Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 4s (2025)

Characterization of Pythagorean Fuzzy Bi-Interior Ideal and Bi-Quasi-
Ideal in I'-Semirings

T. Anitha', Y. Lavanya?
1Department of Mathematics, Annamalai University, Annamalainagar, 608002. anitha81t@gmail.com
2Department of Mathematics, Annamalai University, Annamalainagar, 608002. lavanyaannamalaiuniversity@gmail.com

Article History: Abstract:

Received: 19-09-2024 In this paper, we introduce the Pythagorean fuzzy bi-interior-ideals and Pythagorean

fuzzy bi-quasi-ideals in T" - semiring. More over we prove the every Pythagorean fuzzy

left and right ideals are Pythagorean fuzzy bi-interior -ideal in T" - semiring. Also we

Accepted: 01-12-2024 study the notion of Pythagorean fuzzy bi-quasi-ideal in I' - semiring and characterize
Pythagorean fuzzy bi-quasi-ideal in I" - semiring.

Revised: 24-11-2024

Keywords: Fuzzy set, Bi-ideal, Semiring

1. Introduction

As a generalization of ring, the notion of a I' - ring was introduced by Nobusawa [21] in 1964 and
Iseki [7, 8, 9] studied the ideal theory in semiring. In 1995, Murali Krishna Rao [23, 24] introduced
the notion of a I" - semiring as a generalization of I'-ring, ring, ternary semiring and semiring. Ahsan
et.al [1] introduced the concept of fuzzy semirings. The concept of soft set was established by
Molodtsov [20], which deals with parametrized values of the alternative. Maji et al. [17, 18, 19]
investigated the soft set views on decision-making issues and defined some important concepts for
soft set with their properties. Maji et al.[18] offered the notion of the fuzzy soft set by merging two
existing notions fuzzy sets and soft sets. Peng et al. [22] protracted the idea of intuitionistic fuzzy
soft set to Pythagorean fuzzy soft set by upgrading the conditions. The fuzzy set was studied by
Zadeh’s[36] in his seminal paper. Pythagorean fuzzy sets [34][35] characterized by the condition that
the sum of the squares of membership and non-membership degrees is less than or equal to one, have
been extensively investigated. Numerous authors have explored the algebraic properties of
Pythagorean fuzzy ideals.

This paper is structured into three sections. The initial two sections provide an introduction and lay
down the preliminary concepts. The third section deals with Pythagorean fuzzy bi-interior ideal and
its properties in I' - semiring. Also characterize Pythagorean fuzzy soft bi-interior ideal. Fourth
section deals with the Pythagorean fuzzy bi-quasi-ideal and prove some important properties.

2. Preliminaries
This section deals with the basic definitions.

A semiring is a set S with two binary operations + and . on S called addition and multiplications such
that, (i) (S, +) is a semigroup, (ii)(S,.) is a semigroup and (iii) a(b + c¢) = ab + ac and (a + b)c =
ac + bcforall a,b,c € S.
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A nonempty subset A of a semiring S is called a left (right) ideal of S if A is closed under addition
and SA € A(AS < A). Aisan ideal of S if it is both a left and a right ideal of the semiring S.

Definition 2.1 [3] If (S, +) and (', +) be two commutative semigroups then Sis calleda I -
semiring if there exists a structure S X I' X S denoted by ayp for all «, f € S and y € I satisfying
the following properties,

1. ay(B +v) = ayB + ayv,

2. (B +v)ya = Bya + vya,
3. a(y +y)v = ayv + ay,v,

4, ay(Byv) = (ayB)y,v foralla,f,ve Sandy,y, €T.

Definition 2.2 [3] Define addition in the following way 4,B € S,y € I' , let AyB denote the ideal
generated by {ayB/a, € S}. Then S isa I - semiring.

Definition 2.3 [3] AT - semiring S is said to be commutative if ayf = fya, forall o, € Sandy €
r.

Definition 2.4 [3] A I'-semiring S is said to have a zero element if 0fa = 0 =af0and a + 0 = a =
0O+ a,forallaeSandy €T.

Definition 2.5 [3] S is said to have a identity element if there exists y € I' such that /Iya = a = ayl,
forall x € S.

Definition 2.6 [3] S is said to have a strong identity element if forall « € S, Iya = a = ay! for all
yer.

Definition 2.7 [3] A nonempty subset R of a I" - semiring S is said to be a subI” semiring of S if
(R, +) is asub semigroup of (S,+)and ayp € Sforalla,f € Sandy € I'.

Definition 2.8 [3] A nonempty subset R of a I" - semiring S is called an ideal if @, 8 € R implies a +
BERanda € R,a € Sandy € I' implies aya € R and aay € R.

Definition 2.9 [11] Let U be the universe and E be the set of parameters. Let P(U) denote the power
setof U and A c E. A pair (F, A) is called a soft set over U, where F is a mapping given by F: A —
P(U).

Definition 2.10 [23] A nonempty set A of S is called a I' - subsemiring of S if (4,+) is a
subsemigroup of (4,+) and AT'A € A.

Definition 2.11 [30] A is called a quasi-ideal of S if Aisa I" - subsemiring of S and AI'S N ST'A € A.
Definition 2.12 [30] A is called a bi-ideal of S if Aisa I - subsemiring of S and AI'STA € A.
Definition 2.13 [30] A is called an interior-ideal of S if B isa I" - subsemiring of S and ST’AT'S < A.

Definition 2.14 [30] A is called a left(right) ideal of S if A is a I - subsemiring of S and ST’A <
A(ATS € A).

Definition 2.15 [30] A is called an ideal of S if A isa " - subsemiring of S and ST’'A € A, AI'S € A.
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Definition 2.16 [30] A is called a left(right) bi-quasi-ideal of S if A is a I'-subsemiring of S and
AT'S N ST'STA € A(AT'S N STAT'S € A).

Definition 2.17 [9] Let U be the initial universe. E be the set of parameters and FS(U) denote the
fuzzy power set of U and A c E. A pair (F,A) is called a fuzzy soft set over U, where F is a
mapping given by F: A —» FS(U). A fuzzy soft set is a parameterized family of fuzzy subsets of U.

Definition 2.18 [16] Let X be a non empty set. A Pythagorean Fuzzy Set 2 in X is given by U =
{a, Uy (a), Wy (a)/a € X} where A X > [0,/] and Ay X - [0,1] represent the degree of
membership and degree of non membership of 2 respectively. Also, A, and A, satisfies the
condition (%,)* + (A,)* < 1forall a € X.

Definition 2.19 [13] Let U be the initial universe. E be the set of parameters and PFS(U) denote the
Pythagorean fuzzy power set of U and A c E. A pair (F,A) is called a Pythagorean fuzzy soft set
over U, where F is a mapping given by F:A — PFS(U). A Pythagorean fuzzy soft set is a
parameterized family of fuzzy subsets of U.

Definition 2.20 [13] Let (F,A) and (G, B) be two Pythagorean fuzzy soft sets over U. Then the
union of (F, A) is called a Pythagorean fuzzy soft subset of (G, B) if

1.AcB
2. F (@) is a Pythagorean fuzzy subset of G(«), for all a € A.

Definition 2.21 [13] Let (F,A) and (G,B) be two Pythagorean fuzzy soft sets over U.
(F,A)AND(G, B) denoted by (F,A) A (G, B), is defined by

(F,A) A (G,B) = (H,A X B),where H(a,8) = F(a) N G(B), forall (a,8) € A X B.

Definition 2.22 [13] Let (F,A) and (G,B) be two Pythagorean fuzzy soft sets over U.
(F,A)OR(G, B) denoted by (F,A) Vv (G, B), is defined by

(F,A)V (G,B) =(H,AXB),where H(a, §) = F(a) U G(B), forall (a,8) € A X B.
Definition 2.23 [13] The intersection of two Pythagorean fuzzy soft sets (F, A) and (G, B) over a

universe U is a Pythagorean fuzzy soft set denoted by (H, C), where C = An B and H(a) =
F(a) ifa €EA—-B
G(a) ifa EB—A

min{F(a),G(a)} ifa € ANB
Forall « € C. Itis denoted by (H,C) = (F,A) n (F, B).

Definition 2.24 [13] The union of two Pythagorean fuzzy soft sets (F, A) and (G, B) over a universe
U is a Pythagorean fuzzy soft set denoted by (H, C), where C = A U B and

F(a) ifa €eA—-B
H(a) =41G(a) ife EB—A
min{F(a),G(a)} ifa € AUB

Forall @ € C. Itis denoted by (H,C) = (F,A) U (F, B).
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Definition 2.25 [13] Let (F, A) and (G, B) be two Pythagorean fuzzy soft sets over U such that A U
B # @. The bi-union of (F, A) and (G, B) is defined to be the Pythagorean fuzzy soft set (H, C),
where C = AUB and H(a) = F(a) U G(a) forall @ € C. Itis denoted by (H,C) = (F,A) U (G, B).

Definition 2.26 [13] Let (F, A) and (G, B) be two Pythagorean fuzzy soft sets over U such that A n
B # @. The bi-union of (F,A) and (G, B) is defined to be the Pythagorean fuzzy soft set (H,C),
where C = AnBand H(a) = F(a) N G(a) forall « € C. Itis denoted by (H,C) = (F,A) n (G, B).

Definition 2.27 [13] Let (F,A) and (G, B) two Pythagorean fuzzy soft sets over a universe U. The
product of (F,A) and (G, B) is defined to be the Pythagorean fuzzy soft set denoted by (F o G, C),
where C = AU B and

Ay (@) ifae € A—B
AxFocy(@) () = Ax(G)(clr)(l) . | %fa EB-A
_Su%mln{Ax(F)(a) (D), Ax(G)(a) (l)} ifa €eANEB
1=a
and
Ay (@) (D ifa € A—B
Ayrecy@ (@) = { Ay @@ ifa €B—A

iLl}lt;)max{Ay(F)(a) (l)ﬂAy(G)(a) (l)} ifa €eANB
Foralla € Candi € U . Itisdenoted by (F o G,C) = (F,A) o (G, B).

Definition 2.28 [28] A fuzzy subset A of S is called a fuzzy bi-interior-ideal if SAS N ASA < A.
3. Pythagorean fuzzy Bi-interior-ideals in I'-semiring

This section deals with the Pythagorean fuzzy bi-interior-ideals in I'-semiring S.

Definition 3.1 APFS A = (4,,A,) of S is said to be a PFBII of S if the following conditions are
holds:

1 A(x+y) = min{Au(x),A#(y)}
Ay(x +y) < max{A,(x), 4, (¥)}

2. XSOA[,I,OXSnAy OXSOA[J QA#
XsoAyoxsNA,oxse A, CA,.
Theorem 3.2 Every PF left ideal of S is a PFBII of S.
Proof. Let A be a PF leftideal of Sand x € S, a, 5 € T..

Xs o Au(x) = sup {min{xs(a),4,(b)}}

x=aab

= sup {min{l, Ay (b)}}

x=aab

= supb{AH(b)}

x=aa
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= supb{A” (ab)}

xXx=aa

= supb{Au(x)}

x=aa
= Au(x)

AyoxsoAu(x) = sup {min{A#(u),)(S o Aﬂ(vﬁ’s)}}

x=uavfs

> sup {min{A#(u),Aﬂ(UBS)}}

x=uavfs
= Au(x)
Now
Xs© A/.L °Xs N Au °Xs© Au(x) = min{XS ° A/L °)(S:Au °Xs° Au}
> min{ys o A, © x5, Ay (%)}
= Au (x)
HenCE)(SOAu OXS ﬂAu OXSOAﬂ 2 Aﬂ'
Next we have to prove for non membership function
Xs©Ay(x) = inf {max{xs(a),A,(b)}}
x=aab
= _inf {max{0,4,(b)}}
= inf {4,(b)}
x=aab
< inf {A,(ab)}
x=aab
= inf {4,(x)}
x=aab
=A,(x)

AyoxsoA,(x)= x=1i££gs{max{AV(u)’ Xs©° Av(vﬁs)}}

< inf {max{Av (w),A,(vB 5)}}

= x=uavps
= Ay(x)
Now
XsoAyoxsNAy o xsoA,(x) =max{ysec Ay, xs Ay o xs° Ay}
< max{xs ° Ay ° x5, Ay (x)}
= Ay (x)

Hence yso A, o ysNA,oxs° 4, €A,.
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Theorem 3.3 Every PF right ideal of S is a PFBII of S.
Proof. Let A be a PF right ideal of Sand x € S,a, 5 €T

Au(x) o xs = sup {min{A,(a), xs(b)}}

x=aab

= supb {min{A# (a),l}}

x=aa

= supb{Au(a)}

xX=aa

< supb{A# (ab)}

x=aa

= supb{AM (x)}

xXx=aa

=A4,(x)

AyoxseAu(x) = sup {min{AM ° )(S(uav),AH(s)}}

x=uavfs

< sup {min{Aﬂ (uav), A, (s )}}

x=uavfs

= Au(x)

Now
Xs®© Au °Xs ﬂA# °Xs OA#(X) = min{)(s ° Au °)(S'A/4 °Xs©° AM}
> min{)(g oA, Xs) Aﬂ(x)}
= Au (x)
Hence)(SOAu °Xs ﬂAu OXSOAH 2 AH'
Next we have to prove for non membership function
Ay(x) o xs = inf {max{4,(a), xs(b)}}
x=aab
. iﬂﬁ b{max{Av (a),03}
inf {A,(a)}
x=aab
< inf {A,(ab)}
x=aab
= inf {A,(x)}
x=aab
= Av (x)

AyoxsoA,(x) = leitrclzgﬁs{max{Av o xs(uav), A, (S)}}

< inf {max{A,(uav),4,(s)}}

x=uavfs
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= Ay (%)

Now

XsoAyoxsNAyoxsoA,(x) =max{yseA,°xs Ay xso A}
< max{ys o Ay ° x5, Ay (x)}
= Ay (x)

Hence ygo A, o xsNA, o xs0 A4, € A,.

Corollary 3.4 Every PFI is PFBII of S.

Proof. By Theorem 3.2 and 3.4 proof is obvious.

Theorem 3.5 Let B be a nonempty subset of S. Then B is a bi-interior-ideal of S < g is an PFBII
of S.

Proof. Assume that B is a bi-interior-ideal of S. Then yg is an PF sub-I" semiring of S. By hypothesis
we’ve SI'BI'S N BI'ST'B € B.

Then,

XB°Xs°XpNXp°Xs®Xs = Xsrars N Xsrsre = XsrBrsnersre S XB

Hence yg isa PFBII of S.
Conversely, let us assume that yz isa PFBII of S. Then B is a sub-I" semiring of S. We have
Xs°XB°XsNXp°Xs°Xp S Xp

Xsrars N Xprsre & XB

XsBsnBsB & XB

SBSNBSBCB
Hence B is a bi-interior-ideal of S.

Theorem 3.6 Let B be a nonempty subset of S. Then B is a PFBII of S < the nonempty level
subset of B is a bi-interior-ideal of S for every t € [0,1] .

Proof. Assume that B is a PFBII of S.
B,, # ¢t €[0,1]and a,b € B,
Then, B,,(a) = t,B,,(b) = t
B,,(a+ b) >min{B,,(a),B,,(b)} >t
a+bé€B,,.
Let x € STB,,I'S N B, I'STB,,.
Then x = baafu = cydde, b,u,d € Sand a,c,e € By, a,B,v,6 €T

XSOBHtOXSZt
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and B, oxs°B, =t.
B, (x) =t
Hence x € B,, Conversely, suppose that B, is a bi-interior-ideal of S for all t € [0,1]
Leta,b €S, a €T, B, (a) =t, B, (b) =t,and ¢, = t,. Thena,b € B, Then,a+ b € B,..
Therefore B,, == t, = min{B,,(a), B,,(b)}. Hence we have, STB, I'Sn B, TSTB, € B, .
Similarly we prove the non membership function.
Theorem 3.7 If A and B are PFBII of S then A n B is PFBII of S.
Proof. Let A and B are PFBII of Sand x,y € Sand a,8 € T.
(4, N B (x +y) = min{A,(x + y),B,(x + )}
= min {min{AM (x), Ay (y)}, min{Bﬂ (x), B, (y)}}
= min {min{AM (x), B, (x)}, min{Aﬂ ), B, (y)}}
= min{(4, N B,)(x), (4, N B)(»)}

Xs o (AuNBY@) = sup {min{ys(a), A, n B,(b)}}

x=aab

= sup {min {Xs (a), min{AH (b), B, (b)}}}

x=aab

= sup {min {min{)(s (a), A, (b)}, min{)(s (a),B, (b)}}}

x=aab

min { supb {min{)(s (a), A, (b)}} , xil;gb {min{)(s (a),B, (b)}}}

= min{)(s °oA,(x),Xs° By (x)}
= (s 4 N(xse°B)(x)

(A NB)oxso (A NBY(®) = sup {minfA, nB,(a),xs° A, 0 B, (bBO)}}

x=aabfc

= sup {min{(A” N B,)(a), xs oA, N xs o By(bﬁc)}}

x=aabfc

= swp {min{min{A#(a),B”(a)},min{()(SOAM)(bﬁc),()(so u)(bﬁc)}}}

x=aabfc
= min{Au oxsoAu(x),Byo xse B”(x)}
Therefore

(AMHB#)O)(SO(AMHB”) :A[,LOXSOA[,LnBMOXSOB,u
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Similarly we prove
XsoAyNByoys=A,°xs0A, NB,oxs°B,
Hence
XseAy,NByexysNA,NB,oxsoA,NB,
= s Auexs)N(Agexso A N(XseByoxs)N(ByoxseB,)24,NnB,
Similarly we can prove for non membership
(4y N B))(x +y) = max{A,(x + ), B,(x + y)}
< max{max{A, (x), 4, (¥)}, max{B, (x), B,(»)}}
= max{max{A,(x), B,(x)}, max{4, (y), B,(»)}}
= max{(A, N B,)(x), (4, N B,)(¥)}

xs© (AN BY@) = inf {max{xs(a),4, 0 B,(D)}}

= inf {max {)(s (a), max{Av (b), B, (b)}}}

x=aab

= inf {max{max{)(s(a),Av(b)}, max{)(s(a),Bv(b)}}}

x=aab
= max{_inf {max(xs(@), 4,0}, inf max(xs(a), B0}

= max{ys o A, (x), xs ° B,(x)}
= (Xs°4y) N (xs° By)(x)
(A, NBy)) o xso (A, NB,)(x) = xzzzggﬁc{max{Av NB,(a), xs° A, N Bv(bﬁc)}}

= _inf {max{(4, N B,)(@), Xs ° Ay N X5 ° B, (bBc)}}

x=aabfc

= _inf {max{max{4,(a), B, (@)}, min{(xs > 4,)(bBc), (xs ° B,) (bF)}}}

x=aabfc

= max{Av °Xs©° AV(X), By oxse Bv(x)}
Therefore
(AyNBy)oxyse(Ay,NB,)=A,°xs°A, NB,oxs°B,
Similarly we prove
Xs°eAy,NB,oxs=A,0xs°A, NB,°xs°B,
Hence
XSoAvnByOXSnAvnBVOXSOAvnBy

=(soAyoxs)N(AyexseAy)N(xseByoxs)N(ByexseB,) €A, NB,
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4 Pythagorean fuzzy Bi-quasi-ideals in I'-semiring

This section deals with the Pythagorean fuzzy bi-interior-ideals in I"'-semiring S.

Definition 4.1 APFS A = (4,, A,) of S is said to be a PFLBQI of S if the following conditions are
holds:

1. A,(x +y) = min{A,(x),A, ()}
A, (x +y) < max{4,(x), 4,(»)}

2. XseAy,NA oxseA, 24,
XsoAyNA,oxsed, €A,

Definition 4.2 A PFS A = (A,, A,) of S is said to be a PFRBQI of S if the following conditions are
holds:

1. Ay(x +y) = min{A,(x), A,(»)}
Ay(x +y) < max{A,(x), A, (y)}
2. AyoxsNA o xse Ay 24,
AyoxsNA,oxseoA, €A,

Definition 4.3 A PFS A = (4,,A,) of S is said to be a PFBQI of S if it is both Pythagorean fuzzy
left bi-quasi-ideal and right bi-quasi-ideal of S.

Theorem 4.4 Every PF left ideal of S is a PFLBQI of S.
Proof. Let A be a PF leftideal of Sand x € S,a, B €T.

Xs © 4,(0) = sup {min{xs(a), 4,(b)}}

x=aab

= supb{A#(b)}

xX=aa

= supb{A#(aab)}

x=aa

= 2, )
= Au (x)

AyoxseoAu(x) = sup {min{AH(uav) °Xs, AH(S)}}

x=uavfs

> sup {min{A#(uav),Au(S)}}

x=uavfls
= Au(x)
Hence ys oA, NA o xseo A, 2 A,

Next we have to prove for non membership function
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XsoAy(x) = inf {max{ys(a),A,(b)}}
= inf {4, (b)}
< Inf {4, (aab)}
= _Inf {4,(x)}
= 4,(x)
AyoxseAy(x) = _inf Bs{max{Av(u),Xs o A, (vBs)}}

< inf {max{4,(w),4,(vBs)}}

x=uavps
= Ay (x)
Hence ysoc A, NA, o xs° A, CA,.
Theorem 4.5 Every PF right ideal of S is a PFRBQI of S.
Proof. Let A be a PF right ideal of Sand x € S,a, 8 € T.

Ay o xs(x) = sup {minfA,(a), xs(D)}}

x=aab

= supb{A#(a)}

xX=aa

= supb{A#(aab)}

x=aa

= swp (4,0}

= Au(x)

AyoxseoAu(x) = sup {min{AH o )(S(uav),AH(s)}}

x=uavfs

> sup {mi”{Au(”“”)'A#(S)}}

x=uavfls
= A/.L (x)
Hence A, o ys N A, o xseo A, 2 A,
Next we have to prove for non membership function
Ay o xs() = _inf {max{4,(a),xs(h)}}
= _inf {A,(a)}
x=aab

< inf {A,(aab)}
x=aab

= xziggb{Av (x)}
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=A4,(x)

Ayoxs oAy = _inf {max(A, o xsuav),A,()})
< - 11}25; ﬁs{max{AV (uav), A, (s)}}
=A,(x).

Hence A, o ys N A, 0o xso A, CA,.
Theorem 4.6 Every PF left ideal of S is a PFRBQI of S.
Proof. Let A be a PF leftideal of Sand x € S,a, B €T.

Xso Au() = sup {min{ys(a), 4u(b)}}
= 2, 1)

= sup {Au(aab)}

x=aab

supb{Au ()}

x=aa

=A4,(x)

AyoxseA,(x) = sup {min{Aﬂ(s),)(S o A#(vﬁs)}}

x=uavfs

>  sup {min{Ay (5), Ay (vﬁS)}}

x=uavps
= 4, (x)
Now
AyoxsNAyoxsoA,(x) = min{Au °Xs, Ay e xs o Aﬂ(x)}
> min{4, o xs(x),A4,(x)}
= A, (x).
Hence A, isa PFRBQI of S.
Similarly we can prove A, isa PFRBQI of S.
Theorem 4.7 Every PF right ideal of S is a PFLBQI of S.
Proof. Proof is straight forward.
Corollary 4.8 Every PF left(right) ideal of S is a PFRBQI of S.

Theorem 4.9 Let B be a nonempty subset of S. Then B is a right bi-quasi-ideal of S & yj isan
PFRBQI of S.

Proof. Assume that B is a right bi-quasi-ideal of S. Then yg is an PF subsemiring of S.
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By hypothesis we’ve STB N BI'ST'B € B. Then,
Xs°XpNXp°Xs°Xp
= Xsra N XBrsra

= XsrBnBrsTB & XB

Hence yg isan PFRBQI of S.

Conversely, let us assume that yz isa PFRBQI of S. Then B is a subsemiring of S. We have
Xs°XpNXp°Xs°Xp S Xp

Xsre N Xprsre S XB

Hence B is a bi-quasi-ideal of S.

Theorem 4.10 Let B be a nonempty subset of S. Then B is a left bi-quasi-ideal of S & yz is an
PFLBQI of S.

Proof. Assume that B is a left bi-quasi-ideal of S. Then yg is an PF sub I" semi ring of S.
By hypothesis we’ve BI'S N BI'ST'B € B. Then,

XB°XsNXp°Xse°Xp

= Xprs N XBrsrs

= XBrsnarsre & XB

Hence yg isan PFRBQI of S.

Conversely, let us assume that yz isa PFRBQI of S. Then B is a sub I" semi ring of S. We have
XB°XsNXp°Xs°Xp S Xp

XBrs N Xprsre & Xp

Hence B is a bi-quasi-ideal of S.
Theorem 4.11 If A and B are PFLBQI of S then A n B is PFLBQI of S.
Proof. Let A and B are PFLBQI of Sand x,y € Sand o, € T.

(A4, N B)(x +y) = min{A,(x + y),B,(x + )}
> min {min{4, (x), 4, ()}, min{B, (x), B,(")}
= min {min{4, (x), B,(x)}, min{4, (), B.»)}}
= min{(4, N B,)(x), (4, N B) ()}

Xs° (AN BY@) = sup {min{ys(a), A, n B, (®)}}

x=aab

= sup {min{Xs(a);min{Au(b)'Bﬂ(b)}}}

x=aab
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= sup {min {min{xs(a), 4,0}, min{xs(a), B, (b)}}}

x=aab

= min { supb {min{)(s (a), A, (b)}} , xiggb {min{)(s (a),B, (b)}}}

= min{)(g °oA,(x), xs ° Bu(x)}
= (s A4 N(xse°B)x)

(A NB)oxso (A NBY®) = sup {minf{A, nB,(a)xs° A, 0 B,(bO)}}

x=aabfc

= sup {min{(AM NB,)(a),xs° A, Nxse° By, (bﬁc)}}

x=aabfc

= sup {min{min{AM(a),Bﬂ(a)},min{()(SoAH)(b,Bc),()(So H)(bﬁc)}}}

x=aabBc
= min{A, o xs © A,(x),B, © x5 ° B,(x)}
Therefore
(AyNB)oxso(A4,NB)=A,0x504,NB,0xs°B,
Hence
Xs°AuﬂBu°XsﬂAuﬂBu°Xs°AuﬂBu
= s Auexs)N(Agexse Ay N(XseByoxs)N(ByoxseB,)24,NnB,
Similarly we can prove for non membership
(4y N B))(x +y) = max{A,(x +¥),By(x + y)}
< max{max{4, (x), A, (y)}, max{B, (x), B,(»)}}
= max{max{4, (x), B,(x)}, max{A,(»), B, »)}}
= max{(4, N B,)(x), (Ay N B,)(¥)}

xs° (A NBYC) = inf {max{ys(@), 4, 0 B(D))]
= inf_ {max {xs(@), max{4,(®),B, (b)}}}
= inf, {max{max(ys(a), 4, (b)), max(xs(a), B,(b)}}}

= max{ inf {max(xs(@), A4, inf {max(xs(a), B,0)}}}

= max{xs ° A, (x), xs ° B, (%)}
= (s °4Ay) N (xs°By)(x)
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(AyNBy)exyse (A, NB,)(x) = xzcil%gﬁc{max{‘qv N B,(a), xs° A, N Bv(bﬁc)}}

= inf {max{(4, N B,)(a),xs° A, N xs ° B,(bBc)}}

x=aabfc

= inf {max{max{Av (a), B,(a)}, max{(xs ° 4,)(bBc), (xs ° v)(b,Bc)}}}

x=aabfBc
= max{Ay ° X5 ° Ay(x), By o Xs ° By (x)}
Therefore
(AyNBy)eyse(AyNB)) =A,0xs°A,NByoxsoB,
Hence
X5°AvnBu°XsnAvnBv°)(s°Avan
=seAyexs)N(AyexseAy)N(XseByexs)N(ByoxseB,) S A4,NB,.
Theorem 4.12 If A and B are PFRBQI of S then A n B is PFRBQI of S.
Proof. Let A and B are PFRBQI of Sand x,y € Sand a, € T.

(4, N B)(x +y) = min{A4,(x + y),B,(x + )}
> min {min{Au (%), A, ()}, min{B, (x), B, (y)}}
= min {min{Aﬂ (x), B,(x)}, min{4,(y), B, (y)}}
= min{(4, N B,)(x), (4, N B)()}

Xs© (4N B = sup {min{xs(@), 4, 0 B,(b)}}

x=aab

= sup {min {Xs (), min{Au (), By (b)}}}

x=aab

= sup {min {min{)(g(a),A#(b)},min{)(s(a),Bu(b)}}}

x=aab

= min{ sup {min{)(s(a),AH(b)}},xiligb {min{xs(@), Bﬂ(b)}}}

= min{)(s °oA,(x), xs° B#(x)}
= (xs° AH) N (Xs© y)(x)-

(A NB)oxso (A NB)®) = sup {minfA, nB,(a),xs° Ay 0 B, (bBO)}}

x=aabfc

= sup {min{(4, N B)(@), xs ° Ay N xs © Bu(bBO)}}

x=aabfc

sup {min {min{4,(2), Bu(0)}, min{(xs © 4,) (bBC), (xs ° H)(bﬁc)}}}

x=aabfc
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= min{AM o xg o A”(x),Bﬂ o xgo Bﬂ(x)}
Therefore
(AunB)oxse(AuNB) =A,0xse A, NB,oxsoB,
Hence
XsoAyNByexsNA,NB,oxseA,NB,
= s Auexs)N(Agexso A N(XseByoxs)N(ByoxseB,)24,NB,
Similarly we can prove for non membership
(4y N B))(x +y) = max{A,(x +¥),By(x + y)}
< max{max{4, (x), A, ()}, max{B, (x), B, »)}}
= max{max{4, (x), B,(x)}, max{A, (), B, »}}
= max{(4, N B,)(x), (4, N B,)(y)}

Xs° (AyNBY() = inf {max{ys(a) 4y 0 B, (b))}
= inf {max { xs(a), max{A,(b), B, (b)}}}
= Inf {max{max{)(s(a), A, (b)}, max{xs(a), B, (b)}}}

= max{ inf {max(xs(@), A, inf {max(xs(a), B, D)}

= max{ys ° A, (x), xs ° B, (x)}
= (Xs ° Ay) N (xs ° By) (x).
(A, NB,) e xs° (A, NB,)(x) = x:(il%;;c{max{AV N B,(a), xs° A, N Bv(bﬁc)}}

= inf {max{(Av NB,)(a),xs° A, Nxs°B, (b,[i‘c)}}

x=aabfc

= _inf {max{max{4, (@), B, (&)}, max{(xs o A,)(BBS), (xs ° B)(BB)}}]

x=aabfc
= max{Av °oxs°oAy(x),By e xse Bv(x)}
Therefore
(AyNB,)exseo(A,NB,) =A,0xs°A,NB,° xs0B,
Hence

XSoAvnByOXSnAvnBVOXSOAvnBy

=(soAyoxs)N(AyeoxsoAy,)N(xseByoxs)N(B,°xseB,) SA,NB,
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5 Conclusion

This paper deals with the concept of Pythagorean fuzzy bi-interior-ideal, Pythagorean fuzzy soft bi-
interior-ideal and Pythagorean fuzzy bi-quasi-ideals in I'-semirings. Some properties of these ideals
are studied. Additionally, we aim to extend this structure to various other algebraic structures and
look into its applications in real-life scenarios in future research endeavors.
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