthesized controller.
Conversely, the latter portion is which NN is used in the cost function estimation process. Ultimately,
the case the investigation's stochastic diffusion—reaction processes is used to demonstrate the
effectiveness of the mechanism of control that was developed, according to the simulation findings.
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