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1. Introduction

A difference equation is an equation that contains sequence differences. There are various types of
difference equations namely ordinary, delay, advanced, neutral, quasilinear, half linear, etc. These
equations occur in numerous settings and forms, both in mathematics itself and its applications to
Biology, Computer Science, Digital Signal Processing, Economics, Statistics and other fields.

The fractional sum of a function f (or v order delta integration) is defined by
_ 1 _ ['(k-5)
(A W) () = 75 E6=d mu(s)' @)

where v > 0, f is defined for s = a mod (1) and A" f is defined for k = a + v mod(1). The basic
theory of difference equations is based on the difference operator A defined as Au(x) = u(k + 1) —
u(x), where {u(x)} is a sequence or a function of x of numbers. Many authors ([7],[9]) have suggested
the definition of generalized difference operator A, on real valued function u defined on R = (—o0, )
as

Au(k) =u(k + ) —u(x), k €R, £> 0. (2)

E. Thandapani, M.Maria Susai Manuel, G.B.A Xavier [8] considered the definition of A, as given in
(2) and developed the theory of difference equations in a different direction. If there exists a function

v such that A,v(x) = u(k), then we call this function v as A; ' v. Hence, for k € R = L,J<€ N(j),
<j

if A;v(x) = u(x),then v(k) = Azlu(rc) + ¢, 3)

where ¢; is constant for all k ineach N,(j) = {j,j + £, +2¢, ...}, j =k — [%]5.
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In 1989, Miller and Rose introduced the discrete analogue of the Riemann-Liouville fractional
derivative and proved some properties of the fractional difference operator. In 1984, Jerzy Popenda
[4] introduced a particular type of difference operator on u as A u(x) = u(x + 1) — au(x), In 2011,
M.Maria Susai Manuel, et.al, [5] extended the operator A, to generalized a —difference operator as

%})v(rc) = v(x + {) — av(k) for real valued function v. In 2014, the authors in [1] have applied the
a

g-difference operator defined by A,v(x) = v(qk) —v(x) and delta operator %) with variable
K 1
coefficients defined by %))v(zc) =v(k+ ) —kv(x), {#0 € R. Also the generalized difference
K

operator with n-shift values [ = (¢,,¢5, 5, ..., £,) # 0 on a real valued function v: R™ — R is defined
as

(%v(rc) =v(k +l, K+ by i + ) — V(K K, e, K- 4)

This operator (A{f) becomes generalized partial difference operator if some ¢; = 0. The equations

involving (A[) with atleast one ¢; = 0 is called generalized partial difference equation. for one shift value,

we take A, as A,. By defining the inverse A, ! many interesting results on sum of partial sums of

higher power of arithmetic and geometric functions and applications in numerical methods (see [8, 6,
2, 3,10, 11, 12, 13]) are obtained. The difference operator defined in (2) becomes the usual difference

operator A when ¢ = 1. We obtain several results on factorial function by applying A;".

The fractional sum of a function f (or v order delta integration) is defined by
- 1 _ I'(k—

(AW (1) = 5 DAY e u(s), (1)
where v > 0, f is defined for s = a mod(1) and A™Vf is defined for k = a + v mod(1). The basic
theory of difference equations is based on the difference operator A defined as Au(k) = u(k + 1) —
u(x), where {u(x)} is a sequence or a function of k of numbers. Many authors ([7],[9]) have suggested
the definition of generalized difference operator A, on real valued function u defined on R = (—o0, )
as

Au(k) =u(k +¢) —u(x), Kk €R, £> 0. (2)

E. Thandapani, M.Maria Susai Manuel, G.B.A Xavier [8] considered the definition of A, as given in
(2) and developed the theory of difference equations in a different direction. If there exists a function
v such that A,v(x) = u(k), then we call this function v as A; ' v. Hence, for k € R = u<£ N(j),

<j

if Aw(i) = u(k), then v(x) = A;'u(k) + c;, 3)
where ¢; is constant for all k ineach N,(j) = {j,j+ 6,7 +2¢, ...}, j =k — [%]5.

In 1989, Miller and Rose introduced the discrete analogue of the Riemann-Liouville fractional
derivative and proved some properties of the fractional difference operator. In 1984, Jerzy Popenda
[4] introduced a particular type of difference operator on u as A u(x) = u(x + 1) — au(x), In 2011,
M.Maria Susai Manuel, et.al, [5] extended the operator A, to generalized a — difference operator as
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%})v(rc) = v(x + {) — av(k) for real valued function v. In 2014, the authors in [1] have applied the
a

g-difference operator defined by A,v(x) = v(qk) —v(x) and delta operator %) with variable
K
coefficients defined by (Af)v(zc) =v(k+{)—kv(k),l#0€R.
K
Also the generalized difference operator with n-shift values | = (¢, (5, ¢5,...,¢,) # 0 onareal valued
function v: R™ — R is defined as

(%U(K') =v(K, + {1,k + oy K + 0) — V(K K, e, K- 4

This operator (A{f) becomes generalized partial difference operator if some ¢; = 0. The equations
involving (Ag) with atleast one ¢; = 0 is called generalized partial difference equation. for one shift value,

we take A, as A,. By defining the inverse A, ! many interesting results on sum of partial sums of

higher power of arithmetic and geometric functions and applications in numerical methods (see [8, 6,
2,3,10, 11, 12, 13]) are obtained. The difference operator defined in (2) becomes the usual difference

operator A when £ = 1. We obtain several results on factorial function by applying A; .
2. The € - Extorial function and its Properties

The ¢-Extorial function is arrived by replacing the polynomial x™ by polynomial factorial function
Kén) in the exponential function e*. The formal definition of extorial function is given below.

Definition 2.1. The ¢-extorial function denoted as e(;cgn)) is defined as

m em G

K K p
(/) = 1+ -+t 2t o, (5)

where [£| < 1 and n,k € R.

Definition 2.2. For £ € (—1,1) and k € R, the n*" order ¢-extorial function denoted as e, (k,) is defined
as

m em Gn

K K
en(k) =1+ #+ —én)! + én)! + -+ 0. (6)

From the definition of extorial function, we obtain following lemma.

Lemma 2.3. For any real xk and £,n € N, we have

(n) (2n) (3n)

(i) e,(—K;) = e (k_y) ifniseven & 1 — &) + G R 0 + - ifnis odd
n {4 n\ft—¢ n! en)!  (3n)!

and
. o W™ w0 0l o
(i) en(—r_p) = en(kp) ifniseven & 1 — n‘! + 22! — 321 +---ifnis odd
Lemma 2.4. Let k € R and n, ¢ € N. Then, we have
K(mn—l)
Aen(kp) =Yy ——, nm # 1.

m=1 gnp—1)’
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Proof. We shall prove this by induction method
@ @O

er(i) = 1+ -+t o0
@ @) ©) OO )
Acer(kp) = A +AK +AK€ + +oo—£K€ +K" +K5 + ..
fzf_fz' VTR S N TR TR

K ng)

93(Kf)—1+ + = o +—+ 4w
_ Kﬁ” RN L@k kW
Aves(kp) = Ay 3 + A, A + A, o Tt = ¢ 2' R TR

In general, we find forn > 1

Kgn 1) KéZn 1) §3n 1) Kgmn 1)
Acen (i) = (n 1)!+(2n 1)'+(3n 1)'+ ] {¥m= I mn-1)!

Lemma 2.5. For any positive integer m, we have A7 e, (k,) = €™ e (k).
D e @
Proof. Agel(Kg) =0+ Ag— + Ag o + Ag e = 581 (Kg).

K k@ (6) 2e,(1) | 4l (3) | 66ip(5)
Agez(Kf) =0+ Ag + AgT + Ag ol e = 2[! 4[! 6[!

+ -

2000 | HGg 2y | 86 4)) )
Ajey(ip) == " m = e (k)

which yields A} e, (k,) = (" e (ic)).

Lemma 2.6. For positive m and real k, we have Ag‘"‘)em(;cg) = e”;,(,'f f), € N.

Proof. From the lemma 5, we find A7 e, (k,) = (" e, (kp).

Taking A;™ on both sides, we get A; ™ (A} e (k) = A7 (M e (i))),

which gives AL e, (1) = em("‘).

Definition 2.7. For |£| < I,and n € N, e(_p) (k) is defined as

L 1 Lo
e-mi) =1+ nl ™ o e T oo e F oo, (7)

Lemma 2.8. For £ € (—1,1) and positive k, we have

1 1 1 1 1 1
Afe(—n)(Kf) = _5[(71—1)! (K+f)5n+1) + n—1)! (K+f)§2n+1) + Gn-D)! (K+€)§3"+1) + -]

Proof. Putting n = 1 in (7), we get
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1 1 1

1
ecy() =1+ ——=+=—=+=
b e® 7210 730

1 1 1 1 1
(D+Mm(D+My + o0

+ -+ OOAge(_l)(Kg)

1
:1+Ag1' (3)

L I S SRS N B
k+0P Vw+0P 2w+o® |

Putting n = 2 in (7), we get
) 1+1 1 +1 1 +1 1
e—n(Ke) = — — -
=2 2@ 741 ® 761, ©

1 I 1 I 1

® Ao @ ® tAG® © et

+ -+ CDAge(_z) (Kg)

1
_1+Af2'

- _p 1 1 N 1 1 4 1 1 4
Hae+0® 3@+0P S+l '
Putting n = 3 in (7), we get

(%) RN ST
e—n(Kp) = = — —
(-3) EPORNSNORETING

+ -+ ooAge(_3) (K'[)

1 I 1 1

1
=1+Af’3| (3)+Af’6l (6)+A"9| ot

(9)

I R N S +1 L
2a+0® S+l 8+l '

In general,

1 1 1 1 1 1
Aceeom () = UG5 ™ ¥ G @ ¥ Gaont e Tk

3. Current Flows in RL Circuit

Consider a RL circuit by using the Kirchhoff’s circuit rule. The differential equation connecting
voltage V, resistance R, current | and induction L in series is given by first order linear difference
equation

dal (K)

V=RI(x)+L 8)

The discrete analogue of (8) is assumed by replacing dI (k) = Al(k), where Al(k) = I(k + 1) — I (k)
and dk = 11in (8).

The corresponding difference equation for the current flows in RL series circuit in the discrete case
takes the form, at time x

v(k) = RI(k) + LAI(k). 9)
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Due to the resistance of conductor, heat temperature may be raised in the RL circuit. In that case, we
need to modify the difference equation (9). In that case the difference equation (9) becomes fractional
difference equation as

V =RI(k) + LA"I(k), (0 <v < ). (10)

Which can be expressed as

V(kK)—RI(Kk) _

- = A"I(k)
The corresponding discrete integral equations

A"V (V(K)—LRI(K)) = I(x)

By applying y % order delta sum given by (1),

1
LT (v)

55 tmeey (V(s) = RI()) = 1(x), (11)

The corresponding fractional difference equation for de-energizing in RL circuit is obtained by putting
v(k) = 0. In this case, we get

0 = RI(k) + LAY I(k). (12)
Which is the same as

A1) = -2,
100 = A7 (- 222) = = ZA™1 (i)

By applying fractional order delta integration (1), we obtain

_ R K=V I'(k—s)
100) = LI (v) ~45=0 F(K—s—(v—l))l (5), (13)

The solution (11) and (13) are summation forms. Through our research, we identifies that these
fractional difference equations have exact type solutions, when the initial time a is taken as zero. We
obtain exact solution for the equations (9) and (10) using our newly defined extorial functions.

4. Extorial Type Solution of RL Circuit

In this section, we find solution of equation (9) after arriving at some basic results of extorial functions.
This extorial function is easily obtained by replacing polynomial k™ into factorial polynomial in the
expansion of exponential function e’. This function is useful to arrive at solutions for fractional
difference equation.

Consider the extorial function e; ((mi) ) is defined by

mio® @ mio®

) (mx) 0
e (M) =1+ 1!m + m;m + . t+oo=)7, e (14)

where (m;c);? = (mk)(mk —m) --- (mk — (r — 1)m) for positive integer r, is a falling polynomial
factorial. In general, for real index v, we have
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v) " (mrc) (mrv

ey (M) () —1+<"”‘>m +8m oo =g, (15)

where (m)2" = (m)™ F(Ir((f;rlzv) and T'(.) is the gamma function.

Lemma 4.1. If ) ((mk) ) is an extorial function, then we have
Ae (MK (my) = (M)e; ((MK) m))- (16)
Proof. Applying A on the extorial function e; ((mk) ), we arrive at

(mOs | (mi)$
Aei((M)emy) = A) + A== +A——+ -+ ©

1 M
(m(e+ 1)y +(mx)m +l [(m(K + 1))P - )P + -+ o

1!

=0+
(m) [(mrc + m)(mk) — (mk)(mk —m)] + -+ ©

=m+ (mlc)(l) (mx)ﬁ,? + -+

@)
m[l + ("”‘)m +80m 4t oo)

AeMOm = (m)el((mk)m))-
Lemma 4.2. The extorial function u(x) = e; ((mk) ) is a solution of equation

(AA? + BA + O)u(x) =0, (17)

if m is a root of the auxiliary equation Am?> + Bm + C = 0.
Proof. If we try u(x) = e, ((mk) ) as a solution of equation(17), then it should satisfy the equation

AAzel((mK)(m)) + BAe; ((mK)mm)) + Ce (M) (my) = 0. (18)
By linear property of A and the expansion of e, ((mk) ), we arrive at
2
Ay ((m)my) = 0+ (m) (m'ﬁ(’”) o i p o
ie, Ace; ((MK) () = m[l + (mkl)!g") (m’;)g')l) +...] = me; ((MK) (my),
which yields
AZey (M) amy) = (M)Age; (M) my) = (m)*e; (M) (m))-
Applying the values of Ae; ((mk) ) and A?el((m;c)(m)) in (18), we obtain
(Am? + Bm + C)e; (M) ¢my) = 0,
Since e, ((mx),,) # 0, we get
Am*> +Bm +C = 0. (19)
264
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Hence u(x) = e; ((mk)n)) is a solution of (17) when m is a root of (18).

Remark 4.3. The above lemma can be extended to higher order linear difference equation with
constant coefficients.

Theorem 4.4. Let I, be initial value of I(x) and v = 1. The de-energizing difference equation (12) for
v = 1 has a solution of the form

-R
1(k) = lye, <(T rc) R > (20)
)
where e, denotes the extorial function.

Proof. Consider the first order difference equation LAI(x) + RI(x) = 0 which is obtained from (12)
by taking v = 1 and its Auxillary equation ML+R=0. The auxiliary equation mL + R = 0 has an

unique solution m = _L—R, L # 0. Applying Lemma 4 for first order difference equation by taking A =

0,1(t) = Ioel((_L—R ;c)(i)), which is a solution of the equation (12) for v = 1.
L

Theorem 4.5. For v = 1, the energizing difference equation (10) has a solution

-V —R
I(K) - L(eS—1)+R T 1061 <( L K)(%))' (21)

where s is a constant.

Proof. Let I(k) = %es" be a solution of equation (10) for v = 1, where c is to be determined. Since s

is a constant, we get Aes = eS*tD) — oSk = (5 — 1)e5* and
AL(K) = ZAes = e (e — 1),
Substituting v = 1, I(k) and Al (k) in (10), we arrive

I()R + LAI(k) = R=e* + L[Z e (e* — 1)],

which yields
v
C

[R + LA]l ==[L(e® — 1+ R)]e" .
Hence, taking ¢ = L(e® — 1 + R), we find a particular solution of equation (10) whenv =1, as
_ 14
I(k) = ETS) ek, (22)
Now (21) follows by adding (20) and (22) the proof is complete.

Corollary 4.6. If [, = _TY’ then the extorial solution of difference equation (9) of the RL circuit is

100 = 5o () o )

Proof. The proof follows by taking s = 0 in (21).
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Finding the solutions of integer order difference equation is comparatively easier than the fractional
order difference equation.
5. Extorial Energizing for RL Circuit

In this section, we derive at the solution of RL circuit model with extorial energizing. Here, we deal
with fractional order difference equation also.

Theorem 5.1. The flow of current in the RL circuit creates chaos due to increase of temperature of
heat. In this case, the difference equation of RL circuit becomes

Ve ((sk)s) = RI(k) + LA"I(k), (0 <v < ). (23)

Equation (23) is v*" order fractional difference equation. When there is no choas in RL circuit, the
parameter v takes integer value.

Theorem 5.2. For v = 1, the difference equation (23) has a extorial solution

_ Vei((sk)so) —R
106) = 72020 1 ey (5 x)(%) (24)

Proof. Let I(k) = %el((s;c)s) be a solution of equation (23) (v = 1), where c is to be determined.
Since s is a constant, from (24), we get Ae, ((sk)s) = e;((s(k + 1))(s5)) — e1((sK)s). This gives

AL (1) == Ae; ((sK)5) = =1 ((sK)(5)) (1 (D)) — 1.
Substituting I (k) and Al (k) in the above equation, we arrive

IGOR + LAI(K) = R% e, ((sK)5) + L[> e (e, (1)) — D],

which yields [R + LAJI = = [L(ey (£)) — 1 + R)]e; ((sK)y).

%4

Hence taking ¢ = L(e;(1¢5)) — 1 + R), we find I(x) = TP ISTT)
1U(s))™

es* is a particular solution of
equation when v = 1 and (24) follows.
Theorem 5.3. For For 0 < v < I, the energizing fractional difference equation

Ve ((sk) () = IR + A¥I(x), (25)
has an extorial solution of the form

Ve ((sK)(s)) —R %
L(ei(f(s))—DV+R + loe: (( L ) K(—TR)%)' (26)

Proof. We try I(x) = Vce,((sk)(s)) as a solution of equation (25), where c is to be determined.
Al () = V(e (1) — Der((s6) ), A1) = Ve(e, (1) — D2e1((sK6) )

A1) = Ve(ey(1s)) — 1)Ve1((sK)(s)) is obtained from AI(x) = I(k + 1) — I ().
Substituting I and A”I in (25), we find
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L
[()R + ZAVI(K) = RVce,((sK)(5) + L[Ve(e1(1¢s)) — 1)e1((sK)s))]

= Ve[Z(e1(1¢s) = 1Y + Rle; ((s6)5)-

14

Hence I (k) = —L(el(l(s))—l)V+R

e1((sx)(s)) is a particular solution of (26).

Thus extorial function is used to obtain the solution to RL-circuit difference equation. Also we have
obtained solution of RL circuit of chaos situation represented by fractional order difference equation.
6. Fractional Difference Heat Equation Model

In this section, we apply the alpha and Fibonacci difference operators and obtain new model of heat
equations. The solution of these equations are expressed in terms of extorial functions. The materials
up to three dimensions i.e., rod, thin plate and medium are taken for study and the transfer of heat is
examined. The two operators (alpha and Fibonacci) are used for the study of transfer of heat and are
defined accordingly.

Leta #0,l=(1,1,1,...,1), k = (K, K, , Kp,) € R™ and v(k) be a real valued n-variable function
defined on R™. The n-variable a-difference operator, denoted as A,, on v(k) is defined by

Av(k) =v(k + Lo+ 1,..., Kk, + 1) — av(ky, K, ..., Kp)- (27)
a
This operator becomes partial a-difference operator if we replace by x; + 1 in centain component i.

Thus the above definition of the alpha and Fibonacci difference operators and its equations are
employed in the forthcoming sections and solutions are derived for heat equations.

Also we present solutions of partial fractional alpha difference equation with polynomial factorial and
extorial functions. We also apply these type of solutions to heat flows. In the following lemma, some
identities related to alpha difference operator on extorial function are given.

Lemma 6.1. Let k™ # 0, n € N. Then we have the following identities with extorial function:
(i). Ager (k) = e, (1)[1 + 1 = a],
(ii). Age—1y (1) = ey () [e—1y — a] P,
@i). Age1 (k) = e; ((—e))[1 + 1 —a], k > 0.
Proof. (i). By (27), and applying A, on e;(k), we arrive
Age (k) = e ((k + 1)) — ae (k) = e;(k).e; — ae (k) = e;(x)[e (1) — a]
= e (Kk)[1 +%+%+ —al=e(k)[1+1—a].
(ii). By (27), and applying A, on e(x(=1), we arrive
Agey(k) = ey((k + 1)) — ae (k) = e—py(k). ey — ae (k).
= e (K)[ery — a]D.

(iii). follows from (ii) by replacing k as —k.
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Theorem 6.2. If v(k;, k) = e;((k1)). e;((x,)) then we have the identities:
(DAqv(Ky, k) = e ((k1))-e1((k2))[er (1) — a],
((D)Aqv(Ky, k) = e ((k2))- €1 (k1)) e ((1)) — a].
Proof. ()Aqv(x1, k) = e ((k1))[Ager (k2))]
= e;((x))[e1((ky + 1)) — ae; ((r2))]
= e;((x1))ei((k2))[e1 (1) — a].
In the similar way, the proof of (ii) follows.

Assume that v(k, k,) be the temperature of a rod at position x; at time k,, ¢, and ¢, be shift values of
k; and k, respectively and y be the rate of conductivity of rod. When considering impact of external
climate change on the rod, the partial « - difference equation of heat flow in the rod becomes fractional
a- difference equation

Aavv(KpKz) = V[Aavv(’ﬁ:"z) + Aavv(rcl, K2)]. (28)
Theorem 6.3. If y = [e; (1) — a/e; (£(1)) — a], then the function v(k;, k,) = e;((k;)).e;((k3y)) is
the exact solution of the a- difference equation (28).
Proof. By applying the Theorem 6, we get the proof.
Corollary 6.4. The fractional partial a-difference heat equation (28) has a solution of the form
vk, i) = e (k). e1((12) if y = [(e1 (1) — a)¥/ (e (£(1)) — a@)"].

Assume that v(k, k,, k3) be the temperature of a thin plate at position (k;, k,) at time k5. Let (1,1,1)
be the shift values of (k;,k,) and k3 and y be the rate of conductivity of thin plate. The fractional
partial a-difference heat equation of thin plate is given by

A'v(Kk|, Ky K3) =Y {AV‘U(KI, Ky, K3) + A v (K, Ko, K3)}. (29)
a a a

Corollary 6.5. If y =[1+1—a)"/(e;(£(1);) — a)"], then the functionv(x) = [T;_, 91("1‘(1.)) is
an exact solution of the fractional partial heat equation (29).

Assume that v(k, k,, k3, K4, K5) be the temperature of a medium at position (k;, k,, k) at time k, and
at density xs. Let (1,1,1,1,1) be the shift values of (i, x5, k3), ks and ks and y be the rate of
conductivity of medium. The fractional partial a-difference equation of heat flow in medium is

A'v (K|, Ky, K3, Ky, Ks) = y{ A v(k,, Ky, K3, Ky, K5)}. (30)
a a(£l)

Corollary 66. If y=[1+1—-a)'+e(1+1—-a)’/(e;(£(1);) —a)’], then wv(k)=
[T, el (x; a _)) is a closed form solution of the fractional partial a-difference equation (30).
7. Conclusion

In conclusion, the resistor and inductor, as fundamental linear and passive circuit elements, form the
basis of RL circuits, which can be configured in series or parallel. The mathematical analysis of RL
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circuits involves differential equations, with solutions often expressed in terms of extorial functions.
By developing the theory of extorial functions, we successfully applied it to derive solutions for RL
circuits and extended its utility to solving problems in wave motion, demonstrating its versatility and
practical significance.
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