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Abstract:

Introduction: Mustafa and sims [1] introduced the concept of G-metric space in 2005.
Afterwards, Mustafa et al and many authors [3]-[19] obtained some common fixed-point
theorems, coupled and tripled fixed point results for mappings satisfying different
contractive conditions in G metric space. In this study we prove fixed point results in G
metric space via a-series by using some conditions that are a sequence of a mappings and
a self-mapping.

Objectives: To show tripled fixed-point theorems and common fixed point theorems by
using sequence of mappings and self a self-mapping via a-series and shown an example
which supports the main result.

Methods: In recent study the authors worked on fixed point results by using different
contractions such as Suzuki type contraction, Rational type contraction, cyclic
contraction, F-contraction, Mier keeler contraction, (y, ¢)-weakly contractive mappings
and Integral type contractions etc. in G-metric spaces. In this study we proved fixed point
results in G metric space via a-series by using sequence of mappings.

Results: Obtained Unique common fixed point and tripled fixed point results in G metric
spcace via o-Series.

Conclusion: In this study we present unique tripled fixed-point and common fixed-point
results for a sequence of mappings and a self-mapping in G metric space via a-series and
discussed corollary with supporting example.

Keywords: G-metric space, tripled fixed point, a-series, compatible mapping, weakly
reciprocally continuous mappings.

1.Introduction:

Mustafa and sims [1] introduced the concept of G-metric space in 2005. Afterwards, Mustafa et al and
many authors [3]-[19] obtained some common fixed-point theorems, coupled and tripled fixed point
results for mappings satisfying different contractive conditions in G metric space. In 2014, Sihag et al
[21] proposed an a-series to find a common fixed point by utilizing the sequence of mappings and self-
mappings. Chang and Ma [22] presented coupled fixed point in 1991.Later this concept has attracted
numerous researchers [23]-[28] across various fields. The notation of tripled fixed point was initiated
by Berinde and Borcut [32],[33] in partially ordered metric spaces and also presented the concept of
tripled coincidence point and obtained tripled coincidence point outcomes. Later many authors
obtained common tripled fixed-point results by using different contraction conditions in different
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metric spaces. In this paper we prove tripled fixed-point results in G metric space by utilizing the
sequence of mappings via a- series and we provided illustrations to support our results.

2.0bjectives: To show tripled fixed-point theorems and common fixed point theorems by using
sequence of mappings and self a self-mapping via a-series and shown an example which supports the
main result

3.Methodology:

Defnition 3.1 [1] Consider M be a non-void set and G: M 3 — [0, ) is a mapping such that
GLHG(p,qw)=0ifp=g=wforalp, g weM

(G2) G (p, p, ¢) > 0 for p, g € M with p+#g

(G3) G (p, p, ¢) <G (p, g, w) forall p, ¢, w e M with g # w

G4 G(pgw)=G(¢g. @, p)=GC(@,qp)=_____ (symmetry)

(G5) G (p,q, w)<G(p,0,3)+G(d,q w)forall d,p, g, wecM.

Then the function G is termed as G —metric on M and (M, G) is a G-metric space.

Definiton 3.2 [22]: Assume M #@ and a mapping E: M 2 — M. An element (A, p) € M 2is a coupled
fixed pointof Eif M (A, W) =1 & M (1, A)=p.

Definition 3.3[32]: An element (p, ¢, v) € M? be a tripled fixed point of mapping y: M*—M if y
(P, @ V) =0, Y (g, P, @) =qandy (v, ¢, p) = v.

Definition 3.4 [33]: A trio (@, ¢, R) € & is a tripled coincidence point of the mappings ®: # — %
and £: 7> Fif Ae)=F (e, ¢, R), #(@)=F (¢, @ ¢) and FR)=F (R, ¢, @)

Definition 3.5[34]: Let (K, <) be a poset and PB: K3—-K. If P (A, p, v) is monotone-non increasing in
p and monotone non-decreasing in A & v then 8 has mixed monotone property. i.e, for any A, p, v € K.

M, A2, e K<k = P, 1, v) <P A2, 1, v)
u, e K pu<pe = PO, u, v) =P A, p2, v)
vi,v2e K, vi<ve = B (A, p, vi) <P, 1, v2)

Definition 3.6[34]: Let (E, <) be a partially ordered set and Y: E*—E and g: E—E be two maps. If Y’
(A, p, v) is monotone non increasing in p and Y (), p, v) is monotone non decreasing in A and v then Y
has g-mixed monotone property. i.e, for any A, p, v € E.

M, A2, €E gh)<g () = Y (i, i, v) <Y (ha, 1, v)
uy, p2€ B, g(u) <ge) = V(b py, v) 2 Y (A, pz, v)
v, v2€E, g(vi) <g(v2) = YO, 1, vi) <Y, p, v2)

Definition 3.7[24]: Let (U, d) be a metric space and mappings E and g where E: U>—U and g: U—U
are compatible if

lim d (g(E (A by V), E (gfln,gun,gvn)) =0
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lim d (g(E (s A 1)), E (Gt gﬂn,gun)) =0
7111_1)1;10 d(g (E (Vi tn An), E(GVn, Glins gvn)) =0

Whenever {1,}, {un}, { viJare sequences in X, such that
lim E (A, pnvy) = lim g(4,) = 4
n—-oo n—-oo

71113010 E (un, An, pn) :1111330 g(un) =p

lim E (v, hp Ay) = lim g(v,) = v

n—oo n—-w

Forall A, u, v, eU
Definition 3.8[24]: The mapping E: M*—M and B: M—M are
(1) Reciprocally continuous if
i 8 (E (A v ) = B and lim EB ), Bn), B@n)) = EQ 1)
i B (E (ptn A f1n) ) = B() and lim E(BCpn), B(An), B(tn)) = E (1, 2, 1)

and 1im B (E (v, fin 2n ) = BW) and  lim E(B(vn), Bltn, BAn)) = EV10)

whenever {1, },{u,}.{v,}are sequences in M such that
lim E (A i, v )=1lim P(1,) = 2
n—-oo n—-oo
lim E (pn, A iy, )= lim B o) = 1

lim E (E (v, tn 2n,) )= lim $B(,) =v

n-—-oo

(i) Weakly reciprocally continuous if
I PB(E(An, pinyvn) = BAn) or ImEB(1,), B(un), B(vn)) =E(4 1, V)
ITmSB(E (n , A, tn) =B(w) Or - M EEB( 1), B(4n), B(vn)) = E (1, 4, 1)
Tim BEn, pn, 4n) = Bv) or lim E(B(v,), B(in), B(An)) = E (v, 1, 1)
Whenever {An}, {un}, {vn} are sequences in M such that

lim E(Ap, o, Vo) = lim B(An) =)

lim ECpp, An, pn) = lim B(pp) = p

lim E(vn, pn, An) = lim P(vy,) = v

for some A, u, v € M.

Definition 3.9[21]: Assume (a,,) be a sequence of non-negative real numbers. If there exist 0 <o <1
and n, € N such that ¥, a; < ax for each k > n, then the series Yo_; a,, is called an a-series.
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Lemma 3.10 [34] Let (K, <) be a poset and g: K—K and {Tn}nen: K2 — K be a sequence of
mappings such that To(K®) € g(K) then T, has g-mixed monotone property if g(1) < g(p), 9(¢) <

g(w) and g(v) < g(a) for any A,u,v,\p,¢,d € Kimply
Ta(A, p, v) < Tre1(p, g, 9)
Trea(@, P, @) < T(u, 2, 1) 1)
Ta(v, u, &) < Tnea(9, @, p)

In our main proof we construct the sequence as follows
Assume Lo, Mo, vo € K such that
9(20) < To(Ro, po, vo), g(ko) =To(o, o, Ho), g(vo) < To(vo, Ho, Lo) (2)

Since To(K®) € g(K) we choose A1, 1, vi€ K such that
g(A1) = To(Ro, po, Vo), g(k1) =To(ko, Ao, Vo), g(v1) =To(vo, Ho, Ao)
again, we choose Az, p2, v2 € K such that
g(h2) = Ta(ha, pa, va), g(u2) = Ta(pa, A1, pa), g(v2) = Ta(va, pa, A1)
continuing this process, we construct three sequences {Am}, {um}, {vm} such that
g(Am+1) =Tm(Am, pm, Vm), g(um+1) = Tm(tm, Am, ptm), g(vm+1) = Tm (Vm, tm, Am)
forallm>0 3)
By mathematical induction, we prove that
g(Am) < g(Am+1), g(um) > g(um+1) and g(vm ) < g(vm+1) forall m>0.
(4)
since condition 2 holds, in view of g(A1) =To(o, Lo, Vo), g (1 1) =To(o, Ao, o), g(v1) =To(vo, Mo, Ao)
we obtain g(ho) < g(A1), g(o) > g(H1), g(vo ) < g(va).
That is condition ... 4 is true for m=0. Now we consider condition 4 is true for some m>0
From (3) and (4) we deduce
g(Am+1) =Tm (Am, pm, Vm) < Tmet(Am+1, Pm+1, Vm+1) = g(Am+2)

g(um+2) = Tm+1(tm+1, Am+1, tm+1) < Tm (Um, Am, pm) = g(um+1)

g(vm+1 ) =Tm(tm , Am , Vm) < Tm+1(Vm+1, Um+1, Am+t ) = g(Vm+2)
we conclude that 4 holds for all m > 0 by the mathematical induction

~wehave gho)<gh)<gha) < ..ghm)<......
g(o) > g ) > g(u)> ... ... g(um+1) > ... ...
gvo)<gvi) < gv2)<.......gvm)<......

definitions 2.7 and 2.8 are revised in main results as follows by using above considerations.
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4.Results and Discussion

Definition 4.1: Consider (M, G) be a generalized metric space, {Tm}me n: M3 > M be a sequence
of mappings and a self-mapping g: M->M are compatible if

rlll—rgo G (g(Tm (Am, tm, vm)), Tm (ghm, gltm, gVm), Tm (gAm, gitm, gvm)) =0
Lim G (g(Tm (1m, Am, pm)), Tm (gptm, gAm, Gutm), Tm (gtm, gAm, Ghim)) = 0
lim G (g(Tm (v, pm, Am)), Tm(gvm, ghtm, ghm), Tm (gVm, ghim, ghm)) =0
Whenever {Am}, {um, {vm} are sequences in M such that

lim Tm (}\,m, Hm, Vm) = lim g(}\,m+1) =\

m-—o0 m-—oo

im Trm (um, Am, pim) = lim g(pme1) = p

lim Tm (Vm, Hm, }Lm) = lim g(Vm+1) =V

m-—o0o m—oo

for some A, pu,veEM.

Definition 4.2: Assume (Q, G) be a G- metric space, the mappings {Tm}men: @°>Q and

g: Q> 9 are weakly reciprocally continuous if

1111230 g(Tm (Em: Nm» em)) = g(f)
rlliglgog(Tm(nm, $mo nm)) =g(n)

T}ligiog(Tm(Hm' Nm.» fm)) = g(@)
whenever {¢,,.}, {1}, {6.,} are sequences in Q such that
lim Ty ($s My ) = lim g(Epyy) = ¢
m-—-oo m-—aoo
lim Ty, (M, $ms M) = lim g(nm+1) =7
m-—-oo m-—-oo
lim Ty, (O, My §m) = 1im g(0p4) = 6
m—oo m—oo

forsome &, 1, 0 € Q.

Theorem 4.3 : Assume (U,G) be a partially ordered complete G-metric space . Let a sequence of
mappings Tn-0°—0 and a self-mapping g:00 —O such that To(0%) € g(0) and g(V) is closed.
{Tn}nen & g has g-mixed monotone property and both are continuous, compatible, weakly
reciprocally continuous and satisfying the below conditions.

1. There exists Ay, uy, vy € X such that
g(Mo) < To(ho, o, Vo), g(1o) >To(Lo, Ao, o), g(vo) < To(vo, Lo, o) holds.

2. {Tn}nen and g satisfies the condition
G(Tn(}\" K, V)sTj((’n1x)vTj(pvo-vt)) = anj[G(ngTnO\'a usv)a TnO\,, M,V)) +G(g(’Tj((’n1”)1Tj(p10-11:)] + 8an-
G(g%, 9¢, 9p) ®)
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forh, u,v,{,m, 2, p,0, te0and 0=<ynj, 6nj<1, N#A=1,2,.....1.e n, j N
if Z I(Ynn+;/+ Snn+l
3. IF{Tn}nen and g have tripled coincidence point comparable with respect to g then {Tn}nen and

g have a unique tripled fixed point.

) is an a-series then g and {Tn}nen have a tripled coincidence point.

Proof: For any o, o, vo € U. We consider three sequences {4,,,},{um}, {vin} constructed above by
taking
OAm+1=Tm (Am, Hm, Vm), gum+1=Tm (Mm, Am, Um), gvm+1=Tm (Vm, Hm, Am)
By condition (5)
G (gh1, gh2, gh2) = G (To(Ao, po, Vo), T1(A1, pa, v1), Ta(re, pa, v1))
<v0.1[G (gho, To(ro, Lo, Vo), To(ro, po, v0)) + G ((gh1, T1(A1, pa, vi), T1(A1, w, v1))] + 801G
(gho, gha, gh1)
=G (gh1, gha, gh2) <70.4[G (gho, gh1, gh1) + G (gh1, gho, gh2)] +30.1 G (gho, gha, gh1)

+ 0
< (Y()l] O,l)

T G (gho, gh1, gh1)

('le 3,

similarly G(ghz, ghs, ghs) < 2 G(gM gha, gho)

Yy, 2+61 2
1=y,

<( Y01+601

)G—— ) G (gho, gh1, gh1)

Repeating the above, we obtain

G (ghm, @hamis, ghaver) < TTi (L4LE208L) G (g, gy ) --ommm (6)

Using similar procedure, we can also prove that

Yn n+1+t0nn+1

— )G (gho, g, gua) ------ (7

G (gum, ghme1, gume1) < [Thsy

)<Hm 1/ Ynn+1+8nn+1

rnme JC (8V0.8V1 gV1) - (8)

and G (Vm, Vm+1, Vm+1
adding (6), (7), (8) we get

+ n,n
G (gAm, ghmet, ghmet) + G (gum, gume+1, gmet) + G (Vim, Vi1, Vim+1) < [1.2¢) Y""HY—H)[G (gho, gh1, gh1)

nn+

+ G (guo, gui, gua) + G (gvo, gva, gv1)]

—1 Yant110n,
Let Bim < lelnzol M)Bo

1_’Yn,n+1
where Bm= G (ghm, 2Am+1, g2hm+1) + G (gum, gum+1, gm+1) + G(Vm, Vm+1,Vm+1)-
For p > 0 and by using (G5), we have
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G(ghm ghm+p, ghmep)+ G(gpm gimep gmep)+ G(Vm,Vim+p,Vmep) < G(gAm,gAme+1, ghm+1)+
G(gumgum+1,gpme1)+ G(Vm,Vm+1,Vme1)+ G(ghms1,ghme2, ghm+2)+ G(ghme1,Hm+2,gim-2)+
G(Vm+1,Vm+2,Vm+2)+““+ G(gy\,m+p-1, g)»m+p, g)»m+p)+ G(gum+p-1,gum+p,gum+p)+ G(Vm+p-1,Vm+p,Vm+p)

9, 9, 1)
SHE;OI Yn,n+1+ n’n+1)B + l—[ 0( nn+1+ nn‘H)B + oo +l—[]+] -2 nn+1+ nn+1) BO

1_Yn,r1+l 1- ynr1+1 1- Ynn+l
-1 Vont1FOnn+1
St} ) el G
Ynn+1
S | ! Tont1 FOnn+1
<y L ey g
Yn,n+1

n,n 6n n
G(ghm,ghmep, Ghmp)+ G(gHm,Zhmep,gim+p)+ G(Vm,Vmep,Vm+p) <X TIkZS Yon+i?onntt “3)Bo

1=Ynn+1

By the fact that the arithmetic mean is greater than or equal to geometric mean for non-negative real
numbers and a, N, are like in definition 2.9 for m> n, follows as below

m+p—1 k 1/ nn+1 +8nn+1 Zm+p It! k=1 Ynn+l +onn+1 K
k=m =0 1— ) [ n=0 1— )]
nn+1 Yn,n+l

From (9) and (10)

+8an
= G(ghm,ghmep, hm+p)+ G(gm gm+p,gim+p)+ G(Vin,Vimep,Vmep) < Dpe 1[1 hJaga ynnH—H)]K Bo

1= yn,n+1

1 Y, +9
< (Zm+p k)B Where o= Zk ! —mllH nnH)
yn,n+1

< ()Bo
G (ghm, ghmep, gAme+p) + G (gHm, glmep, EHme+p) + G (8Vm, gVme+p, gVmip) + G (gVm, gVmsp, Vm+p) <
)Po
Now letting the limit as m, p — oo, we obtain
,}EIEOG (gAm, ghm+p, Qrmip) + G ((gUm, glm+p, gum+p) + G (gvm, gVm+p, gvm+p) = 0 since 0 < o <1
Further which implies that
1111_120 G(ghm, gAm+p, gAm+p) = 0
lim G(ghm, gHim+p) Ehm+p) =0 (11)

1‘111—120 G(gvm’ ng+p; ng+p)) =0
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Thus, {gA.}, { gum}, { gvm} are Cauchey sequences in O. Since g(O) is closed and by the
completeness of O there exists (r, s, t) € U2 with lim {gh,,}=g(r)=A,

Lim {gpm }=g(s)=w. lim{gvn }=g(t)=v

By construction nlg}o gMnt1) :rgxgo T (A B Vi) =A
lim g(u ) = m Toy(m, Am, m)=p and
1im g(Viyy1) = 1im Toy (Vi iy Am)=V-

Now by compatibility and weakly reciprocally continuous of g and {Tn}nen We have

lim T (g4, gitm, 2Vim) = g(2) )

1im Ty (ghm, gAm, ghm) = 9(W) \ (12)

Jim Ty, (2Vim, gttm, 8Am) = g(V)-
Suppose {Tn}nen is continuous & using G(5), we have

G (Tn (A, W, v), Tm (gAm, gim, gvm), Tm (ghm, gitm, gvm)) <G (Tn (A, 1, v), g (Tm (A, pim, Vin)), 9 (Tm (A,
tm, vn))) + G (g (Tm (Am, pm, vm)), Tm (ghm, gim, gvm), Tm (hm, giim, gvm))

Similarly

G (Tn (1, A, W), Tm (gpm, ghm, gim), Tm (gum, gAm, gum)) <G (Tn (1, A, ), g (Tm (Um, Am, um)), 9 (Tm
(fm, Am, um))) + G (9 (Tm (um, Am, pm)), Tm (gum, ghm, gum), Tm(gum, ghm, gum))

And

G (Tn (Va W, }\')9 Tm (ng, gHm, ng), Tm (ng, gHm, ng)) <G (T” (Va L, 7\‘)’ g (Tm (Vm, Hm, }\«m)), g (Tm
(Vm, tm, Am))) + G (9 (Tm (v, tm, Am)), Trm (gVim, gim, €Am), Tm (gVm, gim, gAm))

Taking limit as m—oo, and weakly reciprocally continues we get
G (Tn (A 1, v), gh, gh) <G (Tn (A, 1, v), gh, gM) + G (gh, gh, gh)
G (Tn (X, 1, v), gh, g1) = 0.
Similarly, G (Ta(y, A, p), gu, gu) =0
and G (Tn(v,, 1), gv,gv)=0
e, Tn(h, 1, v) =gk
Tn(l A ) = g
To(v, 1, A) =gv
Thus (A, , v) is tripled coincidence point of {Tn} and g.
Now we prove it is unique.

Assume (p, g, r) is another tripled coincidence points.
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i.e, 9(1p)=Tn(p, @.1), 9(@)=Tn(q.p,q) and g(r)=Tn(r.¢,"p)
then we prove that g(A)= g('p), g(n)=g(¢) and g(v)=9(r)
since the set of tripled coincidence points are comparable, applying condition (5), we obtain
G(gh, 9 ,.9p) = G(Ta(h1,v), Tm(p @), Tm(p,qp.1))

< ¥nm[G(gh, Tn(hop,v), Tn(A, 1,v))+G(gp, Tm(p, 1), Tm(p,q.1)) [+8n,mG(gh. 2P, 2p)
G(gh, gp ,gp) < ynm[G(gh, gh ,gh)+G(gp,gp,gp)]+dnm(gh.gp,gp)
G(gh, gp, gp) =0 as dnm<1

-~ gh=gp

In the same way we can prove g(un)=g(q) and g(v) =g(r)
Hence g and {Tn}nen  have a unique tripled
point of coincidence. i.e, (g, gu, gv).

{Tn}nen and g are weakly compatible since they are compatible, i.e, they commute at their
coincidence points, i.e, A=gA =Tn(A, W, v), p=gu =Tn(p A, n), v=gv =Tn(v, W, A).

Thus, {Tn}nen and g have unique tripled common fixed point whenever they are weakly compatible.

COROLLARY 4.4: Assume (A, G, <) is a complete partially ordered G — metric space. Let
{Tn}nen: B3> B be a sequence of mappings and g is an identity mapping for p, o, 7,3, € &,
{Tnken Withp <z, m<o,T<{0rx<p,0<mn,{<t,satifies the following conditions.

(i) Tm(p,0,T) < Tm+1(3,m, {)

(") G(Tn(p,O',T), Tm(”!"! (),Tm((,a,a)) < Yn,m [(p’ Tn(Paa'aT),TH(P,O',T))"'G(K,Tm(%,U, ()
Tm(§,&,8))]+5nm G(p,3,6) With 0 <ynm,dnm< 1 and n, m eN

If Z;";z,(%sn’"“) is an a- series and & is regular ,then there exists a tripled fixed point of
—Ynn+l

{Tn}nen.iie, 3 (p,0,7) €% such that p=Tn(p,0,7), 6= Tn(0,p,0),T=Tx(t,0,p) for neN.

Theorem 4.5: Consider (4, G, <) be a partially ordered complete G-metric space and is regular.Let
g and {Tm}men is same as in theorem 3.3 and  lim sup B, < 1,0 < B, j,v;j < land let
n—aoo

g and {T,;,} satifies conditions (2),(3) and (5) then g and {T,,}men have tripled coincidence
point.

Proof: from the theorem ,sequences

{gAm} {9t} and {gv,,} are cauchy sequences in G(9).Since

{gAnm} and {gv,,} are increasing sequences and
{gun} is decreasing sequences respectively: by using the regularity of

(#,G,<),wehave ga,, < a, p< gpm, gom < o for all m >0 then by (5), we obtain
GC(Tim(g@m, 9Pms 9m), Tn(a, p,0), T (a, p, 0)) <
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,Bm,n [G(g(gam): Tm(gam: 9Pm., go—m)’ T (9m, 9Pm, gom)) + G(ga, Th(a,p,0),Ty(a,p, 0')) +
Ymn(G(g(gam), g, ga)

Taking as m—oo, we obtain T,, (a, p,0) = ga as B, < 1,

Similarly we can prove T,,,(p, a, p) = gp

And T,,(o,p, @) = go

Thus (a, p, 0) is tripled coincidence point of {Tp,}men and g

Example 4.6: Consider E =[0,1] and G(«, p, 0) = max{|a — p|, |p — |, |0 — a|}.

Clearly (E, G) is complete G metric space

Define y;; = 2f+,, lfor alli,j = 1,2,.

a+p+6

Consider the mapping Tn: E>—-E and g: E—E by Ti(«a, p, ) = , §(a)=2a for all

a, p,oekE n=123------
Assume i<j and for all o, p,0,m,n,0, f, ¢, Ac Ewitha>m= 4, p<n<g,

c>o0=> A

a+p+a ﬁ+g+h

G(Ti(a, p,0).Ti(m,n,0),Ti(§, g, A))= | and

F+gtc
3/

a+p+o
i

G@mﬁ@yg}ﬁmyﬁD+G@mTMmm®JKﬁ%ﬁFPa_

+|2m -
G(ga,gm, gf) = |6a — 6f]
Since y; j, 6; ; < 1, condition (5) satisfied for all a, p, 5,m, 1,0, #, ¢, £ € E with
a>m=f, p<n<g, c>0= A
Moreover, the series
! g+

+8ii41 YR +1/ 1
,(“1“—) =y Zl 17— I8 an a-series with o = -,
Tiji+1 I— 421+1

Unique common tripled fixed point for g and T, is (0,0,0)
Theorem 4.7: Let (+, G) be complete G metric space and {Tn}: £ — #’be a sequence of
self-mappings such that
G(Ti(p), T(), Tk(v)) < Bik [G(p, Tj(1p), Ti(p))+G(qp, Tk(p), Tk(¢))+G (0, Tk(v), Tk(v))]
ik G(p,g,v) (A)
for p, @, v € H'with p # ¢, 0 < Bjk, Vi k< é , J,k=1,2,----

Bjj+1+Vjj+i
00 J.J 1]
if 3 Bt s

1—28 is an a-series then {Tn} has unique common fixed point in .
—<4Pj,j+1
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Proof: For any po€#, we can consider the sequence pn= Tn(pn-1), N=1,2----

From (A) we have

G(p1p2,1p2)= G(T11po, T2pa, T2p1)
< B1.2[G(1po, T1po, T1po)+ G(1p1, T2p1, T1p1)+G(p1, T2pa, T2pa)]+ v1,2G(po, p1, 1)
< B1.2[G(po, 1, P1)+G(1p1, P2, p2)+G(p1, P2, P2)]+ v1,2G(po, 11, 1)
< B1.2[G(po, 1, P1)+2G(1p1, 2, P2)]+ v1.2G(po, Py, 1p1)

B12%Y12

G112, p2) < (5557) G(1po, 1, pa).
Also we get G(p2, ps, p3)] = G(T2p1, Tapz, Tapo)
< G226y s p)

1-2B33

< (ﬁ2,3+1/2,3) (ﬁ1,2+)’1,2
T I=2B237 Y 1-2By2

) G(po, p1, P1).

Repeating the above reasoning we obtain

Bjj+itYjj+1

1-25,, ) C(1p0. 1P p1).

GOP”? mn+1amn+1) H 1(

For p>0 and by Gs
G(pn, Pr+p, Pr+p) < G(1Pn, Pr+1,Pn+1)+ G(Pn+1, Pr+2,Pr2)+ GOPns2, Pn+a,Pnss)+---
+ G(pn+p-1, Pr+p, Pnsp)

<IT- <ﬁj,j+1+Vj,j+1>+ n+1 ﬁ]]+1+y11+1) R
1-2Bj j+1 J=IN - =2Bjj+1

HITE7 ™ (] Glipo, pa, )

<SR ITF W) G(po, "p1, p1).

< TRt o (LT Glipo, i, p)

By using the fact that the Geometric mean is less than or equal to arithmetic mean for non-negative
real numbers and let o and no for m> nq as in definition 2.9 follows as below

n+p—Ipl vk (ﬁj,j+1+)’j,j+1

K
<Yk=n [z 2j=1 1-28 01 >] G(po, P1, Pp1).

.. .. k
" Glpn P o)< et b Zhey (LT oo 1, )

< (TR~ a*)G(po, p1, pa).
< (a™+ a™! + a™? +---+a™P=)G(po, p1, Pa).
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< a"(l+a+a2+a3+ ______ +ap—1) G(po, 1, P1).

< % G(po, p1, P1).
Let n, p —o0, G(\pn, Pn+p, Ppn+p)—0 since 0 <a < 1.
Thus, {1pn} is a Cauchy sequence in & .Due to completeness of & it converges to ¢ in .
For m>0, we have
G(pn, Tm(6), Tm(c)) = G(Tn(pn-1), Tm(s), Tm(c))
< Bnm[G(Pn-1, P, )t G(g, Tmg, Tmg )+ G(g, Tmg, Tme)]+
nm (Pn-1, G, )
Letting n—o0, as \pn—¢ we obtain
G(G, Tmg, Tm¢) < Brm[G(6:6:9)+2G (6, Tmg, Tme)+ynmG(g, , ©)
G(c, Tmg, Tmg) <2Bnm G(s, Tmg, Tmg)
Since ,Bn,m<§ v G Tmg Tmg) =0
& Tmg=¢
¢ is fixed point of {Tm}.
Assume § is another fixed point of {Tm}, i.e., Tm(8)=3. Such that ¢#9.
G(c, 9, 9) =G(Tmg, Tm9, Tm¥9)
< BramlG(c, Tmg, Tmg)+ G(8, Tmd, TmI)+ G(8, Tm3, TmI)]+ ynmG(c, 9, 9)
G(6, 9 9) < BnmlG(6,6.0+G(S, 9, 9)* G(9, 9, )]+ 1nmG(s, 9, 9).
G(u,99) =<ynmG(u 9, 9).
, which is a contradiction since 'Yn,m<§
ng=9
~ ¢ is a unique fixed point of {Tm}.

Corollary 4.8: Consider a sequence of self mappings be {Tn} and (o, G) be a complete G- metric
space satisfies the following contraction such that

for p, @.v € Hwith p # @, 0 4<% | k=1,2,3-

Bjj+1

then {Tn} has a unique fixed point in A if }.7_ 1(1 28
—<Pj,j+1

) is an a-Series

Example 4.9. Let 5= [0,1] and G(\p,q,v) = max{|p — ¢|, |¢ — v, |v — p|}.
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Clearly (+#, G) is a complete Generalized metric space. Define Bj,k:ﬁ forall j,k=1,2,3,....
and Tj(p) = 32; for all \pe #andj=1,2,....

Assume j <k and p> ¢ >v so we have

G(Titp, T, Two) =max{lh — 1 — bz = 13

4
pd

e

GCp, Titp, Tip)+G(@ Tk, T+ G, Tkv, Tko) = [ip = 37| +lg = % | +lv — |

Clearly G(Tjp, Tkg, Tkv) < G(p, Tjip, Tip)+G(q, Tkq, Tkg)+ G(v,Tkv, Tkv).
=~ condition (B) satisfied for all p, ¢, v € A with p#g

1

.B]]+1 m
2+31
4
= Yo 243
J=1 54505
2+37
_ oww 1 . . 1
j=17j Isana series with o=,
37 3

By corollary 3.8, {Tn} has a unique fixed point 0 € .

Theorem 4.10: Assume (#,G) be a complete G metric space.{Tn} be a sequence of self mappings
on & such that

G(T" (). Ti' (@), T @) = Byl G, T (o), TF (0))¥G(@. T (@), T ()
G(v, T¢ (), T¢ )+ 1ikG(p.q.0).
For 'p.g0 € A, "p#q. 0= 1, Yik<s 1K=1,2,3--

If Z 1(.3]1]+2I;'V] Jj+1

5.CONCLUSION

) is an a-series, then {Tn} has unique common fixed point in .

In this study we present unique tripled fixed-point and common fixed-point results for a sequence of
mappings and a self-mapping in G metric space via a-series with supporting examples.
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