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1. Introduction

Let >, u, be a given infinite series and the sequence {s,} its nth partial sum.The sequence -to-
sequence transform

Cl=—3"_ s, n=0,12,.. (1)

n+l1

defines the Cesaro means of order one of {s,}. If lim,_,.C! = s, the series Y_, u, is said to be
(C, 1) summable to s.

The sequence-to-sequence transform

1 n _
7‘1 (1+q)™ ;Cl=0 (k) qn kskiq > O;n = 0,1,2,. . (2)

defines the Euler mean of order g > 0 of {s,,}.

1papd _ 1 v 1 ko (kY a7 ou (W u-v
CnEnEn T n+1 &k=0 (1+q)k ZuzO (u) (1+q)t v=0 (U) q Sy (3)

The series Y _, u,, is said to be (C,1)(E, q)(E, q) summable to s, if im ,,_,,CLE]E] = s.
For a 2 periodic signal which is integrable in the sense of Lebesgue over (—m, ).
The conjugate of Fourier series is defined by
Y= (bycoskx — aycoskx) 4)
and nth partial sum is defined by

5.(f;x) = Xr= (bycoskx — aycoskx) (5)
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The conjugate of f denoted by f is defined by
f(x) = —ilimf_,o f; Y(t)cos G) dt,
where Y(t) = f(x+t) — f(x —t)
A function f € Lipa, if
lf(x+t)—f(x+t)| =0(t]*) for 0<a<l.
and f € Lip(a,r) if

1

(f;" If(x)lr); =0(tY), 0<a<lrzl.

L,- norm is defined by

1
5 1
fo=(" 1FCP), p 21,
Loo-norm of a function f: R — R is defined by f,,

fo = sup{lf()|/f:R > R}
The degree of approximation of function f: R — R by a trigonometric polynomial t,,[1] is defined by
tn — fo = sup{|t, — f|:x € R}ort, — f, = mint, — f.
This method of approximation is called trigonometric Fourier approximation.

We also write
k—u u

| & 1 k cos v+l t
ClBtE] = > (g, (e (n @z)

=0 v=0

and 7 = [%] the integral part of %

2. Known theorem

Various investigators such as Dhakal[2], Lal and Singh[8], Mittal et al. [6,7], Qureshi[4,5] Sonker and
Singh[9] have studied the degree of approximation in various function spaces such as Lip a , Lip(a, ),
Lip(é(t),r) and weighted (L, £(t)) by using triangular matrix summability and product summability
(C,1)(E,1), (N,p,)(E,1). Sonker and Singh[9] have determined the degree of approximation of the
conjugate of signals (functions) belonging to Lip(a,r)-class by(C,1)(E,q) means of conjugate
trigonometric Fourier series. Sonker and Singh have proved the following:

Theorem 1

[9] Let f(x) be a 2r-periodic, Lebesgue integrable function and belonging to the Lip(a, r)- class with
r =1 and ar > 1. Then the degree of approximation of f(x), the conjugate of f(x) by (C, 1)(E, q)
means of its conjugate Fourier series is given by
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ClEl—f. =0 (n%_“),n =0,12,..... 6)
Main theorem
The objective of this paper is to establish the following theorem.
Theorem 2

Let f(x) be a 2m-periodic, Lebesgue integrable function and belonging to the Lip(a, r)- class with
r>1 and ar > 1. Then the degree of approximation of f(x), the conjugate of f(x) by
(C,1)(E, q)(E, q) means of its conjugate Fourier series is given by

CLEIE! — =0 (n %) n=012..... ™
provided

(¥ awi/eyrar) = o () ©®)

(f”_I (t‘altp(t)l/t“)rdt); = 0((n+ 1)?%), )

Where § is an arbitrary number such that (¢ + §)s < —land 1/s =1—1/r forr > 1.
4. Lemmas

We need the following lemmas for the proof of our theorem.

4.1 Lemma
|Kn(t)] = 0 G) +0((n+Dt) foro<e<—<-——
Proof.
_ 1 1 k k\ qF u _ cos(v+l)t
|Kn(t)| © 2m(n+1) Z:O (1+q)k “u=0 (u) (I+q)H 3:0 (v) qu VT(%;

B ! 1 X k qk—u u _ cos(v+1—1)t
= nntl) ;cl=0 (1+q)k Zu:o (u) (+qu I’jzo (v) qu ' sin(g)2

< 1 n 1 Zk (k) AL (u)qu_vcos(v+l)tcos(§)+sin(v+l)tsin(g)
= (1) 2R=0 (4R 2u=0 gy ) (14 V=0 \p sin(3)

= (n]Tl) k=0 m =0 (Ili) (?J:;Lu =0 (3) q [0 (%) + O(sin(v + l)t)]

- [(n-:l)t k=0 m =0 (ﬁ) (?I:;Lu v=0 (Z) qu_v]
k—-u

[ B o B (K)ot (1) a0+ 1]

1
(n+1)t

=0[ (n+1)]+0[ﬁ(n+l)(n+l)t]
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=0(3)+0((m+ 1),

. , - N
Inviewofsin(w+ Nt < (v+ Dtforo0<t < — and (sm (E)) << for

0<t< 7 [3, p.247].

4.2 Lemma
1 013
|K,(6)] =0 (E) +o()for—<t<m

Proof.

1wk (k) g Uy oy cos()e
|Kn (D] < 27t(n+1) k=0 (rrgyf Zu=0 (u)(1+q)u v=0 (v)qu ”W

1 n 1 k (k) gl u (u) qu—v cos(v+1—%)t

T (1) 2R=0 (4R 2u=0 \yy ) (1+q)u =v=0 \p sin(%)

1 1 k\ gk u _ cos(v+1)tcos( )+sm(v+1)tsm(t)
< Gorny 20 (g =0 (u) v 2v=0 (v) ’ sin(D) 2

= Gy Bheo g 2o () g 2o () a7 [0 (7) + 00
- [(n-:l)t k=0 ﬁ =0 (k) (?:;Lu v=0 (Z) qu_v]

[(n+1) k=0 (1+q)k2 ( )(l-t_ql;“ I’jzo (1‘;) qu_”]

(n+1)]+[ (n+1)]

=0 [(n+1)t (n+1)

=0 (%) +o(),

-1
In view of |sin(v + I)t| < I and (sin G)) < foro <t <m [3,p.247]

~ 13

5. Proof of main Theorem

The integral representation of §,,(f; x) is given by

Su(f32) = =~ [ () os(z )252’(5()“2)%&

Therefore, we have

COS(‘l’l+ )t

§n(f;x)_f(x) _f 710() ()

Now, denoting (C, 1)(E, q) (E, q) transform of 5,,(f; x) by CLE]E;, we write
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k-u

a9 n 7 P(t) k\ q u (U _
C Enkn f - 27r(n+1) IZk =0 (1+Q)kf sin ; u 0 ( )(l+q)u v=0 (U) q“"cos (17 +
1
) tl (10)

= [foﬁ + f% YK, (O)dt = I, + I, say. (11)

Using Lemma 4.1, Holder’s inequality, condition (8) and Minkwiski’s inequality, we have

1] = [ [0 1Kn(O)]dt
< [ Qo ey [times [29 e liu@Doa|
— 0((n+ D [umeﬁo [A e+ (n + l)t““)sdtr

1 1
=0((n+ 1™ [(limﬁ0 [ t(“‘l)sdt)s + (limﬁ0 [24 (n + l)t(““)sdt)S]

=0((n+ D D[+ D™Vs + (n+ D(n+ 1)"*171/5]

=0((n+ D D[+ D™+ (n+ D(n+ )7 171+/7]

1 1
=0 [(n + 1) 4 (n 4+ 1)‘“‘“?]

-0 ((n + 1)‘“‘”5) (12)

Now, we consider

L] =[5 WO ()] dt.

n+l

Using Lemma 4.2, condition (9) and Minkowiski’s inequality, we have

1

—8 a S
L] < f” |w(t>| dt] [ t |Kn(t)| ]
n+ n+1
1

= 0((n+1)%) _f’fr (ttaa (0 (%) + 0(1)>>s dtr

| n+l

: !
=0((n+ 1?%) f% (to+o-l 4+ t“+5)sdt]s

[ ! 1
— 0((.” + 1)5) (J‘HL t(a’+5—1)sdt>5 + (IUL t(a+8)sdt)s]

n+l n+l
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= 0((+ D) [+ DTS4 4 DD (14 (@4 D)5 0)
=0 _(n + 1)‘““‘5 +(n+ 1)‘“‘§]

_ 1 1
=0|ln+ D+ + 1)‘“‘”?]

=0[(n+ D= (1 + (n + D]

=0((n+ 1)‘“*5) (13)
Combining (12) and (13), we have

ICAESES — 1 = 0 ((n+ 7).

Hence,

C\EIEY — f = ( [ ICAESES — f(x)|rdx)% =0 (n—‘”%).
This completes the proof of theorem 2.
6 Corollaries
6.1 Corollary
If one (E,q) = 1,then (C, 1)(E, q)(E, q) means reduces to (C, 1)(E, q) means.
Hence, Theorem 2 reduces to theorem 1.
6.2 Corollary
When q = 1 then (C,1)(E, q)(E, q) means reduces to (C, 1)(E, 1)(E, 1) means.
6.3 Corollary
If (C,1) =1,then (C,1)(E, q)(E, q) means reduces to (E, q)(E, q) means.
7. Conclusion

The result established here is more general form than some earlier existing results in the sense that,
one (E,q) = 1 our proposed mean reduces to (C, 1)(E, q) Mean.
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