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Introduction

One of the most important development of nonlinear analysis is fixed point theory. This idea is
useful in science and engineering fields.  Banach [2] first proposed the principle, one of the
fundamental conclusions of conventional functional analysis, in 1922. One well-known and generally
accepted outcome of fixed point theory is this idea. In 1973, Geraghty [13] demonstrated the
existence of fixed point solutions in the context of full metric spaces [MS] and provided an important
expansion of the Banach contraction principle [BCP] by substituting a function with certain qualities
for a constant. As you can see from [8, 9, 12, 13] and the references therein, numerous researchers
have since expanded and broadened the Geraghty conclusion in different ways. In metric spaces,
Cirié [4,5] demonstrated the Ciri¢-type fixed point theorem, which is thought to be one of the most
important generalizations of the BCP Definition 1.1 [15]. Let H be a nonempty setand lett >1. A
mapping d: HxH —R is said to be a b-metric space if V¥ a,b.c in H, the following conditions are
satisfied.

(bl) d (a, b)=0if and only if a=b,
(b2) d (a,b) =d (b, a)
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(b3) d (a, c) <t[d (a, b)+ d (b, C)].
In this case, the pair (H, d) is called a b-metric space (with constant s).

Note that every metric space is b-metric for t=1, but the converse is not true.

Let S be the class of functions of non —decreasing functions S:[0, ) — [1%) which satisfy the
condition lim B(t,) =§ implies limt,, = 0 forsomet > 1.

Geraghty [14] proved the following theorem.

Theorem 1.2. [14] Let (K, d) be a CMS(complete metric space). LetH : K — K be aself map. If 3,/
€ S such that d(H(u), H(V)) < (d(u, v))d(u, v) for all u, v €H, then f has a unique common fixed point
inH .

Definition 1.3. [14] A selfmap H : K — K is said to be a generalizedGeraghty
contraction If 38 € S such that

d(H(r), H(S)) <f (M (r,s))M(r, s) (1.13.1)
M(r,s) = max {d(r,s),d(r,Hr),d(s,Hs), (d(r,Hs) + d(s,Hr)/2 }
forallr,s e H.

Definition :1.4 [1] A mapping H: K - K on a b metric space (K,d, t) witht> / is called a Ciric -
type Geraghty contraction mapping If 3,8 € F such that
d(Hu, Hv) < M(r,s), for all u,v € K Where M(r,s) =
max {,B(d(r, s))d(r, s),,[?(d(r, Hr))d(r, Hr),
,B(d(s, Hs))d(s, Hs),ﬁ(d(r, Hs))d(r, Hs),ﬁ(d(s, Hr))d(r, Hs)}
Definition1.5 : [1] A mapping H: K= K on a b metric space (K,d, t) witht> 7 is called a Ciric -
type Geraghty contraction mapping if there exists g € S such that
d(Hu, Hv) < M(u,v), for all u,v € K Where M(u,v) =
max {,B(d(u, v))d(u, v),ﬁ(d(u, Hu))d(u, Hu),
,B(d(v, Hv))d(v, Hv),,[?(d(u, Hv))d(u, Hv),ﬁ(d(v, Hu))d(v, Hu)}

Theorem 1.6 :[ 8,9] Let (M,d) beaCMS and T: M — M be a Geraghty — ciric —contraction with
some 8 € S, Then T has fixed point and unique .

In 2019, Faraji et.al [ 8] proved a fixed point theorem with Geraghty —type contractive maps in b-
metric spaces .

Theorem 1.7 [ 8] Let (M,d,v) be a complete- b metric space with v>/andletT:M—-> M ,bea
self —-mapping and if there exist g € S,

d(Tu,Tv) < ,B(L(u, v))L(u, v), for all u,v € M, where

L(u,v) = max {d(u,v),d(u,Tu),d(v, Tv),i [d(u, Tv) + d(v, Tu)]} then T has a unique fixed
point.
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In 1975, Dass and Gupta [6] extended the BCP type of rational terms.

Theorem 1.8. ([3]). Let (H, d) be a CMS and H : K — K be a mapping such that there exist o, > 0
with o + B <1 satisfying

d(v,Hv)[1+d(u,Hv)

]
Trds) + Bd(u,v) forallu,v e H.

d(Hu,Hv) < «a

Then H has a unique fixed point.

Lemma [ 9] Let (M, d,v) be a metric space with v > 7 and let T: M — M be a self mapping . Let
X9 € M be given and {x,} be asequence in M such that x,, = Tx,_; forall nin N, the sequence
defined by An=max {d(x,,%4)|0 < p,q < nandp,q € Ny} forn€No. If T satisfies the
contractivity condition in (1), then {An} is bounded .

In 2024, kalo.et.al [1 ] proved fixed point theorems in Geraghty-ciric-type contraction mapping in b-
metric spaces

Theorem 1.10[1] Let (M, d, v) be a complete b-metric space witht>1and let T: M — M be a
self- mapping Ciric -type Geraghty contraction (1), Then T has a unique fixed point x* in K.

This Lemma can use to prove results.

Lemma [ 1.11]. Let (M, d,v) be a b-metric space witht>1 and let {an} and {bn} be b-
convergent to x, y in M, then we have

1
—5d(a,b) < liminf d(an, by) < limsup d(ay, by,) <v’ d(a,b)
n-oo n-o

In particular, if a=b, we have lim d(a,, b,) = 0.
n—-oo

and for any cin M, éd(a, ¢) < liminf d(a,, ¢) < limsup d(a,, cz) <vd(a,c).
n—-oo

n—oo

MAIN RESULTS:
Now, we define ciric type Geraghty contraction with rational type of expressions in b metric spaces.

Definition 2.1: A mapping H: K = K on a b- metric space (K,d, t) witht> 7 is called a— Ciric -
type Geraghty contraction with rational mapping , if there exists g € S such that

d(Hu,Hv) < M(u,v), for allu,v € K,......2.1.1

Where M(u,v) =
d(u,Hu)[1+d(Hv,HW)]\ ,d(u,Hu)[/+d(Hv,Hu)] d(w,Hu)[I+d(w,HV)]\ ,dw,Hu)[I+d(v,Hv)]
max {'B ( I1+d(v,Hv) ) ( 1+d(v,Hv) )'ﬁ ( 1+d(u,Hv) ) ( I1+d(u,Hv)
,[)) (d(v,Hv)[1+d(v,Hu)]) d(v,Hv)[1+d(v,Hu)]
1+d(u,Hv) ( I1+d(u,Hv) )}

),

First, we prove that sequence is { Bn} is bounded.

Theorem 2. 2: Let (K, d,t) be a b-metric space with t > 1 and let H : K — K be a self- mapping.
Let so € K be given and {sn} be a sequence in K, sn = H sy1 for alln eN.

The sequence Bn =max {d(s,,sq)|0 < p,q < nandp,q € Ny}(2.2.1)
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for n € No. If H satisfies the contractivity condition in (2.1.1), then {Bn} is bounded {d(s,,sq)/

0 < p,q < nandp,q € Ny}forn € N,. If Ksatisfies condition of (2.1.1) , then {Bn} is
bounded.

Proof: Letn €N. Then for any p, g € N with / < p,q < n, from condition (2.1.1), we have
d(sp ,sq) =d(Hsp_;,Hsq_;)

< M(Sp_], Sq_])

= max {B d(Sp_1,HSp_j)[]+d(HSq_1,HSp_1)] (d(Sp_I,HSp_I)[1+d(HSq_1,HSp_1)])
I1+d(sq-1.Hsq-1) I1+d(sq-1Hsq-1) '

d(sq-1Hsp-1)[1+d(sq-1.Hsq-1)]\ ,d(sq-1.Hsp-1)[1+d(sq-1.HSq-1)]
ﬁ( * 1+pd(sp_1,quq_1) . )( * 1+pd(sp_1,quq_1) =),
B (d(sq—hqu—l)[1+d(5q—1'H5p—1)]) (d(sq—I'qu—1)[1+d(5q—1'H5p—1)])}

I1+d(sp-1,HSq-1) I1+d(sp-1Hsq-1)

< %max{ (d(sp—JrHSp—l)[1+d(H5q—1:H5p—1)]>,

1+d(Sq_1,HSq_1)

<d(5q—1'HSp—1)[1 + d(sq—I'HSq—I)]> d(sq-1, Hsq-1)[1 + d(sq—1, Hsp-1)]
1+ d(sp_I,qu_I) ' 1+ d(sp_I,qu_])
< By, sothat max {d(s,,s;)|0< p,q < nandp,q € Ny} <B,.
Consequently, there is w, € N,with I < w, < n such that Bn =d (s, , Syn}
Here, we can see that 0 < B,, < B,,,; forall n € N.
Now we have to prove sequence {B,} is bounded.

On the contrary, we assume that {B,} is not bounded. Since {B,,} is non decreasing sequence of
non negative reals, we have lim B,, = oo.

n—-o

Now, by using b- triangular inequality on d (s, , Sy}

and using the inequality (1) ,

B, = d(sp ) S‘wn} < t[d(sg, swn) < v[d(sy,5;) + d(s}, Swn)] —0)

= t[d(S(), S]) + UM(S(), Swn—])]

)

Where ’ M(SO, Swn_]): max {’B (d(S(),HS())[]+d(HSq_],HS())]> (d(S(),HS())[]+d(HSq_1,HS())]

1+d(Sq_[,HSq_]) 1+d(Sq_[,HSq_])

,B (d(swn—JrHS())[1+d(5wn—1:H5wn—1)]) (d(swn—erS())[1+d(swn—1:H5wn—1)])
1+d(sg,HSwn—1) 1+d(sg,HSwn—1) !
ﬁ (d(swn—I'stn—I)[1+d(5wn—l'H50)]) (d(swn—l,HSwn—l)[1+d(5wn—1,H50)])}
1+d(sg,HSywn—1) 1+d(sg,HSywn—1)

d(sg.Hsp)|[1+d(Hsq- 1,Hs())])}
1+d(swn-pHSwn—1) ’
,8 (d(swn—bHS())[H‘d(swn—bHSwn—])])} {ﬁ (d(swn—I:stn—l)[]"‘d(swn—I:Hs())]
1+d(sp,HSwn—1) ’ 1+d(sp,HSwn—1)

Here observe that the sequences {ﬁ (

)} are the sequences of real
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d(s(,,Hs())[1+d(quk_1,Hs())]>}

1+d(v,Hv)

numbers and the sub sequences {,8 <

'B <d(5wnk—1'H50)[1+d(5wnk—I'H5wnk—1)]>}’ { ,8 (d(swnk—I'HSwnk—I)[H‘d(swnk—bHSO)])}

]+d(So,stnk_]) ]+d(So,stnk_])

Case (i):

d(s(),Hs(,)[1+d(quk_1,Hs())]>} ______ (”)

Suppose that M (s, Syn—;) = {:3 < I+d(v,Hv)

then from (i) and (ii) , we get
Bnk = d(sp ) Swn} < t[d(sp, swn) < v[d(sp,s;) + d(s}, Swn)] —0)

< tld(sg,s;) + vM(Sp, Swn—1)]

d(sg,Hsp)|1+d(Hsg, —1,HSg
<t ld(so, s))+v {B ( ][+d(£'H:)k )]>} Bnkl----(iii)

so that,
i_ d(sps;) < ﬁ d(sO,Hso)[1+d(quk_1,Hso)] < 1
t Bnp I1+d(v,Hv) t

Since as k = o, By, = o,

. X d(sg,Hsp)|I+d(H _,H
so that hm(f—@) =L Therefore lim ﬁ( soiso)|1+(Hsq, -1 S”)]> 1

n—o 't ng B Z sup k—oo 1+d(v,Hv) t
Hence lim d(sp, Swny—1) = 0.
Since B isthe class of functions S, taking limit on (iii), we get

d(sg,s;) +t {ﬁ <d(50’ HSO)][iZElU(I;I_Iij)k—I’ HSO)])}]

t.d(sy, s;), contradiction, B, = o, as k — .

lim Bnk <t

k—o0

Case (“) SUppOSG that M(So, Swn_l) — {ﬁ (d(Swn—I,HS())[1+d(5wn—1,HSWn—1)])} '(V)

1+d(sg,HSwn—1)

then from (i) and (v) , we get

d(sg,Hsp)|1+d(Hsg, —1,HSg
B, <t ld (sp5)) +t {B < 1[+d(1€,H:)k ”)} Bnkl----(iii)

< (t+1) d(sy, s;), which is contradiction to, B, — o, as k — .

Case (iii)

SUppOSE that M(So, Swn_]) — 'B (d(Swn—IlHSwn—I)[1+d(Swn—1,HS())]) ______ (Vl)

I1+d(sg,HSwn—1)

then from (i) and (vi) , we get

https://internationalpubls.com 517



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 4s (2025)

B <t [d(S(), s+t {,8 (d(Swn—hHSwn—])[1+d(5wn—1,1‘150)])} Bnk]

ng — ]+d(So,stn_1)
< (t+1) d(sy, s;), which is contradiction to, B, — o, as k — oo.
so that we are getting contradictions in all the cases and hence the sequence {B, } not bounded.

Now we prove the existence of the fixed point with unique in— Ciric -type Geraghty contraction
with rational terms in b —metric spaces.

Theorem 2.3: Let (K, d, t) be a CbMS (Complete b- metric space) space with

t>1andletH: K — Kbeamap — Ciric -type Geraghty contraction with rational terms (2.11),
Then H has a unique fixed point s in K.

Proof: Lets, € K.

Now consider a sequence {s,,} in K by defining

Sp =Ksp_; =K"sy Vne€N.

Now we show that {s,,},, € N is a b- Cauchy sequence in K.

We take a sequence as B,, = max{d(sp,sq)lo <pq<npq€N}

By using the above theorem 2. 2, 3M >0 suchthat B, < M, foralln € N .

As {B,,} is an increasing sequence, we have lim B,, < M.

n—wo

We take a sequence {4,,} on a b- metric space (K, d,t) by

{An} = sup { d(sp.sq)lp, q = n,p,q € N}, then we have

0<A, <A ;S A <<A=1limB,<MVneN.
n—-oo

The sequence {A,} is adecreasing and bounded sequence of non negative real numbers, and hence
it is converges to some [ >0, thatis lim 4, = [.

N0
Then there exist two sub sequences { SPk} and { sqk} of { s,} with g, > p, = k fork € N such
that d(spk,sqk) —>lask — . 2.3.1

Now we have to prove thatl = 0.

On the contrary, assume that [ > 0.

Putu = spx_;, and v = sg_; in the inequality.

We have d(spk,sqk) = d(Hspk_],quk_]) < M(spk—; Sqk—-1) 2.3.2

Where (Spk—l ,qu—l) =

max{ B d(spk-1,Hspr—1,)[1+d(Hsq—1.HSpie—1,)] (d(spk—l,vHSpk—],)[1+d(Hqu—I'H5pk—1.)])
1+d(qu_],Hqu_]) 1+d(qu_],Hqu_])
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(d(sqk—lJHSpk—I,)[] + d(sqk_l,Hqu_])]> d(sqk—I'Hspk—J,)[] + d(sqk_],Hqu_])])

1+ d(spk_l’,Hqu_]) 1+ d(Spk_J’,Hqu_])

<d(sqk_],Hqu_])[1 + d(sqk—]’HSpk—I,)]> d(qu_I,Hqu_I)[] + d(qu_],HSpk_]’)])}

1+ d(spk—l,l quk—l) 1+ d(spk—l,'Hqu—])
Now the maximum is one of the terms of R.H.S of M (s,x—; Sqr—1)

Now we consider three as cases as the possibility of each one term of R H S.

Suppose that

M(S s ): B (d(spk_Il,Hspk_I ,)[1+d(quk_1,Hspk_1,)]) (d(spk—],;Hspk—I JI+d(Hsgr—1.Hspk—1 )])
pk—1,°qk—1 1+d(sqr—1.HSqi-1) 1+d(sqk—1.HSqi—1)

for all k in N.

Therefore , from 2.32d (spy, Sqi) <

B (d(spk—l,'Hspk—l.)[1+d(quk—1vH5pk—1 .)]) (d(spk—l HSpk—1 .)[1+d(H5qk—1’H5pk—1,)])
I+d(qu_1,Hqu_1) 1+d(qu_l,Hqu_1)

<p (d(spk—l,:Hspk—l,)[1+d(Hqu_I’HSpk_1‘)]) Ay ....2.33

]+d(qu_],Hqu_])

Taking limit suprimum as k — o on both sides of (2.3.2), we get

d(Spk_[ ‘,HSpk_] ‘)[1+d(Hqu_1,HSpk_1 _)]) A
k—1

lim < lim (
k_)oosup d(ska qu) = k—>oosup .B 1+d(sqk_1,quk_1)

From 2.3.1, we get

| < ﬁ <d(spk_1‘, Hspk_],)[] + d(Hqu—I'HSpk—I,)]>l
B 1+ d(sqk_l,Hqu_I) ’

d(spr—1 Hsp—1, ) 1+d(Hsgr— 1, Hspr— )]) < 1
t

bi .
l<i<
;< 1< limsup B < 1+d(sqi—1.HSqk—1)

Since B is the class of functions S have z}cimd(spk"’sqk") =0
Using 2.3.1and 2.3.3weget [= ’ymd(spkfsqk) =0,

Which is contradiction to our assumption [ > 0.

Hence, lim 1, =1 = 0.

n—-oo

Similarly, we can show that in the remaining two cases [ = lim A,, = 0.

n—oo

Now, let m,n € N ,withm > n,

We get lim d(sp, Sp) < limA4,, = 0.
n—-oo n—-oo

Hence, the sequence {s, } is a b- Cauchy sequence in K. Since K is complete, the sequence {s,} is

convergent to some s* in M.
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Now we prove that s* is a fixed point of H.
Assume that Hs* #s*, (Hs",s*) > 0, taking u=s,, v =s*
d(sp4+;, Hs") = d(Hs,, Hs") < M(s,,s")......2.3.4

Where M(s,,s*) =
d(sp,Hsp) [1+d(Hs* Hsp)]\ ,d(sp,Hsp)[I+d(Hs* Hsy)] d(s*Hsp)[I1+d(s*,Hs")]\ ,d(s*Hsy)[I+d(s*,Hs")]
max {ﬁ ( 1+d(s*,Hs*) ) ( 1+d(s*,Hs*) )'ﬁ ( 1+d(sy,Hs*) ) 1+d(s,,Hs*) )’
d(s*,Hs*)[I1+d(s*,Hsy)]\ ,d(s*,Hs*)[I1+d(s*,Hsy)]
'B( 1+d(sy,Hs*) )( 1+d(sy,Hs*) )}

A(snsn+ D) +AHS" sn+ 1)1\ A(nsn+1) [/ +d(Hs" sn41)] d(s" spp DU+AG" HS)] A" s )1 +d(5",Hs™)]
max {B ( 1+d(s*,Hs*) ) ( 1+d(s*,Hs*) )' ’8 ( 1+d(sy,Hs*) ) ( 1+d(sy,Hs*) )’
d(s*Hs*)[I1+d(s*,sp+ 1]\ A" Hs)[1+d(s™,sp4+1)]
'8 ( I1+d(sy,Hs*) ) ( 1+d(s,,Hs*) )}

Again, three cases will arise :

)

Case (I) : SUppOSE that M(Sn,S*) _ ﬁ (d(sn,Hsn)[1+d(Hs*,Hsn)]) (d(sn,Hsn)[1+d(Hs*,Hsn)]

1+d(s*,Hs*) 1+d(s*,Hs*)

then from 2.3.4, we have

d(s,, Hs,)[I + d(Hs*,Hsn)]> d(s,, Hs,)[I + d(Hs*, Hs,)]

dsns, Hs) = B( 1+ d(s*, Hs*) 1+ d(s*, Hs*)

as limit n — oo on both sides of the above inequality and from the theorem (2.2.1) ,

(d(sn,Hsn) [1+d(Hs*,Hsp)]

Trde He) ) = (), so that

we get lim

n—-oo

ti d(s*,Hs*) < lim sup d(s,4;, Hs") <
n—-oo

(d(sn,Hsn) [1+d(Hs*,Hsn)]>
1+d(s*,Hs*)

. d(sy,Hsy)[1+d(Hs*,Hsy)]
lim sup (—— -
n—oo ]+d(S*,HS*)

limsup ) =20

n—-oo

And hence consequently, we get d(s*, Hs*) = 0,
which contradicts our assumption d(Hs",s*) > 0.

Case (ii) :

Suppose that M(s,, s*) = f8 (d(S*JSn+1)[1+d(5*:HS*)]) (d(S*,Sn+1)[1+d(S*,HS*)])

I1+d(s,,Hs*) 1+d(sy,Hs*)

then from 2.3.4, we have

d(s*, sy D[ + d(s*,Hs*)]) d(s*, sy )1 + d(s*,Hs*)])

Hs*) =
d(sn+1, Hs') 'B< 1+ d(s,, Hs*) 1+ d(s,, Hs*)

as limitn — o on both sides of the above inequality and from the theorem (i) , we get
d(s*,sp+1)[1+d(s*,Hs")]

1111330 ( T ) = 0, so that

i * * . * . d(S*.Sn+1)[1+d(S*,HS*)] d(S*,Sn+1)[1+d(S*,HS*)] _

t d(S 'HS ) S }lgl;lo supd(an,Hs ) s rlll—l;{;losup ﬁ( 1+d(sy,Hs*) )( 1+d(s,,Hs*) ) =0
520
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And hence consequently, we get d(s*, Hs*) = 0,

which contradicts our assumption d(Hs",s*) > 0.

Case (iii) : Suppose that M(s,,s*) = (d(s*'”s*)[”d(s*.Hsn)]) (d(s*.Hs*)[1+d(s*,Hsn)])

1+d(s,,Hs*) 1+d(sy,Hs*)

then from 2.3.4, we have

d(s*, Hs")[1 + d(s*,Hsn)]> d(s*,Hs*)[1 + d(s*,Hs,)]

dsns, Hs) = '8< 1+ d(s,, Hs*) 1+ d(s,, Hs*)

as limit n - o inthe above and from the theorem (i),

d(s*,Hs*)[I+d(s*, Hsy)]
1+d(sy,Hs*)

we get lim ( ) = 0, so that
n—-oo

d(s*,Hs*)[1+d(s*,Hsn)]) (d(s*,Hs*)[1+d(s*,Hsn)]) —0

ti d(s*,Hs*) < 1111_1)130 sup d(s,4;, Hs") < rlli_r)lolosup [)’( T T
And hence consequently, we get d(s*, Hs*) = 0,

This is contradiction to our assumption, d(Hs",s*) > 0.

Therefore from all these cases , we can get s* = Hs™.

Hence s*is a fixed point of H.

Now, our aim is to prove that the uniqueness of the fixed point.

Assume that r € H is other fixed point of H such thats™ = r, d(s*,r) > 0.

From (2.3.1)

d(s*,v) =d(Hs*,r) < M(s",r) =

d(s*,Hs*)[1+d(Hr,Hs®)]|\ ,d(s*,Hs*)[1+d(Hr,Hs")] d(r,Hs*)[1+d(r,Hr)]\ ,d(r,Hs*)[1+d(r,Hr)]
max {ﬁ ( I1+d(r,Hr) ) ( 1+d(r,Hr) )"B ( 1+d(s*,Hr) ) ( 1+d(s*,Hr) )'
,B (d(r,Hr)[1+d(r,Hs*)]) d(r,Hr)[1+d(r,Hs")] }
1+d(s*,Hr) ( 1+d(s*,Hr) )

d(s*,s*)[1+d(Hr,Hs*)]\ ,d(s*,s*)[1+d(Hr,Hs*)] d(r,Hs*)[1+d(r,r)]\ ,d(rHs*)[1+d(r,r)]
max {ﬁ ( 1+d(r,r) ) ( 1+d(r,r) )"B ( I1+d(s*,Hr) ) ( I1+d(s*,Hr) )’
d(r,r)[1+d(r,Hs)]\ ,d(rr)[I1+d(r,Hs*)]
’B ( 1+d(s*,Hr) ) ( 1+d(s*,Hr) )}

d(r,Hs*)[1 +d(r,7)]\ d(r,Hs*)[I +d(r,1)]
( 1+ d(s* Hr) ) 1+ d(s* Hr)

< (d(r,Hs*) [1+d(r,1)]
- 1+d(s*,Hr)

) < %d(s*,r) , Which is contradiction.

Sothat s* = r hence s* is the only fixed point of H in M.
We derive corollaries from Theorem2.3
Corollaries:

Corollary 2.4. Let (K,d,t) be a CbMS with t > 1. Suppose that H: K — K be aself map and g is
the class of Geraghty functions S then forany u,v € K
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Where N(u,v)=max {(

d(Hu,Hv) < B(N(u,v))N(u,v)

d(u,Hu)[/+d(Hv,Hu)] ) d(w,Hu)[I1+d(v,Hv)] ,d(v,Hv)[I+d(v,Hu)]
1+d(v,Hv) ( 1+d(u,Hv) ) ( 1+d(u,Hv) )} )

Then H has a unique fixed point u* € K.

Proof: Forany u, vin K, N(u,v) one of the term of

d(uw,Hu)[I+d(Hv,Hu)]

) (d(v JHu)[1+d (v, Hv)]) (d(v,Hv)[]+d(v,Hu)])
1+d(v,Hv) 1+d(u,Hv) ! 1+d(u,Hv)

Then it follows that
d(Hu,Hv) < B(N(u,v))N(u,v)
< B(N(w,v))N(u,v)

<

max {ﬂ( 1+d(v,Hv)
d(v,Hv)[1+d(v,Hu)]) (d(v,Hv)[Hd(v,Hu)])}

dt

d(u,Hu)[! +d(Hv,Hu)]) (d (w,Hu)[/+d(Hv,Hu)] d(v,Hu) [1+d(v,Hv)]) (d(v,Hu) [71+d(v,HV)]

I1+d(v,Hv) ), B ( 1+d(u,Hv) 1+d(u,Hv) ),

1+d(u,Hv) 1+d(u,Hv)

= M(u, v), and observe that all the hypothesis of Theorem 2 are satisfies, and hence we can have
that H has unique fixed point.

The following is an example in support our main result.

Examples.

Example 2.5: Let K = {Iéﬁ} U{0} and define the function from d: KXK — R* by d(x,y) =
—v)2 — L =L 0ifx=
(x—1y) ,H(x)—tZH,fo—t, 0 if x=0.

We definef(a) = e™%, a > 0,5(0) = 0, all the conditions holds and ‘0’ fixed point and is unique.

Conclusions: In this we proved the existence and uniqueness of the fixed points generalized ciric
type Geraghty rational contractions in b-metric spaces, our results extend some of the known
theorems, kalo.et.al [1 ] proved fixed point theorems in Geraghty-ciric-type contraction mapping in
b- metric spaces. We derived some corollaries and given examples in support our main result.
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