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to all the incoming customers. If the server is busy upon arrival, customers may choose
to leave (balk) or wait in the retrial group for the server to become available. Customers
who retry either rejoin the service if the server is free or abandon the system if their
retrial attempts fail (renege). The server may randomly breakdown during any phases of
service and the repair starts immediately. After completion of repair, the server continues
to serve the interrupted customer in the system. After completing each phase of service,
the customer may either opt for optional service, or join the retrial group as a feedback
customer, or leave the system. Upon completion of the first essential phase or second
optional phase, if the server is idle, it searches for customers if available in the retrial
group with a certain probability. After completing the third optional phase, the server
goes on a Bernoulli vacation with certain probability. The retrial, service, repair and
vacation times are arbitrarily distributed. By using the supplementary variable technique,
various system state measures and reliability measures are derived. The effects of various
parameters on these system measures are analyzed through numerical examples.
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1. Introduction

In the past few decades, queueing models with retrials have significant contributions in the fields of
computer networks and communication systems. The arriving customers are served according to first
come, first served basis. In retrial queueing system, the customer who finds the server busy leaves
the service area and joins the retrial group to get service after random amount of time.

“Retrial queue” with phase services have been studied by various researchers. Senthil Kumar and
Arumuganathan (2010) analyzed M*/G/1 retrial queue with two phase service and two types of
repair. Zadeh (2015) investigated a batch arrival multi-phase queueing system with feedback and
single vacation policy. Tomar and Shrivatsav (2020) obtained the transient and steady state analysis
of unreliable three phase retrial queueing system.
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“Impatient customers” generally balk or renege at the system. Arrar et al. (2012) examined the
behaviour of batch arrival retrial queue with impatient phenomenon. Sumitha and Udaya Chandrika
(2016) modeled two phase retrial queue with impatient customers, Bernoulli vacation and orbital
search. Arienzo et al. (2020) analysed group service of impatient customers in retrial queue.

“Breakdowns” are unavoidable in many situations. If the server is experiencing issues, it needs to be
repaired. Djellab (2002) presented a retrial queueing system with breakdown. Singh and Kaur (2017)
performed the sensitivity analysis of unreliable server retrial queue with optional service, multi-phase
repair and Bernoulli vacation. Kuki et al. (2020) suggested retrial queueing system with non-reliable
server, collision and impatient customers. Tian et al. (2023) investigated M/M/1 retrial queueing
model with breakdown, repair and setup times where the server will be closed down when the system
IS empty.

After service completion, the unsatisfied customer joins the retrial group as a “feedback” customer.
The feedback phenomena occurs in many retrial queueing systems. Shweta Upadhyaya (2014)
discussed the retrial queue by considering both the batch arrival process and Bernoulli feedback.
Pankaj Sharma (2018) studied retrial queueing system with feedback and modified vacation using
generating function approach. Nila and Sumitha (2021) analyzed M*/G/1 retrial queueing system
with priority, collision and feedback customers.

“Vacation” generally means the time where the server may not be available due to maintenance.
Wang (2012) discussed retrial queue with Bernoulli vacation. Radha et al. (2017) studied unreliable
group arrival retrial queue with Bernoulli vacation. Single server constant retrial queue with blocked
customers and Bernoulli vacation was analysed by Ke and Wang (2021). Mathavavisakan and
Indhira (2023) provided an in-depth analysis, outlining key principles and relevant literature of retrial
gueueing system with Bernoulli vacations.

“Search of customers” from the retrial group reduces the idle time of the server. Krishnamoorthy et
al. (2005) investigated the behaviour of the M/G/1 retrial queueing system with nonpersistent
customers and orbital search. Sumitha and Udaya Chandrika (2012) modelled a repairable M/G/1
retrial queue with vacation and orbital search and derived the reliability indices to predict the system
behaviour. Murugan et al. (2019) examined the bulk arrival retrial queueing model with orbital
search and exponentially distributed multiple working vacations.

2. Model Description

o The unreliable batch arrival retrial queue with three phases of service, balking, reneging,
feedback, Bernoulli vacation and search of customers are analysed.
o The customers arrive at the system according to Poisson process with rate A.Let J be the size

of the arriving batch which is a random variable with PO=k}=¢,, k=1,2,3... and §,(Z)be the
probability generating function with first two moments c;and c, .

o If the server is idle, then one of the customers in the batch gets the service and the rest of the
incoming customers from the batch enters the retrial group.
o Otherwise if the server is busy, then the arriving batch may join the retrial group with

probability g or leaves the system with complementary probability. During retrials if the primary
customer arrives in the system, the retrial customer cancels the attempt for service and return to
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retrial group with probability p or renege at the system with complementary probability. The retrial
time follows general distribution with distribution function k(x), density function k(x)and Laplace

Stieltjes Transform K*(s) and the hazard rate function n(X) =k(X)/1-K(X).

o The server provides three phases of service. The first essential service is provided to all the
arriving customers whereas the second and third phases of service are optional.
o After completion of first essential service, the customer leaves the system with probability r,

or opts for second optional service with probability y, or moves to retrial group with probability
oy (=1-rg —y,) for reservice.

o Upon completing the second optional service, the customer leaves the system with probability
r, or proceeds to third optional service with probability y,or moves to retrial group with probability

o, (=1-r, —y,)for reservice.

o After completing the third optional service the customer joins the retrial group with
probability o, or leaves the system with complementary probability.

o Service times in all three phases are arbitrarily distributed with distribution function J;(X),
density function j;(X), Laplace Stieltjes Transform J;(s) with first two moments aj,0;, and the
hazard rate function o (X) = j; (X)/1-J;(X),i=123.

o After the completion of first essential and second optional service, the server searches for
customers in the retrial group with probability 6;,i=12 or remain idle with complementary
probability.

o At the completion of third optional service, the server may take a single vacation with
probability § or waits for the next customer with complementary probability 5. Vacation times are
arbitrarily distributed with distribution function H(x), density function n(x), Laplace Stieltjes
Transform H”(s) with first two moments vy,v, and the hazard rate function v(X)=v(X)/1-V(X).

o In all the three phases of service the server is subjected to breakdown and the repair process
starts instantly. The life time of the server in all the phases of service is exponential with rate
Bi,i=123. The interrupted customer waits in the system to get service after repair completion. Repair

times in all three phases were assumed to be arbitrarily distributed with distribution function F,(X),
density function f;(X), Laplace Stieltjes Transform F (s)with first two moments ¢;;,¢;, and the

hazard rate function ¢;(Y)=F;(Y)/1-F(Y),i=123.

2.1 System Analysis and Governing Equations

The behaviour of the retrial queueing system at time t can be described by the Markov Process
AN(D), > O ={S(t), M(t), &(t), &, (1), &, (t), &, (t), £4(t), €4 (1), €5 (), €5 (1), t = O}

At S(1)=0,1,2,3,4,5,6,7 represents the server states and M(t) represents the number of customers in
the retrial group at time t.

Eq is the probability that the server is idle at time t with no customers in the retrial group.
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E,(X,t)dX, n>1denotes the probability that the server is idle at time t with n customers in the retrial

group and the elapsed retrial time is between Xand X-+dx.

Rin(X,1)dX, n>0, i =1,2,3denotes the probability that the server is busy in i phase of service at time t

with n customers in the retrial group and the elapsed service time is between Xand X+dX.

F.n(X,Y,0)dX dY, n>0, i=1,2,3the probability that the server is under repair in i*"

phase of service at

time t with n customers in the retrial group and the elapsed repair time is between Y and Y +dY.

V, (X, t)dX, n>0,the probability that the server is on vacation at time t with n customers in the retrial

group and the elapsed vacation time is between Xand X-+dX.

The system of equations that governs the behaviour of the system is given below

AEg =1 I Ry o(X)ag (X)dX +1, I Rp.0(X)at (X)dX + 035 I R3,0(X)a3(X)dX + I Vo (X)v(X)dX
0 0 0 0

En(X) = ~(A+n(X)En (X),n 21

R10(X) =~(0A +01 (X) + BDR10(X)+ [ FLo (X, V) (Y)AY
0

R1n (X) =~(0A +03(X)+ B)R1n (X)+0A Y &R 1 (X)+ [ FLn (X, Vg1 (Y)Y,n 21
k=1 0

0

n o0
Ron(X) =—(gA+02(X) +B2)Ron (X) + qAZ§kR2,n—k (X)+ I Fon (X, Y)do(Y)dY,n>1
k=1 0

R30(X) = ~(0A+ 03 (X) +Ba)Ra0 (X)+ [ Fyo (X, ) (Y)dY
0

in 2,0(X) =—(AA+0(X)+B2)R2,0(X) + I F2.0(X, Y)o2(Y)dY

R3n (X) =—(0A +a3(X) +B3)R3n (X) + qAZikRan—k (X)+ I Fan (X, Y)o3(Y)dY,n>1
k=1 0

jFlo(X Y) =—(qA+ 1 (Y))Fo(X,Y)
]Fl (X,Y) =—(qA + 1 (Y)) R n (X, Y)+qAZ§kF1n k(X,Y),n>1

k=1

]Fz 0(X,Y) ==(qA + 92 (Y))F0(X,Y)

https://internationalpubls.com

1)

)

(3)

(4)

(5)

(6)

(7)

(8)

)

(10)

(11)

444



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 4s (2025)

(%+%jan (X,Y) = —(GA + 02 (Y))Fpn (X, Y) + qAéasz,nk (X,Y),n>1 12)
(6%+6%]F3,o<x, ¥) = (@A + b3 (Y)Fa0 (X, Y) (13)
(% +%jF3‘n (X,Y) = (A +¢3(Y))Fsp (X, Y) + qAéék Fan_k (X, Y),n>1 (14)
[aixjvooo — (@A +v(X)Vp(X) (15)
[aixjv (X) = ~(GA +YDVp (0 + IAY £V ()0 21 (16)

k=1

with boundary conditions

En(0) = 1001 [ Ry (X)ax (X)X +150 [ Ro (X)ap (X)dX+ 038 [ Ry (X)ag (X)dx +303 [ Rg -1 (Xt (X)dX
0 0 0 0

+ 0,0 J’ Ry p1(X)oy (X)dX + 0,0, I Ry (X)atp (X)dX Jrjvn V)X, n >1 (17)
0 0 0

R10(0) = A&1Eq + [ Ex(OM(X)AX + AP Eq (X)dX + 3y [ Ry 0 (X)oty (X)X + 0202 [ Rg 0 (X)arz (X)X
0

0 0 0
+190, j Ry1(X)ag (X)dX +1,0, j Rp1(X)a (X)dX (18)
0 0
© n © n#l ® ©
Ry (0) = Abn1Eo + [ Enya (IN(IAX+APY "k [En 1 ()+APY_ Ex [ Entcs2 ()AX 40101 [ Ry (X)etg (X)X
0 k=1 o k=1 0 0
+ mzeszz,n (X)op (X)dX + roelj. R1na (X))o (X)dX +n10, .[ R2 n1(X)op (X)dX,n >1 (19)
0 0 0
R (0) =11 [ Wi (X)ay(X)dX,n 20 (20)
0
R3n(0) =72 R0 (X2 (X)dX,n 20 (21)
0
FLn(X,0)=B 1Ry n(X),n>0 (22)
Fo.n (X,0)=B2R o0 (X),n >0 (23)
445
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F3,n (X,0) = B3R3,n (X),n=0

V,(0) =8 J' Ry (X)ag(X)dX,n >0
0

The normalizing condition is

0o 000

E0+ZIE (X)dX+ZIRln(X)dX+ZIR2n(X)dX+ZIR3n(X)dX+ZIIF1n(X Y)dXdY +

n=lg n=00 n=00 n=00 n=00 0

0 00

if Fon (X, Y)dXAY + ) I IF3 (X, Y)dXdY+Z I V,, (X)dX =1
0 n=00Q 0 n=00

n=0

O —3

Define the probability generating functions

E(X,Z)= iEn x)z"; R(X,Z2) = iRLn x)z"
n=1 n=0
R,(X,Z) = g(;RZ’n(X)Z” X R3(X,Z) = ZR%(X)Z”
R(X,Y,Z)= iﬁ‘n X.Y)Z"; R(XY,2)= iFZ,n X, Y)z"
n=0 n=0
F(X,Y,Z) = iF&n (X, Y)Z"; V(X,Z) = ivn (xX)z"
n=0 n=0
Theorem 2.1

(24)

(25)

The partial probability generating function of the joint probability distribution for the server being
idle, busy with three phases, under repair in three phases and on vacation are respectively given

E(Z) = Eg(1- K" (A)[ZM3(Z) + ZE(Z)M4 (Z) — 2211 U(Z)
R1(Z) = AEG[Z&(Z) ~ M1 (Z)][1- 31 (G1 (aA — GAE(Z))]/ U(Z)G1(9A — GAE(Z))
R, (Z) = 11AEo[ZE(Z) — M1 (Z)131 (G1(QA — GAE(Z))[1—- 15 (G (GA —GAE(Z))] / U(Z)G 4 (GA — GAE(Z))

Ry(2) = T112AEO[ZE(2) ~ M1 (Z)]31 (G1 (G~ GALZ)5 (G (G ~ GAE(Z)IL-J3(G5 (GA ~GAE(Z))]
U(2)G3(aA - aAg(2))

R(Z) = 4Ry (Z)[L-F (9A —GAE(2))]/(QA —GAE(Z))
F2(Z) = a2R 2 (Z)[1- 2 (QA — GAE(2)] /(GA — GAE(Z))
F3(2) = a3R3(2)[1- F3 (A - GAE(Z))]/(GA — GAE(Z))

V(2) =3R3(2)1- V(A -aA&(2)]/(Q-a5(2)

https://internationalpubls.com

(26)
(27)

(28)
(29)

(30)
(31)
(32)
(33)

446



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 4s (2025)

£, = 1+ T(A- K" (A)(P~C1) ~ GAC;N — ey — 073 ~30gv177
P(L—K (A)(T+AN) +K" (A)[ActN—gACcN -~ — 0371 —803y172 —1]

(34)

where,

U(Z) = 2 —[ZK™(A) + (1 K" (A)EZ)(PZ + P)IM2 (Z) - ZM3(2)

My (Z) = ZK™ (A) + (1— K (A)E(Z)(PZ +P)

M2 (Z) = 31 (G1(aA — GAEZ)))01 (1o + 01Z) + 110 (11 + ©22)35 (G 2 (AA — GAE(Z)) + (0387172 + 83717 22)
32(G2(aA —9AE(Z))I3(G3(AA — GAE(Z))) + 871721 (G1(AA — AAE(Z))I3 (G o (AA — AAE(Z))
J3(G3(aA —AAEZ)V" (A - 9AE(Z)}

M3(Z) = Z31 (G1(aA — GAE(Z)))[0y (o + 1 Z) + 110 (11 + ©2Z)35 (G 2 (AA — GAE(Z))]

Proof

To derive the probability generating function, we proceed by multiplying equations (2) to (25) by z"
and summing over suitable powers of n, we get the resulting partial differential equations

E(X,Z) = E(0,2)e X (1- K(X)) (35)

(% +(QA +Bj + o (X) - qAF;(Z)JRi (X,2) = jFi (X,Y,Z)0; (Y)dY,i=12,3 (36)
0

F(X,Y,Z)=F(0,X,2)e WaE@Y 1 _F(v)),i=123 (37)

V(X,Z) = V(0,Z)e 9AA=5@NX (1 _v(X)) (38)

E(0,7) = roe_lj Ry (X, Z)aq (X)dX + r@j R, (X, Z)op (X)dX + S0og j R3(X, Z)ot3 (X)dX +8w3Z j R3(X, Z)aus(X)dX

0 0 0 0
+ e_lmlzj Ry (X, Z)oy (X)dX + 0,002 I R, (X, Z)o (X)dX + I V(X, Z)v(X)dX - AE, (39)
0 0 0

R,(0,2) =%‘Z)EO +%IE(X, Z)n(X)dX+%(Z)J.E(X,Z)dX+%§Z) I E(X,Z)dx+% I R1(X, Z)oy (X)dX
0 0 0 0

’ % J. R2(X,Z)a2 (X)dX + mlelf R1(X, Z)ay (X)dX + 0,0, I R, (X, Z)a, (X)dX (40)
0 0 0

R2(0.2) =71 [ Ry(X, Z)oy (X)dX (41)
0
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R3(0.2) = 72 [ Ro(X, Z)otp (X)dX
0

R(X.0,2) =BiRi(X,2),i=123

V(0,2)=5 j R3(X, Z)aiz(X)dX
0

Substituting equation (37) in (36) and solving, we get
(& + (qA + Bi +0 (X) - qAE.;(Z)jRI (Xv Z) = J.FI (X101 Z)I:I*(q/\ - qAE.;(Z))! i= 11213
0

Substituting equation (43) in (37) and solving, we obtain
F(X,Y,Z)=BiR;(X,2)e @Y 1 _F(Y)),i =123
Substituting equation (43) in (45) and solving, we get
Ri(X,Z) =R, (0,2)e Cl@A-AYZ) (1 _ 3. (x)),i =123

where,

Gi(Z) =9A —~GAE(Z) +Bi —BiFi (GA —~GAE(Z)), =123
Substituting equation (47) in (43) and solving, we get

R (X.,0,Z) = BiR; (0, Z)e C1@A-GAZ) (1 _ 3,(x)),i =1,2,3
Substituting equation (47) in (44) and solving, we get
V(0,2) = 8R3(0,2)J3(G3(0A ~GAE(Z))

Substituting equation (47) in (41) and (42) and solving, we get
R2(0,2) = v1R1(0,2)31 (G1(GA — 4AE(2)))

R3(0,Z) = 1,R(0,2)J3(G 2 (4A — GAE(Z)))

Substituting equation (38) and (47) in (39) and solving, we get

E(0,Z) = Ry (0,Z)31(G1 (A — GAE(Z))[1o0y + 1102713 (G 2 (GA — GAE(Z))) + Y172 0385 (G (AA — GAE(Z)))
33(G3(aA —GAE(Z))) + 1172803233 (G 2 (GA — GAE(Z)))I3(G3(AA — GAE(Z))) + 0101 Z + By 71 Z
15(G2(9A —qAE(Z))) +8y17235 (G2 (GA — GAE(Z))) I3 (G5 (GA —GAE(Z) V™ (GA — GAE(Z)) — AEq

Using equation (35) and (47) in equation (40) and after some algebraic manipulations we get

R1(0,2) = AE[Z5(2) - My (2)]/ U(Z)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

Substituting equation (53) in equations (50) and (52) and using the resulting equation in (51), we get
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E(0,Z) = AEo[ZM3(Z) + ZE(Z)M,(Z) — 221/ U(Z)

R2(0,2) =71R1(0,2)3; (G1(aA — GAE(Z))

R3(0,2) = v172R1(0,2)J1 (G1(dA ~ GAE(Z) 2 (G2 (GA ~ GAE(2)))
Using (53), (55) and (56) in (48) and solving, we get
F.(0,X,Z) = B4R, (0, Z)e C1@A-0A@) (13, (X))

F,(0,X,Z) =PB,R,(0,2)e"C2(01-0A(2) (1 _ 3, (X))

F3(0,X,Z) = B3R3(0,2)e~Ca(0A-0ALZ) (1 _ 3, (X))

Substituting equation (56) in equation (49) and solving, we get

V(0,Z) = 8y1Y2R1(0, Z)31 (G1(aA — GAE(Z)))I5 (G2 (GA — GAE(Z)))I3(G 3 (9A — GAE(Z)))

(54)
(55)

(56)

(57)
(58)

(59)

(60)

Substituting expressions of equations E(0,7),R,(0,7),R,(0,Z),R;(0,Z),F(0,2),F,(0,Z2),F(0,2),V(0,Z)
from (53) to (60) in equations (35), (38), (46) and (47) we get the required results of equations (26)
to (33). Using the normalizing equation and applying L’Hospital rule, E, is obtained as in equation

(34).

2.2 Performance Measures

The probabilities that the server is idle, busy in all the three phases, under repair in all the three

phases of service and on vacation are derived and given respectively as
E =Eo(—K (A))[c;T +gAcN + o) + moy1 + 8037175 =11/ Ug
Ry = AEo[(L- K™ (A)p+¢;K™ (A)loy; /Uy

Ry = 11AE[(1- K™ (A)p+cK (A)lagy /Uy

R3 = v172AE[(L-K  (A)p+cK™ (A)agy /Uy

R = B1AE[(L— K (A)p+cyK™ (A)laggdys /Uy

Fp = B211AEo[(L— K™ (A)p+cK™ (A)oa1d2: / Uy

F3 = Bav1v2AE[(L— K™ (A)p+ K™ (A)lotgi631 / Uy

V = 8717, AEo[(1- K™ (A)p+¢K (A)]vy /Uy

where,

Up =1+ T@-K (A)(p - 1) ~ GACIN — o — 071 ~ 3037172
T=1-061+61y1 —02v1 +021172

N = (1+B1d11)ouq +11A+Bad21)0or +y1v2 (L+Babar) oy +y1v2ve
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Theorem 2.2

The mean number of customers in the retrial group (L) and in the system (L) is given by
d
SR

_ 8283 + 8184

> (69)
283

LS :Lq +R1+R2+R3+F1+F2+F3
(70)
Proof

Sy = 2B {K (A)AACIN + g + 71 +8wzy17 + T(cy —1]-[c1K ™ (A) + p— K (A)(T + AN)J}

Sp =3Eo{K (A)a(C +2¢)(AC AN + T(cy —1) + Ae K (A)[29ACs (L+ Brdrg)otg1 (B — B1v1 + 0271 — 027172
+0161 +@20571) +20A¢; (1+Bad21)0t21 (B271 —O2v172 +@202v1) + K1 (61 —6171 +0571 —057172)
+k2 (0271 —62v172) + 20271 (1—72)aAC (1+Brdr1) 0 10AC (1+Bodo1 )0t + 20167 +200,0571 +Co T +2¢H]
(201 +C2)T+2(1+Cc )H+k  (1-61 +01y1 =671 +62v172) +11K2 (1-62v1 +602v172) +1172K3
+87172(Q°A°CE Vo +GACa V1) + 271 (L— 1) GACt 1+ Bydr1) oty 19AC) (L+ Bador)otag — 20,71 (1 77)
OACy (1+B1911)010AC; (L+Boador)oor +2v1720AC (1+Badar )0z (GAC (L+Brdr1) oy +AAC A+ Bodog)onr)
+20AC; (1+Byd11)ot11 (Bogy1y2 — @107 + 071 + 1 —@p7107) +++GAC (L+Bodg )t g + 28037175
(9AC (1+Bador) ooy +AAC) (1+Badar)orsy) + 20271 (1—02)dAC (1+Bador Jorr +2wp710ACs (L+Brdr1)ou g
(AC A+ Bad21)0tz1 + 281y 20AC v1 (AACY 1+ P11 oy +GAC (1+Bad2r)ozn +AAC (1+Badsr)osy)
—qef(26; + ) — (1= K™ (A)(2e10 + )T + AN) = [c1K ™ (A) + p(L— K™ (AD]+eo T +2qc1H + Ky + 71k
+Y1Y2K3 +8y1Y20AC v1 —2y10AC; (1+ By )ou 1 (AACT A+ Badog)oir +720AC A+ Badzr)osr) —2v1v2
(9AC (1+Bodo1)atp1y20AC (1+B3har)oizs — 28y 1720AC v1 (GAC (1+Brdr1 a1 +0AC (A+Bador )0y
+0ACy (1+B3dhsr)asy)}
Sz =2Uy(—0cy)
Sy =3 Uy (—acz) +N4(—acy)]
Proof

Let Q(Z)=Ep+E(Z)+R1(Z2)+R2(2)+R3(Z2)+R(Z2)+F(2)+R(2)+V(Z) be the probability generating
function of number of customers in the retrial group and H(Z) =Ey +E(Z) + Z[R1(2) + R (Z) + R3(2)

+R(2) + R (2) + R (2)]+V(Z) be the probability generating function of number of customers in the
system.
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Q(Z) = Ep{(ZE(2) - M1(Z)[M2 (2)(d — 0(Z)) + (131 (G1(aA — GAE(2))) + 7131 (G1 (A — GAE(2)))
(1-33(G2(QA — GAE(Z))) + 117291 (G1(GA — GAE(Z))) (G 2 (GA — GAE(Z))(1- J3(G3(aA — GAE(Z))
+ 3717231 (G1(GA —GAE(Z))) 12 (G2 (AA —GAE(2))I3(G3 (A —GAE(Z))(L-V (GA — GAE(Z))] - ZK  (A)
(Q—E@)[M3(2) + &M, (2) - 21} U(Z)(q—E(2)) (71)
H(Z) = Eo{(Z&(2) - M1(Z)[M2 (Z)(d — 0&(2)) + Z((1— 31 (G1(dA —GAE(Z))) + 1131 (G1(AA —GAE(2)))
(1-5(G2(GA —GAE(Z)))) + 117291 (G1 (GA — GAE(Z)) I3 (G 2 (AA — GAE(Z)))(1—J3(C3 (AA —GAE(Z))))
+ 8717291 (G1(GA —GAE(Z)))I2 (G2 (GA — GAE(Z))) I3 (G5 (AA —GAE(Z))(1- V (GA —GAE(Z))] - ZK (A)

(@-9E@)[M3(2) +&(Z)M2(2) - Z]} U(Z)(d-9&(2)) (72)

By differentiating the equations (71) and (72) with respect to Z and letting Z=1 we obtain, the mean
number of customers in the retrial group (L4 ) and mean number of customers in the system (L).

Corollary 2.1
o Expected retrial group size when the server is idle in the non-empty system is derived as
Ng = lim-9[E2)]
z-1dZ
_ N2N3—N21N4 (73)
2[N3]
where,
Ny = Eq(L- K (AD[e,T +GACIN + w1 + 057 + w17, ~1]
Ny = Eq(1— K™ (A){(2c1 +¢oT) +2¢1 (QACIN — (61 — Oyv1 + 071 — 0717 2)AAC (L+ P11 )ogs — 0271 (1—75)
GAC; (L+B2da1)atp1 +o1 + 0271 + 8037172 — 01001 —0p0071) + 2(GACIN + 0gy17 + 803717 + 01 + Y1)
+Ky +71Ko +7172K3 + 87172 (A ACE Vo +GAC V1) + 27172GACH (1+Brdr1)on (L+Badar)otar + L+ Bador)otog
(L+Badar)otar) + 2v4GACH (1+Brdar) a1 A+ Bod)oto) + 280371y 20ACT (1+Brdrr)oing + (L+Bador)otor
+(1+Badz)orzy) +20qGACy (1+ By 1oy +207710AC; A+ Brdr1)on s +202v19AC (L+Bodog oy

+28y1Y20AC1v1 (QACI [(1+Brdr1 )y + A+ Bodor ooy +(A+Badar oz ) -2}
N3 =1+T@A-K (A)(p-C1) — AN — 1 — 0771 — 8037172
Ng =2-[(L- K (A))(ca + 2c1p)T + 2[K™ (A) + (L- K™ (A)(cy + PYKAACIN - (01— Byy1 + 671 —057172)
QACy (1+B1d11)0t11 — 0271 (1—72)GACT (L+ Pod1)otoq + 0 + 71 +Swgyrys —B101 — 00,71}

—kq — 1Ko — 172Kz —8r172 (G2 A%CEvy +GACyv1) + 2y10Acy (L+Bydry)ot g (L+Bodor)aior)
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—2y1Y20AC; ((1+Bydra) o (1+Badzr)agy + A+ Bod21) 0 (1+B3dzr)agy) —20GAC) (1+Bydyg oy
— 280371720AC (1+ B1d11)agy + (L+Bodo1)otay + (L+Badar)otar) — 2010ACy ((L+Brdrr)otas + (L+Bodar)an)
—28y1Y20AC1v1 (AAC [(1+Brr1 )0y g + A+ Bodor) ooy +(A+Badsr)os 1) —2610AC) (1+Brdr)ouy
—2(61 + 0171 +02v1)AAC 1+ Brd11)0y g + 205717 20AC1 [(A+Bydra)oug + A+ Bad2r) o] —26o11
QACy (1+Bad21)0tpg —2m0; — 20,057,
ky =[Aqe; +Br(@ACo11 +0° A% d1p)]ous +[AACy +BrAcidns]® o,
ka =[AdC; +B2(GACo 021 +a° A% )]0ty +[AAC, +BoAcido] oy
kg =[Adc, +B3(GACo031 +a°A%cfdgp)lotas +[0ACs +BaAcida ] oy
o Expected retrial group size when the server is busy in first essential service is derived as
N, = lim- [Ry(2)]
where,
N5 = 2AE[(L- K™ (A)(p~1) - &K (A)]GACy (L+Bydry)oyg
N6 =3AEo{[(1- K (A)(p—1) - c1K™ (A)]ky ~[(261 + ) ~ L~ K (A)(c2 +2¢1p)]aACy (L+Brdyy)o 1}
N7 = 2U10AC [1+B1¢11]
Ng = 3[U1(-gAC, —Br(ACodr1 +a° A% 1)) + Ny (~Acy (L+ Badnr))]

o Expected retrial group size when the server is busy in second optional service is derived as
. d

Ng, = éﬂE[RZ(Z)]

_ NigNi1 —NgNyp (75)
Ny ]

where,

Ng = 2y;AEo[(1- K™ (A)(p-1) — 1K™ (A)]aAC A+ P21t

Nio = 372AEofI(L- K™ (A)(p 1) — cK ™ (ANI(K7 +30Acy 1+ Bydn1)ag1GACs (L+Bador o)
—[(2¢; +5) - (1=K (A))(C2 + 2c1P)]AAC, (L+B2do1)on}

N1g =2U10A¢ [1+Bodo1]

N1y = 3[U1(~GAC, — B (ACodag +a2A%Cid5)) + Ny (=Aci L+ Bodo1))]
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o Expected retrial group size when the server is busy in third optional service is derived as
Ng. = lim i[R 2]
Rs  7z-1dZ 8

_ N1aNi5 —Nyi3Nye (76)
INgsT?

where,
N13 = 27172 AEQ[(1- K™ (A)(p—1) - ;K™ (A)]aAc; 1+ B3bar)otas
N14 = 3y272AEo{l(1- K (A))(p—1) — ¢1K (AN](K3 + 20Acy (L1+ B1dr1)org 19AC 1+ Badar)otay
+ 20ACy (1+ B2021)ct21GAC (L+B3dar)orar) ~[(261 +€2) — (- K (A))(C2 +2¢p)]gACs (L+B3dar)orart
Ni5 = 2U10AC [1+B3¢31]
N6 = 3[U1(—0AC, —B3(ACo31 +a°A°cEd32)) + Ny (~Acy (1+ Badar))]

o Expected retrial group size when the server is under repair in first essential service is derived
as

. d
Ng = lim—[R((Z
f, = lim—[R(2)]

_ NagNgg + N;7Nzo (77)
4[No]

where,
Ni7 = 6B AEo{[(1- K™ (A)(p—1) — 1K™ (A)JGACy (1+ Brdrg oy 1GAC by 1}
Nig =12BAEo{[(1- K™ (A)(P 1) — c1K ™ (A)I(KyGAC1 611 +GAC; (1+Byd11)t11 (AACo 011 +a°APCE15))
—[(2¢1 +C5) — = K" (A))(Cp + 2¢1P)](AACy (L+ Bydy1)otg1GAC 1)}
Nig =6[U1gACs (1+B1¢11)(—aAC))]
N g =12{U3[(~AC, — By (ACod11 +a°AZCd1p))(~UACT) + (~GACH )AAC 1+ Brdy)] + N g (~AACt )(~ACy (L+B111))}

o Expected retrial group size when the server is under repair in second optional service is
derived as

. d
Ng = lim—[FR(Z
F, z->1dZ[2( )]

_ N2oNp3+NpiNog (78)
4N23]*

where,

N3 = 6B271AEo{I(1— K (A)(p—1) — c1K ™ (A)]aAcy 1+ B2do1)c210AC1001}
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N2z =12B271AEG{I(1- K™ (A)(p—1) - 1K (A)(K20AC1d21 +GACs (L+Bab21)ot21 (AAC2021 + G A%CT ;)
+2(QACy (L+ B1dr1)0110ACT (L+ B2d21)et210AC1 1)) ~[(26; +C5) — (1— K (A))(C, +2¢1p)]
(9ACy (1+B2921)0210AC1 421}
N2z = 6[U10AC) (1+B2¢21)(—0AC) )]
Na4 =12{U3[(-GAC, — B (Acadar +a%A%cfhp0))(-GAC)) + (~GAC,)AACL 1+ Babd2s )]
+Ny (=9ACy)(=AC; (L+B2¢21))}

o Expected retrial group size when the server is under repair in third optional service is derived
as

. d
NE, = é‘_}rqd—z['zaz(z)]

_ N2gNo7 +NgNos

AT (79)
where,
Nos = 6B27172AEo{[(1- K™ (A))(p—1) — 1K™ (A)]gACy (L+ B3dsr)ot310AC h31}
N2g =12B,7172AEofI(1- K™ (A))(P—1) - 1K (A)I(K30AC 931 +GAC 1+ Bgdar )31 (AAC D31 +G°A*CT3)
—[(2¢1 +¢2) = (- K™ (A))(C2 + 2¢p)(QACy (L+ B )ot310AC1631)}
No7 = 6[U1gAC; (1+B3d31)(—aACy)]
Nog =12{U3[(-AC, —B3(ACada1 +a° A2cEd3))(—UACL) + (~GAC2 )IAC; (L+B3har)]+ Ng(—aAC,)
(—=Ac (1+B3d3))}
o Expected retrial group size when the server is on vacation is derived as
Ny = Jim 2 [V(2)]
_ N3Nz + N§2N29 (80)
N3]
where,
N g = 28717,Eofl(1- K™ (A)(p—1) — &K (A)]aAcyvy}
N3o = 387172Eo{l(1- K™ (A)(p—1) — 1K™ (A)N(a*A%CE v +QACo V1) + 2GAC vy (GAC (L+ Bydr1 oy
+GAC 1+ Bado1)atay + GACT (L+Bahar)arar)) —[(261 +C2) — (- K™ (A))(C, +2c1p)]aAcyvy}
N3q =2(U1(-acy))
N3p =J Uy (—qcy)) + Ng(=Acy)]
454
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2.3 Reliability Measures

Theorem 2.3

Availability of the server at time (t), is the probability that the server is idle or busy with customers is
given by

A=Eo{pT(L-K (A) +K (A)1-gACIN — o1 — 0271 —dwgy172) + A[L— K (A)p+ 1K (A)]
[0 +71001 +V172031 T} Uy (81)
Proof

The availability of the server can be expressed as

A=EO+£iml[E(Z)+R1(Z)+R2(Z)+R3(Z)] (82)

Substituting the equations (26) to (29) in (82) we get equation (81).
Theorem 2.4

The failure frequency of the server is given by

M = AE[(1— K™ (A)p+c K™ (A)I(Brogy +Bovioiar +Bayivaciar /Uy (83)
Proof
M= ém[ﬁlRl(Z) +B,2R2(Z2)+B3R3(Z)] (84)

Substituting the expressions in (26) to (29) in equation (84), we get (83).

3. Numerical Results

The performance measures are illustrated numerically by using various system measures. For
computation we choose the arbitrary parameters as A=2;q=0.7;p=0.6; B;=0.6; B, =0.7; B3=0.8;
o =05; y=06; 3=07;60,=05;0,=03;1n=8;5=09;r5=02;1n,=01;y,=03; y,=03; 04 =25;
ay=15; a3=10; ¢; =10; ¢, =8; ¢3=6; v=10; ¢; =0.5; ¢, =05.The effects of various parameters on
the system measures, E,—probability that the server is idle in the empty system, E—probability that
the server is idle in the non-empty system, R—probability that the server is busy in service, F—

probability that the server is under repair during service, V- probability that the server is on
vacation, Lg—the mean system size.

Bl1o]|a Eo E R F \% L
0.6 | 3 |10|0.7363 | 0.0229 | 0.2001 | 0.0173 | 0.0235 | 0.2921

15| 0.7472 | 0.0215 | 0.1922 | 0.0156 | 0.0236 | 0.2828
20 | 0.7526 | 0.0208 | 0.1882 | 0.0147 | 0.0236 | 0.2781
6 | 10| 0.7390 | 0.0226 | 0.2002 | 0.0148 | 0.0235 | 0.2897
151 0.7490 | 0.0212 | 0.1924 | 0.0138 | 0.0236 | 0.2812
20 | 0.7540 | 0.0206 | 0.1883 | 0.0134 | 0.0236 | 0.2769
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9 |10 | 0.7399 | 0.0224 | 0.2003 | 0.0138 | 0.0235 | 0.2889
151 0.7496 | 0.0212 | 0.1924 | 0.0133 | 0.0236 | 0.2807
20 | 0.7545 | 0.0205 | 0.1883 | 0.0130 | 0.0237 | 0.2765
0.8 3 [10]0.7345|0.0231 | 0.1999 | 0.0191 | 0.0235 | 0.2937
151 0.7460 | 0.0216 | 0.1921 | 0.0168 | 0.0236 | 0.2839
20 | 0.7517 | 0.0209 | 0.1881 | 0.0156 | 0.0236 | 0.2789
6 | 10 | 0.7381 | 0.0227 | 0.2001 | 0.0157 | 0.0235 | 0.2905
151 0.7484 | 0.0213 | 0.1923 | 0.0144 | 0.0236 | 0.2817
20 | 0.7536 | 0.0206 | 0.1883 | 0.0139 | 0.0236 | 0.2773
9 |10 | 0.7393 | 0.0225 | 0.2003 | 0.0144 | 0.0235 | 0.2895
151 0.7492 | 0.0212 | 0.1924 | 0.0137 | 0.0236 | 0.2810
20 | 0.7542 | 0.0206 | 0.1883 | 0.0133 | 0.0237 | 0.2768
1 | 3|10 |0.7327 | 0.0234 | 0.1998 | 0.0207 | 0.0234 | 0.2953
151 0.7448 | 0.0218 | 0.1921 | 0.0179 | 0.0236 | 0.2850
20 | 0.7508 | 0.0210 | 0.1880 | 0.0165 | 0.0236 | 0.2797
6 |10 | 0.7372 | 0.0228 | 0.2001 | 0.0165 | 0.0235 | 0.2913
151 0.7478 | 0.0214 | 0.1922 | 0.0150 | 0.0236 | 0.2823
20 | 0.7531 | 0.0207 | 0.1882 | 0.0143 | 0.0236 | 0.2777
9 |10 | 0.7387 | 0.0226 | 0.2002 | 0.0150 | 0.0235 | 0.2900
151 0.7488 | 0.0213 | 0.1923 | 0.0140 | 0.0236 | 0.2814
20 | 0.7539 | 0.0206 | 0.1883 | 0.0136 | 0.0236 | 0.2770
Table 1 System Measures by varying g,¢ and o

Table 1 shows the effect of p,¢,a.0n the performance measures Ey,E,R,F,Vand L. It is clearly
observed that

Egincreases with increase in ¢ and o.and decreases with increase in p.

Eand Lgincreases with increase in p and decreases with increase in ¢ and a.

R decreases with increase in gand o and increases with increase in ¢.

F increases with increase in g and decreases with increase in ¢ and a.

V increases with increase in o, decreases with increase in p and independent of ¢ .

Influence of parameters Aand son Ey,Eand Lgare presented in Figures 1.1 to 1.3. E, decreases

with increase in Aand increases with increase in §.E increases with increase in A and decreases
with increase in §. Lgincreases for both the increasing values of Aand .

https://internationalpubls.com 456



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 4s (2025)

0.04
0.75 0.03

& 0.02

n
o

>, ~ " 24

1 22 1 22

] 05 16 A 6 05 16 A

Figure 1.1 Effects of (A,5) on E, Figure 1.2 Effects of (A,5) on E

6 05 16 A

Figure 1.3 Effects of (A,8) on L

The effect of parameters B; and o,0n the system measures are given in Figures 1.4 to 1.6. E,

decreases with increase in f;and increases with increase in oy.E increases with increase in p;and
decreases with increase in oy. Lincreases with increase in p;and decreases with increase in oy.

BN
30 08
3:\\\ — 07
P — 06
B0 S g
4 13704 B,

Figure 1.4 Effects of (8;,04) On E Figure 1.5 Effects of (3;,04) ON E

Figure 1.6 Effects of (3;,04) ONn L,
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4. Conclusion

In this article, batch arrival retrial queueing system with essential and optional phases of service,
customer impatience, breakdown, feedback mechanism, Bernoulli vacation and customer search
behavior are discussed. Performance measures like the probability that the server is idle, busy, repair
in all three phases of service and the server is on vacation are derived. The expected sizes retrial
group and the system are derived. Reliability measures such as availability and failure frequency are
also obtained. The present investigation can be further extended to cost optimization.
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