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1. Introduction

The concept of fixed points is fundamental in mathematics, and it arises in diverse fields such as
differential equations and optimization. In 1922, Banach [2] introduced Banach contraction principle
as the first constructive method to get a fixed point for a self map on a complete metric space.
Continuation of this, in 1973, Geraghty [8] gives an extension of the Banach contraction mapping
principle, provides a powerful tool for proving the existence of fixed points. Specifically, Geraghty’s
result ensures a unique fixed point under certain contractive conditions. Many authors generalized his
work, see [1,4,6,7,13].

In 2012, Samet et al. [14] introduced the concepts of a-contractive and a-admissible mappings and
proved various fixed point theorems of a- admissible contractive mappings in complete metric spaces.
Recently, in 2015, Chandok [4] introduced the concept of (a, 8)- admissible Geraghty type contractive
mappings and proved some fixed point theorems of such kind of mappings in complete metric spaces.
Some researcher extended their work in various spaces [9-16].

In 2019, Karapinar et al. [7] introduced the notion ¢-Geraghty and Ciric type ¢-Geraghty contractive
mappings in complete metric space and proved some fixed points theorems and uniqueness of fixed
points.

To get a new approach for fixed point results in 2016, Mutlu and Gurdal [10] introduced the concept
of bipolar metric space. The major difference between the previously defined spaces and bipolar is of
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distance function. In bipolar metric space, the distance function is from the cartesian product of two
different sets to non-negative real numbers. Since then, many authors have proved several fixed point
results in bipolar metric space see [5], [9-11], [13].

Motivated by the work of Abduletif et al. [1], the main objective of this manuscript is to prove some
fixed points results and their uniqueness for (a, ¥, ¢)- Geraghty contraction mapping in complete
bipolar metric spaces. Furthermore, we offer illustrations to support our essential findings.

2. Preliminaries

We need to introduce some new notations and terminology and provide some fundamental definitions
which is used for the fixed point theorems for (a, vy, ¢)- Geraghty contraction mappings in bipolar
metric spaces.

Definition 2.1. In 2016, Mutlu and Gurdal [10] introduced the concept of bipolar metric space.

Let X and Y are two non-empty sets and d : X X Y — [0,0) be a function satisfying the following
conditions:

(BP1) d(x,y) = 0 ifand only if x = y, where (x,y) € X XY,

(BP2) d(x,y) =d(y,x) forallx,y e XnY,

(BP3) d(x;,y,) < d(x;,y;) +d(x,,y;) +d(x,y,) forall x;,,x, € Xandy,,y, €Y.
Then d is called bipolar metric and (X, Y, d) is called bipolar metric space.

If XNY = @, then space is called disjoint otherwise joint. The set X is called left pole and Y is called
right pole of bipolar metric space (X, Y, d) and any element of left pole (X), right pole (Y) and X nY
is called left element, right element and central element respectively.

Definition 2.2. Let (X,Y,d) be a bipolar metric space. Then any sequence (x,) € X is called left
sequence and is said to be convergent to right element say ‘y’ if d(x,,y) = 0 as n — oo. Similarly, a
right sequence (y,,) €Y is said to be convergent to a left element say ‘x” if d(x,y,,) = 0 asn — oo.

Definition 2.3. Let (X,,Y,d;) and (X,,Y>,d,) be two bipolar metric spaces.
LetT: X;UY, - X,UY, bea function such that

(WIfT(X;) € X,and T(Y;) € Y;, then T is called covariant map and is denoted by T:
XY, d;) 3 (XY, dr).
(iDlf T(X;,) €Y, andT(Y;) € X,, then T is called contravariant map and is denoted by T:

XY, dp) R (XY, d)).
Definition 2.4. Let (X;,Y;,d;) and (X,, Y, d,) be two bipolar metric spaces.

MAmap T: (X;,Y,,d;)) 3 (X, Y,d,)is called left continuous at a point x, € X, if for every € > 0
there exists § > 0 such that d,(Tx,, Ty) < & whenever d,(x,,y) < 6.

(iDAmapT: (X;,Y,d;) 3 (X,Y,d),)is called right continuous at a point y, € Y; if for every € > 0
there exists § > 0 such that d,(Tx, Ty,) < € whenever d;(x,y,) < 6.
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(ii)A map T is called continuous, if it is left continuous at each x, € X; and right continuous at each y, €
Y;.

(iv)A contravariant map T : (X;,Y;,d;) X (X,,Y,,d5) is continuous if and only if it is continuous as a
covariantmap T : (X, Y, d;) 3 (X5, Y, dy).
Definition 2.5. Let (X,Y, d) be a bipolar metric space.

(i)A sequence {(x,, y,)} onthe set X x Y is called a bisequence on (X,Y,d).

(i) If both the sequences (x,,) and (y,,) converge, then bisequence {(x,, y,,)} is said to be convergent. If
both the sequences (x,) and (y,) converge to same pointv and v € X nY, then this bisequence is
said to be biconvergent.

(iii)A bisequence {(x,,v,)} on (X,Y,d) issaid to be Cauchy bisequence, if for each € > 0 there exists
a positive integer N € N such that d(x,,, y;,) < € forall n,m > N.

(iv)A bipolar metric space is said to be complete if every Cauchy bisequence is convergent in this space.

Definition 2.6. [11] Let X and Y be two non-empty sets. Let T : (X,Y) 3 (X,Y) and a:
X XY - [0,+x). Then T is called a-admissible (covariant) if

a(x,y) 2 1= a(Tx,Ty) = 1
forallx e Xandy €Y.

Definition 2.7. [11] Let X and Y be two non-empty sets. LetT : (X,Y) X (X,Y) and a:
X XY - [0,+x). Then T is called a-admissible (contravariant) if

a(x,y)=1=a(Ty,Tx) = 1
forallx e Xandy €Y.
Let ¥ be the family of functions ¥ : [0, 0) — [0, o) which satisfying the following conditions:

(i)y is continuous,

(i) is strictly increasing,
(ii)) Y (0) = 0.
Consider ® be the family of functions 6 : [0,0) — [0,]) such that for any bounded sequence {t,} of
positive reals, 8(t,,) — I implies that t,, = 0,asn — .

Let ®; be the family of functions 6 : [0,20) — [0,1) such that for any bounded sequence {t,} of
positive reals, lim sup 6(t,,) — 1 implies that t,, —» 0,asn — .

3. Main Results

In this section, we will introduce new notations for ¢-Geraghty contraction mappings and prove
various fixed point theorems for such type of mappings in complete bipolar metric spaces.

Definition 3.1. Let X and Y be two non-empty sets. Consider (X,Y,d) be a bipolar metric space,
T: (X,Y) 3 (X,Y)is called Geraghty contraction if there exist a function & € ® which satisfies the
following condition:

d(Tx,Ty) < 6(d(x,y)) d(x,y) forall x e X and y € Y.
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Definition 3.2. Let X and Y be two non-empty sets and (X, Y, d) be a bipolar metric space, T:
(X,Y) 3 (X,Y). Suppose that ¢ : R* — R*is function and 6§ € ® and T is called ®-
Geraghty contraction if it satisfies the following condition:

(De(t) < tforanyt € (0,0),
(ii)Forany € > 0, there exist § > Osuchthate <t < e+ 3§ = ¢(t) <¢,
(ii)d(Tx, Ty) < 68(d(x,¥)) ¢(d(x,y)) forallx € Xand y € Y.

Definition 3.3. Let X and Y be two non-empty sets and (X, Y, d) be a bipolar metric space, T:
X,Y) 3 (X,Y)isaself mapand a : X XY — [0,0). A mapping T is said to be (a, Y, 9)-
Geraghty contraction mapping if there exist ¢ : R —» R™, 1 € ¥ and 6 € O satisfies the following
condition:

(p(t) < tforanyt € (0,0), (3.1)
(if)Forany € > 0, there exist § > Osuchthate <t < e+ 6§ = ¢(t) <¢, (3.2

(ii)a(x, )P (d(Tx, Ty)) < 0((d(x,¥))) e (d(x,y))), forall x e Xandy € Y.  (3.3)

Theorem 3.4. Let (X,Y,d) be a complete bipolar metric space, T : (X,Y) 3 (X,Y) is a covariant
mapping and a : X X Y — [0, ©). Suppose that the following conditions hold:

()T is a- admissible mapping,
(iNT isan (a,y, )- Geraghty contraction mapping,
(iii) there exist x, € Xand y, € Y such that a(x,,y,) = 1 and a(x,,Ty,) = 1.

Then T has fixed point.

Proof: Let x, € Xand y, € Y such that a(x,,y,) =1 and a(x,,Ty,) = 1. Now we define a
bisequence {(x,,v,)}in (X,Y) by

Tx, = x,; and Ty, =y, foralln € N u {0}.
Since T is a- admissible mapping.
So, a(xy,yy) = 1= a(Tx,,Tyy) =1,
a(xpy;) =alxy,Tyy) = 1,
a(x;,y;) =a(Txy,Tyy) = 1,
Using mathematical induction, we get
A(Xp, Yner) = 1and a(x,,y,) = 1 foralln € N U {0}. (3.4)

Putting x = x,4; and y = y,,, inequation (3.3), using equations (3.1), (3.2) and by the properties of
Y and 8, we have

lp(d(xn+1 » Yn+2 )) = lp(d(Txn yTYn+r ))
< a(Xy, Vnas )¢(d(Txn yTYntr ))
< O(P(dCtn, V1))@ W(d(n, Yns1)))
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< (p(lp(d(xn yYn+1 )))

<P(dCn, Yne1)) - (3.5)
Hence, i is strictly increasing function so, we get
d(Xpt1)Vne2) < d(x,,yne;) foralln = 0. (3.6)

Similarly, putting x = x,,,.; and y = y,,,; in equation (3.3), using equations (3.1), (3.2) and by the
properties of i and 8, we have the following

Y(dCnes, yne)) = P(d(Txn, Tyn))

< a(n, y)¥(d(Txn, Tyn))

< 0(YP(dCen, ¥ )W (d(xn, ¥2)))

< p@(d(xn,¥n)))

<Y(dCxn,¥n)) - 3.7)
Hence, o is strictly increasing function so, we obtain

d(Xpys, Vne1) < d(xy,,y,) foralln = 0. (3.8)

From the above, we conclude that the sequences {d(x,,, Yn+;)} and {d(x,,y,, )} are monotonically
decreasing and for the non-negative monotonically decreasing sequences {d(x,,y,+;)} and
{d(x,, v, )}, there exist some r; = 0and r, = 0, such that

d(xn,Yner1) = 17, d(, Yn) > m @SN > 0. (3.9)

We suppose on the contrary that r; > 0.
Hence, we have 0 <r; < d(x,,Yn4;) foralln > 0.Sete =r;.
From equation (3.2), there exist § > Osuchthate <t < e+ 6 = ¢(t) < e.
On the other hand, by the definition of &, we can choose n, € N such that

€< d(Xny, Yny41) <€+
By the properties of ¢, 8,using equations (3.1), (3.2) and (3.3), we have

(&) <PY(d(xnyr Ynge1)) < (e +8) = P(e) + (&)

this implies that

P d(%n,) Ynye1))) < H(e). (3.10)
We have also

£ < d(Xnyi2 Ynges) < d(Xnge 1 Yngs2) = d(Txny, TYnys1),

which implies that

l,l)(é‘) < lp(d(xn0+21 yn0+3))
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< l/)(d(xn(ﬁb yn0+2)) = lp(d(Txnonyn(ﬁ]))
< a(xno, yn0+1) l[}(d (Txnoi Tyn0+1))

<6(y (d(xn(,, yn,,+1))) o (d(xno' 3’n0+1)))

< @ (@ Ynpe1)))
< ¥(e),
which is a contradiction. Hence
lim d(xp,Yns1) =11 = 0. (3.11)
Similarly, 71113310 dxp, ) =1 =0. (3.12)

Now, we shall prove that {(x,,, s, )} is a Cauchy bisequence.
We fix &; > 0, then by (3.2) there exists §; > 0 such that

t<e + 6 =) <e. (3.13)
Without loss of generality, we assume §; < ;. Due to (3.11), there exist n, € N such that

d(xXp, Vne) < 6;, foralln = ny, (3.14)
which implies that

l/)( d(xnryn+1 )) < lp(61).

By mathematical induction, we show that for any fixed k > n,

d(xk,ka) <g +61,f0r all [ € N. (315)
For [ = I, this inequality trivially holds by (3.14).
Now, assume that (3.15) is satisfied for some j € N and we have to show that it holds for l=
j+ 1

From the triangle inequality (BP3), properties of 1,68, equations (3.1), (3.2) and (3.3)
l/)(d(xkryk+j+])) < YA, Yier) + Ay, Yirr) + d(xk+1'yk+j+1))

< Y(dC, Yies) + YAt Vier1)) + WK1, Yierj41))

<YP(dC, Yirr)) + YAk, Yir1)) + W (A(Txi, Tyis;))

< Y(d(xe, Yierr1)) + W(dXprr, Yirr))
+a (e, Vir  DW(A(Tx, Tyis;)) <A, Yiess)) + (A, Vier1))
+8 W (d (% Yies ;)W (d(xi Yier 1))

< Y(dxi, Yiesr)) + A&kt Y1) + oA( d(xk'yk+j )))-
Using equations (3.14) and (3.15), we get
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P(d(x yVierj+1 ) < W(8)+ Y(dOhss, Yiss)) + P( ).
By letting k — oo, using equation (3.12), we obtain
Y( d(xk»J’k+j+1 ) < Y(8) + Yle)
=P(g; + 6)).

By the property of ¢ , we get

d(xe, Yiajr1) < &+ 6;.
So, equation (3.15) is holds for [ = j + 1.
Hence, by induction we prove that d(xy , yi+j+; ) < & + 6, forall k > nyand I > 1.
Since g; is arbitrary, we conclude that

lim d(x,,y,) =0.

mmn—-o

Hence, {(x,,v,)} is a Cauchy bisequence and (X,Y,d) is a complete bipolar metric space. So,
{(x,.,yn)} is convergent and in fact biconvergent. So, there exists u € X NnY such that (x,) = u,
(yp) 2 uasn — .

We claim that Tu = u.
Let, if possible, Tu # u. Then there exist ' > 0 such that d(u, Tu) = r'> 0.
Since (x,) = u, (), ) = uasn — o, we can choose n, € N such that
d(x,,u) <% foralln > nyand d(y,,u) <5, foralln > ny. (3.16)
From the triangle inequality (BP3), properties of ¢, 6, equations (3.1), (3.2) and (3.3),
() =P(d(w, Tw))

< YA Yngr) + dXng, Yner) + d(xpgy, Tw)

< YW yner)) + YA, Yner)) + P(d(xnyy, Tw))
YA, yn+1)) + YA xnts, Yner)) + P(d(Txy, Tw))
YA, Y1) + Y(AOrr, Ynes)) + Qi u) P(A(Txy, Tw))
YW, yni1)) + Y(AOir,Yn1)) + 0@ ((n, w) @(P(d (3, u)))
< YA, yns1)) + Y(dCnsr, Yne1)) + 0(P(d(x,, 1))

< l/)(d(u: Yn+1 )) + l/)(d(xn+1 'yn+])) + lp(d(xn'u))-
Using equations (3.12) and (3.16), we get

, T’ T,
wr< o)+ o(2)

IA A

IA
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= v(5+3) = v
which is a contradiction.
Thus Tu = u. i.e., u is the fixed point of T.

Example 3.5. Let X = [0,+ ) and Y = [—/,/]and let d : X X Y — [0, +) be a function such that
d(x,y) = |x? —y?| forall (x,y) € X xY.

Then, clearly (X, Y, d) be a complete bipolar metric space.
DefineT : (X,Y) 3 (X,Y)suchthatTx = %isamapping anda : X XY — [0,0) suchthat a(x,y) =
; for (x,y) e X X Y.

Clearly, T is a-admissible mapping and there exist (x,,y,) € X XY such that a(x,,Ty,) = 1,X N
Y ={0}and TO = 0.

Taking () ==, @(t) = 5 and 6(t) = j

Left hand side of equation (3.3) becomes
2
|

a(x,y) P(d(Tx, Ty)) = 22

Right hand side of equation (3.3) becomes

B(W(d ) e(dCxy)) = 22 forall (x,y) e x x ¥,
which implies equation (3.3) holds.

Hence, T isan (a,y, ¢)- Geraghty contraction mapping.

All the conditions of Theorem 3.4. are satisfied.

So, T has a fixed point and x = 0 is the fixed point of T.

Theorem 3.6. Let (X,Y,d) be a complete bipolar metric space, T : (X,Y) 3 (X,Y) is a covariant
mapping and a : X X Y — [0, ©). Suppose that the following conditions hold:

()T is a-admissible mapping,
(iNT isan (a,y, )- Geraghty contraction mapping,
(iii)there exist x, € Xand y, € Y such that a(x,,y,) = 1 and a(x,,Ty,) = 1.

Then T has a unique fixed point.

Proof: Following the proof of Theorem 3.4. T has fixed point. To prove the uniqueness of fixed point
of covariant mapping T in complete bipolar metric space, let us assume, if possible, u and v are two
distinct fixed pointof T. i.e. Tu =uand Tv = v.

By using the properties of ¥, 8, equations (3.1), (3.2) and (3.3),
lp(d(u, v)) = tp(d(Tu, Tv))
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< a(u, v)t/)(d(Tu, Tv))
< 0(d(w,v)))e(d(w,v))
< oW(d(w,v)))
< l/)(d(u, v)).
This implies that d(u, v) < d(u, v), which is a contradiction. Thus, u is the unique fixed point of T.

Example 3.7. In the Example 3.5, we can easily say that T satisfies all the conditions of Theorem 3.6.
So, T has a unique fixed point.

Clearly, ‘0’ is unique fixed point of T

Definition 3.8. Let X and Y be two non-empty sets. Consider (X,Y,d) be a bipolar metric space, a
contravariant mapping T : (X,Y) X (X,Y) is called Geraghty contraction if there exist a function
6 € ® which satisfies the following condition:

d(Ty, Tx) <0(d(x,y)) d(x,y) forall x e X and y € Y.

Definition 3.9. Let (X,Y,d) be a bipolar metric space and T : (X,Y) X (X,Y) is a contravariant
mapping where X and Y are two non-empty sets. Suppose that ¢ : R* — R*is functionand 6 € ®
and T is called ¢- Geraghty contraction if it satisfies the following condition:

De(t) < tforanyt € (0,),
(ii)For any € > 0, thereexist § > Osuchthate <t <e+ 3§ = ¢(t) <¢,
(ii)d(Ty, Tx) < 0(d(x,¥)) p(d(x,y)) forallx e Xandy € Y.

Definition 3.10. Let X and Y be two non-empty sets and (X, Y, d) be a bipolar metric space, T:
(X,Y) X (X,Y)is a contravariant self map and a : X XY — [0,0). A mapping T is said to be
(a, 1, @)- Geraghty contraction mapping if there exist ¢ : R* - R*, ¢ € ¥ and 6 € O satisfies the
following condition:

De(t) < tforanyt € (0,),
(il)For any € > 0, there exist § > Osuchthate <t <e+ 3§ = ¢(t) <¢,
(iii)a (x, YTy, Tx)) < 0(Y(d(x,¥))) e((d(x,y)) Vx € Xandy € Y (3.17)
Theorem 3.11. Let (X,Y,d) be a complete bipolar metric space, T: (X,Y) X (X,Y) is a
contravariant mapping and « : X X Y — [0, «). Suppose that the following conditions hold:
()T is a- admissible mapping,
(iDT isan (a,, @)- Geraghty contraction mapping,
(iii) there exist x, € X such that a(x,,Tx,) = 1.
Then T has fixed point.
Proof: Let x, € Xand y, € Y such that a(x,,y,) =1 and a(x,,Tx,) = 1. Now we define a

bisequence {(x,,y,)}in (X,Y) by Tx,, =y, and Ty, = x,,,; forall n € N U {0}. Since T is a-
admissible mapping.
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So, a(xy,yy) = a(xy,Txy) = 1,
a(x,yp) = a(Ty), Txy) = 1,
a(x,y;) =alx;,Tx;) = 1.
Using mathematical induction, we get
A(Xpy1,Yn) = 1and a(x,,y,) = 1 foralln € N U {0}. (3.18)

Putting x = x,,,; and y = y,, in equation (3.17), using equations (3.1), (3.2) and by the properties of
1 and 6, we have the following

W(d s, 7)) = Y(d(Tyn, Txn))
< a(n, o )P(d(Tyy, Txy))
< 0((d0n, 1)) (d(n, ¥0)))
< oW (d(xn,¥2)))

lp(d(xnﬂjyn)) < w(d(xn:yn )) . (3.19)
Hence, o is strictly increasing function so, we get
d(Xpy;, V) <d(xp,,y,) foralln > 0. (3.20)

Similarly, putting x = x,,,; and y = y,,,; in equation (3.17), using equations (3.1), (3.2) and by the
properties of 1 and 8, we have the following

Y(d@nss,Vne1)) = P(ATYn, Txny )

< a(ny s, Y)Y(d(Tyn, Txny,))

< O(P(dCny s,y )W (dCtnss, ¥0)))

< p(dCenss ¥n)))

<P(dCneryn)) - (3.21)
Hence, o is strictly increasing function so, we obtain

d(xn+1 'yn+1) < d(xn+1 'yn) foralln = 0. (3-22)

From the above, we conclude that the sequences {d (x4 7, ¥ )} and {d (x,, 4 1, Yn+; )} @are monotonically
decreasing and for the non-negative monotonically decreasing sequences {d(x,+;,y,)} and
{d(xp41,Yn+1 )} there exist some r; = 0 and r, > 0, such that

d(xn+1 JYn) - 17, d(xn+1 yYn+1 ) — 1 asn — o, (3-23)
We suppose on the contrary that r; > 0.
Hence, we have 0 <r; < d(x,4;,v,) foralln = 0.Sete =r;.

From equation (3.2), there exist § > Osuchthate <t < e+ 6 = @(t) < e.
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On the other hand, by the definition of &, we can choose n, € N such that
€< d(Xny1,Yn,) <€+6.
By the properties of ¥, 8,using equations (3.1), (3.2) and (3.17), we have
(&) <PY(d(Xnye1,Yn,)) < P(e+8) = p(e) +P(8).
This implies that
P (d(¥nyr1,Yn))) < P(e). (3.24)

We have also

e< d(xn0+2'yn0+1) < d(xn0+]'yn0+1) = d(Tyno' Txn0+1)’

which implies that
(&) < P(d(Xnpa2 Ynye 1))
<P(d(xnyr 1 Ynge 1)) = Y(A(TYny Txne1))
< a(ngr 1, Yng) W(A(TYnyp TXnpe1))
< 00 (ACtne192,))) 00 (dCenyer, 1))

< oW (d(xtnpe1 7))

< Y(e),
which is a contradiction. Hence
lim d(x,4;,y,) =1 = 0. (3.25)
n—-oo
Similarly, lim d(x,,y,) =1, =0. (3.26)
n—-oo

Now, we shall prove that {(x,,, ¥, )} is a Cauchy bisequence.
We fix &; > 0, then by (3.2) there exists §; > 0 such that
t<eg+96;, =29 <e¢. (3.27)
Without loss of generality, we assume §; < ;. Due to (3.25), there exist n, € N such that
dXpt1,Vn) < 6;, foralln > n,, (3.28)
which implies that
P(d Qs ) < (6.
By mathematical induction, we show that for any fixed k > n,
d(Xee1, Vi) <&+ 6, forall L € N. (3.29)
For I = 1, this inequality trivially holds by (3.28).
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Let us assume that (3.29) is satisfied for some j € N and we will show that it holds for [l = j + 1.
From the triangle inequality (BP3), properties of ¢ ,6, equations (3.1), (3.2) and (3.3)
Y( d(xk+j+1 'Yk)) < Y( d(xk+j+1 »}’k+1) + A4 YVi+r) T dXpev 1, Yk ))
< yY( d(xk+j+] Yier1)) + WAt Vierr)) + (At 1, Yk))
< Y( d(Tyk+j Txerr)) + (A, Yier1)) + Y (d X, Vi)
S P(d@rer, Y ) + YA Yier1))
+a (X1, Vier ) W(A(T i j, Txi))
S P(d&kar, Y )) + YAt Yier1))
+0W(d (ke Vier))) oW (d(X Yier )
< Y(dxrer, Y6 ) + Yd&Xpas, Y1) + oAD( d(xk'Yk+j )))-
Using equations (3.28) and (3.29), we get
Y( d(xk+j+1 »J’k)) < Y(6)+ Y(dxpss,Yi+r1)) + Y(ep).
By letting k — oo, using equation (3.26), we obtain
Y( d(xk+j+1 »J’k)) < ¥(6) + Y(e),
=yY(e; + 6)).
By the property of i, we get
d(xksjer, Vi) <&+ 6.
So, equation (3.29) is holds for I = j + 1.
Hence, by induction we prove that d (x4 4/, vk ) < & + 6, forall k > nyand I > 1.
Since g; is arbitrary, we conclude that

lim d(x,,ym,) =0.

m,n—oo

Hence, {(x,,¥,)} is a Cauchy bisequence and (X,Y,d) is a complete bipolar metric space. So,
{(xn,yn)} is convergent and in fact biconvergent. So, there exists u € X n Ysuch that (x,) = u,
(yp,) D uasn - .

We claim that Tu = u.

Let, if possible, Tu # u. Then there exist ' > 0 such that d(Tu,u) = r'> 0.

Since (x,) = u, (3, ) = uasn — o, we can choose n, € N such that

d(x,,u) <% foralln = nyand d(y,,u) <=, foralln > ny. (3.30)

From the triangle inequality (BP3), properties of ¥, 8, equations (3.1), (3.2) and (3.17)
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() = Y(d(Tu,w)),
< Y d(Tu,yn) + d(xnss, yn) + d(xnis,u))
< Yd(Tuyn)) + Y(ACnsr,¥n)) + P(Ad(xnes,u)
< Y(d(Tu, Txp) + Y(Ad&nsr, Yne1)) + YA xnes, )
< a(xn, W) Y(A(Tw, Txy ) + (At g, Yner)) + (A (Xne s, 1))
< 0 (W) (P(d(xn, ) + P(Ad(Xnes, Ynes)) + YA, 1))
< (PG, ) + Y(AdXnts,Yne1)) + YAy, u))
< Y(dxn,w) + P(Ad(xner, Yner)) + YA, w).
Using equations (3.26) and (3.30), we get

, r r
Y(r) < ¢<3>+ 1/J<§>

= ¥(5+3) = w0
which is a contradiction.
Thus Tu = u. i.e., u is the fixed point of T

Example 3.12. Let X = [0,+ ) and Y = [—/,I/] and letd : X X Y — [0, +) be a function such that
d(x,y) = |x? —y?| forall (x,y) € X xY.

Then, clearly (X, Y, d) be a complete bipolar metric space.

Define T: (X,Y) X (X,Y) such that Tx =_7x is a mapping and a : X XY — [0,0) such that
a(x,y) =§ for (x,y) € X xY.

Clearly, T is a-admissible mapping and there exist x, € X such that a(x,,Tx,) = I and Xn

Y={0}and TO = 0.

Taking () ==, @(t) = 5 and 6(t) = j
Left hand side of equation (3.17) becomes

a(x,y) lp(d(Ty, Tx)) = ;%

Right hand side becomes

3|x?

6(Y(d(x, ) eW(d(x,y)) = : 1_6y2|, forall (x,y) € X X Y,

which implies equation (3.17) holds.

Hence, T isan (a,y, ¢)- Geraghty contraction mapping.
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All the conditions of Theorem 3.11. are satisfied. So, T has a fixed point and x = 0 is the fixed point
of T.

Theorem 3.13. Let (X,Y,d) be a complete bipolar metric space, T: (X,Y) X (X,Y) is a
contravariant mapping and a : X X Y — [0, ). Suppose that the following conditions hold:

()T is a- admissible mapping,
(iDT isan (a,, @)- Geraghty contraction mapping,
(iii)there exist x, € X such that a(x,,Tx,) = 1.

Then T has a unique fixed point.

Proof: Following the proof of Theorem 3.13. T has fixed point. To prove the uniqueness of fixed point
of contravariant mapping T in complete bipolar metric space, let if possible, u and v are two distinct
fixed pointof T. i.e., Tu =uand Tv = v.

By using the properties of ¥ ,0, equations (3.1), (3.2) and (3.17),
1/)(d(u, v)) = lp(d(Tu, Tv))
< a(u, v)P(d(Tu, Tv))
< 9 (d(w,v))e(d(u,v)))
< 9@ (dw )
< lp(d(u, v)).
This implies that d (u, v) < d(u, v), which is a contradiction.
Hence, T has a unique fixed point.

Example 3.14. In the Example 3.12, we can easily say that T satisfies all the conditions of Theorem
3.13. So, T has a unique fixed point.

Clearly, ‘0’ 1s unique fixed point of T.
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