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1. Introduction

In 2011, Azam et al. [1] introduced the notion of complex valued metric spaces and proved a common
fixed point theorem for a pair of contractive type maps involving rational expressions which is a
generalization of the classification Banach fixed point theorem. In 2013, Rao et al. [7] introduced the
concept of complex valued b-metric space.

Subsequently, many authors have studied the existence and uniqueness of common fixed point of self-
mappings in view of contractive conditions. Some of these observations are described in [1,4-6,8,9].

In 2019, N. Ullah et al. [11] extended the concept of complex valued b-metric space to complex valued
extended b-metric space.

The main purpose of this paper is to present a common fixed point result for two self maps satisfying
a rational inequality in complex valued extended b-metric space.

2. Preliminaries
Let C be the set of complex number and z,, z, € C. Define a partial order < on C as follows:

Z]$Z2

iff Re(z;) < Re(z,), Im(z)) < Im(z,) (2.2)

Thus z; < z, if one of the following holds:

(DRe(z;) = Re(z,) and Im(z;) = Im(z,),
(i)Re(z;) < Re(z,) and Im(z;) = Im(z,),
(iii)Re(z;) = Re(z,) and Im(z;) < Im(z,),
(iv)Re(z;) < Re(z,) and Im(z;) < Im(z,).
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We will write if z; < z, if z; # z, and one of (ii), (iii) and (iv) is satisfied: Also we will write z; < z,
if only (iv) is satisfied.
We can easily check that the following statements are held:

()Ifa,b e Rand a < bthen az < bz forall z € C;
(||)|f0 =< Z) < Zy, then |Z1| < |Z2|;
(ii)if z; < z, and z, < z3, then z; < z3.

Definition 2.1 ([1]). Let X be a nonempty set. A function d: X x X — C is called a complex valued
metric on X if for all x,y,z € X the following conditions are satisfied:

(D0 < d(x,y) and d(x,y) = 0 if and only for x = y;
(iNd(x,y) = d(y,x);
(iid(x,y) S d(x,z) + d(z,y).

The pair (X, d) is called a complex valued metric space.
Example 2.1 ([5]). Let X = C Define the mapping d: X X X — C by
d(Zl,Zz) = ilZl - Zzl with Z1 = X + iy1,22 =Xy + ly2 (22)

(X, d) is complex valued metric space.

Example 2.2 ([8]). Let X = C. Define the mapping d: X x X — C by
d(x,y) = c*|x — y|, wherek €R, Vx,y € X (2.3)
Then (X, d) is complex valued metric space.

Definition 2.2 ([7]). Let X be a non-empty set and let s > 1 be a given real number. A function
d: X x X - Cis called a complex valued b-metric on X it for all x,y, z € X the following conditions
are satisfied:

()0 = d(x,y)and d(x,y) = 0ifand only if x = y;
(iNd(x,y) = d(y,x);
(iid(x,y) = s[d(x,2z) + d(z, y)].

The pair (X, d) is called a complex valued b-metric space.

Example 2.3 ([7]). Let X = [0,1]. Define mapping d: X x X — C by
dx,y) =[x —y|?+ilx—y|? vx,y €X (2.4)
Then (X, d) is complex valued b-metric space with s = 2.
Definition 2.3 ([7]). Let (X, d) be a complex valued b-metric space. Consider the following
(1) A point x € X is called interior point of a set A € X whenever there exists 0 < s € C such that

B(x,r) ={y € X:d(x,y) < s} € A.
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(i) A point x € X is called a limit point of a set A whenever, forevery 0 <r € C, B(x,r) N A —
{x} # 0.

(ili)  Asubset A < X is called open whenever each element of A is an interior point of A.
(iv)  Asubbasis for a Hausdorff topology = on X is a family
F={B(x,r):x € Xand 0 < r}.

Definition 2.4 ([11]). Let X be a non-empty set and ¢: X X X — [1,]. If a mapping d: X x X - C
satisfy:
()0 = d(x,y)and d(x,y) = 0ifand only if x = y;

(i)d(x,y) = d(y, x);

(iii)d(x,y) 3 ¢p(x, y)[d(x,2) + d(z,y)];
forall x,y,z € X then (X, d) is called a complex valued extended b-metric space.
Example 2.4 ([11]). Let X = [0,0) and ¢: X X X — [1,) be a function defined by ¢(x,y) =1+
x+yandd:X XX - Chy

0 ifx=y

i ifx#y (2.5)

a(y) = |

Then (X, d) is a complex valued extended b-metric space.
Theorem 2.1 ([1]). Let (X, d) be a complete complex valued metric space and A, u be nonnegative
real numbers such that A + u < 1. Suppose that S, T: X — X are mapping satisfying:

d(Sx, Ty) S Ad(x,y) + % (2.6)

forall x,y € X. Then S, T have a unique Common fired point in X.

Theorem 2.2 ([9]). Let (X, d) be a complete complex valued b-metric space with the coefficient s > 1
and f, g: X — X be mapping satisfying:

< wd(x,fx)d(y.gy) |, §-dy,fx)d(x,gy)
d(fx' gy) ~ Ad(x' Y) + 1+d(x,y) + 1+d(x,y) (2'7)

where 4, i, § nonnegative real numbers with sA + u 4+ & < 1. Then f, g have a unique common fixed
pointin X.
3. Main Result

Theorem 3.1. Let (X, d) be acomplete CVEbMS with ¢p: X X X — [1,) and f, g: X — X be two self-
maps satisfying
d(x, fx)-d(y,gy) , . d(,fx)-d(x,gy)

1+d(x,y) 1+d(x,y)

d(x,fx)-d(x,gy) d(y,fx)-d(y,gy)
' 1+d(x,y) tE- 1+d(x,y) (3'1)

d(fx,gy) S A-d(x,y)+B-

+D

https://internationalpubls.com 434



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 4s (2025)

where A, B, C, D, E nonnegative real numbers, with A+ B + C + 2D + 2E < 1. Then f and g have a
unique common fixed point in X.

Proof. For any arbitrary point, x, € X. Define a sequence {x,,} in X such that

Xon+1 = [Xon Xon42 = GXon41, forn=0,1,23, ... (3.2)
Now, we show that the sequence {x,} is a Cauchy sequence.
Let x = x5, and y = x,,41 In (3.1), we have

d(fxon, 9Xon+1) =  d(Xons1, Xon+2)
d(Xon, fXon) + d(one1) GXon+1)

1+ d (o, X2041)
d(on+1, fXon) - d(Xon, G¥on+1)

1+ d(xon, Xon41)

. d(Xon, fX2n) + A(Xony GXom41)

1+ d(x2p, X2n41)
) d(ne1, fXon) - d(Xons1, 9Xon+1)

1+ d (o, X2041)

s A d(x2n: x2n+1) +B-

+C

+D

+E

d(Xon, Xon41) * A(Xons1, Xons2)
1+ d (o, Xon41)
) d(Xons1) Xons1) * AOns Xon42)
1+ d (o, Xon41)
d(%on, Xon41) - d(Xon, Xons2)
1+ d(x20, X2n41)
A(on+1, Xon41) - d(Xop41, Xon4)
1+ d(x20, Xon41)
d(Xon, Xon+1) * d(Xon41) Xon42)
1+ d(x20, X2n41)
) d(Xon, Xon41) * A(X2n, Xon42)
1+ d(xom, X2n41)

d(Xon+1, Xon+2) S A-d(Xop, Xon41) + B -

+C

+D

+E

= d(on+1, Xom42) 3 A-d(opn, Xop41) + B -

+D

(3.3)

which implies that

|d (on, Xons+ D+ 1d (41, Xon+2)|
d , < A-|d , + B -
| (x2n+1 x2n+2)| | (x2n x2n+1)| |1 + d(x2n, x2n+])|

_ |d (%o, X+ D1 - 1d (X0, Xon42)|
|1 + d(xzn,x2n+l)|

+D

(3.9)

Since

|1+ d(xon, Xone )| > [d(n, Xon41)|
We get
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|d (Xons1, Xon+2)| < A - 1d(op, Xone 1) | + B - |dOng1s Xone2) | + D - |d(Xop, Xon4 1)
+D. |dyns1, Xon42|

|d (o, X2n42) | < [d(on, Xont 1)1+ d(Xong1, Xon42)

= (1 =B — D) [d(xon4+1, Xon42)| < (A + D) - [d(x2p, Xon4 1)

A+D

= |d(Xont1, Xon42)| < %= 1d(Xon, X2n41)|. (3.5)
1-B-D

Similarly, we get

A+D

—B-D |d(2n 41 Xan42) |- (3.6)

|d(x2n+2' x2n+3) | <

d(Xon42 Xon43) = d(Xon43, Xon+2)
= d(fxn+2 9%ons1)
d(Xon42, fXoms2) - Ad(Xons1, GXons1)
1+ d (X242 Xon+1)
. d(ne1s fXon42) - d(Xons2r GXoms1)
1+ d(xon42, X2n41)
D - d(Xon42, fXon+2) - d(Xons2, GXoms1)
1+ d(xon42, X2n41)
] d(ne1s fXon+2) - d(Xons1, GXons1)
1+ d(xon42 Xon41)
= d(Xons2 Xone3) = A(fXon42, 9Xon41)

S A-d(ons2 Xone1) + B -

+C

+E

d(Xon4+2 Xon+3) + A(ans1s Xon42)
1+ d(xon42, Xon+1)
A00n+1, Xon43) - A(Xon42) Xon42)
1+ d(xon42, Xon+1)
A(0n42, Xon43) - A(Xon42) Xon42)
1+ d(xon42, Xon+1)
) d(ns1s Xon43) + A(Xopt1, Xone2)
1+ d(xXon42) Xon+1) '

S A-d(xn42 Xons1) + B

+C

+D

+E

(3.7)

which implies that

|d(Xan+2, Xon+3)| - [d (o1, Xon42)|
d-(x , X < A-|ld(x , X +B-

) |d (X241, Xon+3) |+ 1A (Xons1, Xon42) |

e 11+ d(x2n42, Xon+1)] (5.8)
Since
11+ d(xont1, Xons2) | > 1dGons1, Xons2) |-
So, we get
|d (eans2s Xon3)| < A - [d(Xons1, Xons2) | + B - [d(xong2, Xon43)
436
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+E - |d(Xon+1, Xon+2)| + E - [d(Xon 42, Xon43) |
= (=B =-E)|d. (xpn+2%om+3)| < A+ [dXons1, Xone2) | + E - |d (X410, Xon42)]

A+ E
= |d. (xn+2s x2n+3)| < ———— - [d(xnt1, Xons2) |
1-B-—E
Putting
1= { A+D A+ E }
M B _-D'1-B-E

we obtain that
|d (., xie41)| < A¥|d (0, x1)|, for some k € N (3.9)
Now, for m > n and by triangular inequality, we have

d(xnr xm) 3 ¢(xn' xm) [d (xnf xn+1) + d(xn+1' xm)]
3 (e, x) A" A (x0, 1) + O, X)) A (Xyg 1, Xom)
3 ¢(xn' xm)/lnd(xOf xl) + d)(xnf xm)d)(xnﬂf xm)
’ [d(xn+1:xn+2) + d(xn+2:xm)]
3 P, x) A" A (X0, 1) + POy X)) P (X1, Xim)
A d[(xg, 1) + (K, X0 ) (g1, X)) =AM - d (g, X))

This implies that

d(xnr xm) S ¢(xn:xm)lnd(x0:xl) + ¢(xnfxm)¢(xn+lfxm)/1n+l ' d(xo,xﬂ +
+¢(xn' xm)¢(xn+1fxm) qb(xm—l'xm)/lm_l ’ d(xo'xl) (3-10)

which implies that

|d(xn' xm)l < |d(X0,X1)|[¢(Xn, xm)ln + ¢(xn' xm)¢(xn+l' xm)/ln-H + -
+¢(xn: xm)¢(xn+1:xm) ---¢(xm—lrxm)/1m_l]-

Since limit ¢ (x,,, x,,)A < 1,n,m — oo, S0 the series
Z A ¢ (x;, xp,) converges by ratio test for each m € N

Let
x =Yoo AT o (x xm), % = 1j1=1 M o(xi, xm), (3.11)
Thus for m > n, the above inequality can be written as
|d G, x)| < 1d (o, x| - X1 — X
Now, by taking the limit as n, m — o« we get
|d(x,, )| @ 0asn,m — o

Thus {x,,} is a Cauchy sequence in X. But X is a complete metric space, so this Cauchy sequence
convergent and say converges to x.
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e, lim,_,x, = x.
Now, we prove that fx = x i.e., d(x, fx) = 0.
On the contrary, suppose that

0<v=d(x fx)=d(fx, x),
0<v=3d(fx,x)

S ¢(fx, 0[d(fx, X2n42) + d(X2n42,X)]

S d(fx,x) - [Ad(fx, gxons1) + d(X2n 42, X)]

ie.,
d(x, fx)-d(x ,gx )
0<v=So(fx,x) |A-d(x,x3ps1) +B- T d(xzargl 3 ant]
) n+
iC. d(xons1, fx) - d(x, gXon41) 4D. d(x, fx) - d(Xon+1, 9Xon+1)
1+ d(x, %n41) 1+ d(x, x2n41)
d(Xan+1, f%) - d(Xons1, 9Xon+1)
+E - +d ,
1 + d(x,xzn+1) (x2n+2 x)
i.e.

d(x, fx) - d(Xopt1, Xon42)
1+ d(x, x2n41)
) d(ne1, fX) - d(x, X2n42) ) d(x, fx) - dCoptr, Xon+2)
1+ d(x, x2041) 1+ d(x, Xon41)
) d(ne1, fX) - d(Xopt1, Xone2)
1 +d(x, xon41)

0<v=o(fx,x) |A-d(x,x0p41)+B-

+C

+E

+ d(x2p42,%) |-

Now, taking the Ilimit as n—->o we get 0<wv <0, which implies that v =0.
ie.d(fx,x) =0 = fx =x.

Similarly, we can prove that gx = x.

Now, we can show that f and g have unique common fixed point.

On the contrary, suppose that x and y be two common fixed point of f and g.

Now,

d(x, fx) - d(y, d(y, fx) - d(x,
d(x,y) = d(fx,gy) 3 A-d(x,y)+B" (xlf:)d(x(;)gy)+c- (ylf:)d(x(;)gy)
dlx, fx)-d(y,gy) . d@y,fx)-d(y,gy)

1+d(x,y) 1 +d(x,y)

+D
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ie.

d(x,x)-d(y, d(y,x) - d(x,
d(x,y) = d(fx,gy) 3 A-d(xy) +B- (ff)d@c(i)y) , <ly:_c)d(x(;c)y>

A@x) - dy) o d00x) - d0y)
1+d(x,y) 1 +d(x,y)

which implies that

l[d(x,y)| = |d(fx, gy)l e o) o)
X, X) - y ,y X) X,
R R e S S
dxx) -d@y,y)l o 1d(y,x) - d(y, )|
11+ d(x,y) 1+ d(x,y)l
Since
11+ d(x, )| > |d(x, y)|
ie.
d(x,
SO we get
|d(x, )| = 1d(fx, gy)| <A.ld(x,y)| +B.0+ C.|d(x,y)| + D.0+ E.O
i.e.
|dCe, )| = 1d(fx, gy)| <A-|d(x,y)| + C.1d(x, y)|
l.e.

(1-A-0C)|d(x,y)| <0, acontradiction since A+ B+ C +2D +2E < 1
= A+C<I1
So, x =y, which proves the uniqueness of common fixed point of f and g in X.
Corollary 3.1. Let (X, d) be a complete CVEbMS with ¢p: X X X — [1,00) and f: X — X be self-map
satisfying

d(x, fx) - dy, fy) Ay, fx)-dQ,fy)
d(fx,fy) s A-d(x,y)+B- T+ d0cy) +C- T+ d0cy)

A6 fx) - dCfy) o 400 fx) - d(y. fy)
1+d(x,y) 1+d(x,}’)

where A, B, C, D, E nonnegative real numbers, with A+ B + C + 2D + 2E < 1. Then f has a unique
fires point in X.

+D

Proof. Taking g = f in Theorem 3.1.
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Corollary 3.2. Let (X,d) be a complete CVEbMS with ¢p: X X X — [1,0) and f, g: X = X be self-
maps satisfying

d(x,fx) d(y'gy) +C d(y,fx) ' d(x'gy)
1+ d(x,y) 1+ d(xry)

where A4, B, C nonnegative real numbers, with A + B + C < 1. Then f and g have a uniqgue common
fixed pointin X.

Proof. Taking D = E = 0 in Theorem 3.1.

d(fx,gy) S A-d(x,y)+B -

Remark 3.1. (i) Theorem 3.1 generalized Theorem 15 of [6] after substituting C =D = E = 0 and
px,y) =s=>1,

(ii) Theorem 3.1 generalized Theorem 10 of [9] after substituting D = E = 0 and ¢p(x,y) =s > 1.
(iii) Theorem 3.1 generalized Theorem 1 of [4] after substituting D = E = 0 and ¢(x,y) = 1.

(iv) Theorem 3.1 generalized Theorem 4 of [1] after substituting C =D = E =0 and ¢(x,y) = 1.
(v) Theorem 3.1 generalized Theorem 2 of [10] after substituting B =C =D =FE =0and C = R.
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