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Abstract

Thi introduces the notion of 3, ¢ intuitionistic Q interval-valued fuzzy subsemigroup (IQVESS). f
R R et W DRI R AR ta 5 SR A NN I (0 DRI A R S (oA LI

fuzzy bi-ideal (IQVFBI) of an ordered semigroups. Let 5, p-IQVFI is a new extension of IQVFI over ternary
semigroups 2. The subset i = [R 3] represents a (0, ¢) — IQVF SS[IQV F LI, IQV FRI, IQVFLATI,

IQV F BI] of Zif and only if every level subset 7i;is an SS [LI, RI, LAIQV F, T BI] of % for every t € (0,
©]. A few examples can be presented to demonstrate our results.

Keywords: IQVFSS, IQVFLL IQVFRI, IQVFLATI, IQVFBI.

1 Introduction

D. H. Lehmer initially introduced triplexes, which are ternary algebraic systems, in 1932.! Triplexes, ternary
algebraic systems that prove to be commutative ternary groups, are the subject of his investigation. The concept
of a semiring was initially put out by Vandiver in 1934. In 1962, Hestenes? used the idea of ternary algebra to
matrices and linear transformation. The fuzzy set (FS) theory, first presented by Zadeh,? is the most effective
approach to dealing with ambiguity and uncertainty. If an element in an FS has a single value inside the
interval, it is regarded as a member degree (MD). However, the degree of non-membership degree (NMD)
could not always be equal to one minus the MD, uncertain theories, such as FS,? intuitionistic FS (IFS),4
Pythagorean FS (PFS),> and spherical FS (SFS).9 An FS is made up of sets of various grades, such as MG,
which range from 0 to 1. MG is the classification for IFS regardless of the assertion made by Atanassov* that
NMG can only be worth 1. Using PFS logic, Yager? built the generalized MG and NMG, which has a maximum
value of 1 and is based on the square of the MGs and NMGs. The neutral condition, which is neither positive
nor negative, cannot be adequately described by these concepts. The practical applications of FS extensions
were discussed by Al-Husband et al.’-!% He investigated their characteristics in a manner similar to that
of set theory. Rosenfeld!! created fuzzy subgroups and listed some of their characteristics in 1971. Fuzzy

semigroups were first presented by Kuroki!Z as an expansion of classical semigroups. Some fuzzy semigroup

characterisation was developed by Mordeson.!?. Sen et al. supplied the J-semigroups’ characteristics.!*/!3

Kehayopula looked at the ordered J-semigroup.!® Somsak Lekkoksung used ordered semigroups to investigate
Q-fuzzy ideals.!”!® Kehayopula et al. started the research on fuzzy ordered semigroups.

Initial proposals for the (5, ¢) fuzzy bi-ideal and FSS were made by Muhamniad (Khan et al.!” Numerous
scholars have recently examined the idea of IFS, NSS, and its characterisation??->4 An IFS with normal

subbisemiring was introduced by Palanikumar et al.?® Hila et al.?% explored bi-ideals on ordered semigroups.
Dutta T.K. et al. introduced novel concepts using prime ideals of ternary semirings.?’” A number of prime bi-
ideals of the rings have been studied by Palanikumar et al.?%:2 The several ideals of different algebraic
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approach were examined by Palanikumar et al.’**=** The notion of various operators, including averaging,

geometric, and its generalized forms, was explored by new researchers Hatamleh et al.*3-,*! Bataihah,*? and

Hazaymeh.*3 We study ordered ternary semigroups based on (5, ) ternary IFS and provide examples to show
their properties.

2 Basic concepts

Definition 2 .1. Let J and 3 ; be subsets of 2. Then

. (Q={te Z|t<hforsomeh e},
2. 33; ={ab:a €3, be I},
3. 3. ={(b,c) € Z x Z|a < bc}.
Definition 2.2. A fuzzy subset J5 of an ordered semigroup % is called a FRI(FLI) of 2 if

1. a < b= 03(a) > 02(b) forall a,b € Z,
2. 9z(ab) = 02(a) (resp. Dz(ab) > 02(b)) for all a,b € Z,

Definition 2.3. If (2, +) is a commutative semigroup and ternary multiplication meets the following condi-
tions, then

L. (fgh)ij = f(ghi)j = fg(hij),

2. (f 4+ g)hi = fhi+ ghi,

3. flg+h)i= fgi+ fhi,

4. fglh+1i) = fgh+ fgiforall f,g,h,i,j € &
Definition 2.4. The subset K of 2 is called a

1. SSif viveus € K for all v1,v9,v3 € K.
2. right (lateral, left) ideal if is1s2 € K (s1ise € K, 51801 € K) forall s1,89 € 2 andi € K.

Corollary 2.5. If & is regular if and only if RI 3, LATIF 2y and LI 35 of %, then (3 A3 A Js] = (31 x3s].

3 (0, ) ternary intuitionistic Q interval-valued fuzzy ideals

Here, 2 represents an ordered ternary semigroup. Assuming (9, {) € [0,1] and 0 < § < ¢ < 1, both (9, §)
are arbitrary fixed points.

Definition 3.1. AnIVFS N and @ be any set, then the pair N x @ is called an IQVFS. Let N = [§)~“EN, S ~] of
% is called a (0, ¢) IQVFSS of Z if

1. 9, < 83 = R@1) > R(Ds),
2. max{@(515253, d), 5} = min{g}}(zha (l), §}}(627 d)v §fe(657 d)v @}’
3. min{3(5,0205, @), 0} < max{I(d1,a), 3Dz, a), S(Ts, a), ¢} forall y,dz,05 € 2 and a € Q.

Example 3.2. Let 2 = {a, b, ¢,d} with the following Cayley table:
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*x|lal| b |cl|d x |lal|lb|lcl|d
a |l l |1 Il alal|lala
bl |m|n|o mla|b|c|d
c|ll|n|n|n nlalc|c|c
dll|n|n|n olalcl|lc|ec

<= {(a,a), (a.b), (a, ), (a,d), (b,b), (b,0), (b, d), (c. ), (d, ), (d, )},
Deﬁnethemappm N=[Rn,Sn]: Z x & xZ—1[0,1].

[0.6,0.65] if Kk =a [0.3,0.35] if Kk =a
04,045) if m=b g o J10.35,04) if =
[0.1,0.15] if k=c¢ [0.45,0.5] if k=c
0.2,0.25] if & =d [0.4,0.45] if & =d

R(k,a) =

Then N is a ([0.5,0.55], [0.65,0.7]) IQVFSS of Z.
Definition 3.3. A IQVES N of 2 is called a (9, ()-IQVEBI of & if

1. If ; < Os, then 8}( @(63) and @(51) < %(63),

01) =
2. max{R(9,9:03,a),0} > min{R(D;,a), R(O ,
min{S (919293, @), 0} < max{S(d1,a),3(ds,a), H},

3. max{R(9,02030405,a),9} > min{R(d;
min{%(3152533455, ) 8} < max{\s(

@! CD(
<

4 Level set concepts

Theorem 4.1. A subset Ly is a Ry is a (9, $)-IQVFSS (IQVFLLIQVFLATI, IQVFRI, IQVFBI) of %. Then
the lower level set R is an SS (LLLATIF, RI, TBI) of %, where Ry = {0, € Qf@(ﬁl,d) - 5} and
C\}a = {51 S pr&(él,d) < 6}

Proof. Suppose that i3 is a (5, ©)-IQVESS of Z. Let 01,02,03 € £ such that 01,02,05 € Ry. Then
%(61, ) - 5 3?%(62, ) - 5 Q?E( 3,@) - 5

Therefore max{?]‘%(515283, a),d} > min{?f%(fﬁl,d),3}(52,&),%(83,@,@} > min{d,d,d, ¢} = 0. Hence
%(515253, a) = 0. It shows that 0;0003 € Jg. Therefore Ry is a SS of 2. Let 01,02,03 € 2 such
that 9y, 32,03 € Jy. Then $(31,d) < 0, \9(52, a) < 93(d3,d) < 9. Therefore mln{\s(5 0203,a),0} <
max{3(dy,a), 3(3z,a), S(Ds,a), o} < max{d,d,d,H} = ¢. Hence S(8,0233,d) < . It shows that
010203 € Sp. Therefore S is a SS of 2. Therefore hzisaSSof 2.

Theorem 4.2. A subset Jof & is a SS LI, LATIF, RI, TBI| of % if and only if the IQVFS h = [R, ] of
Z is defined as

>pforall 01 € (3] s, .. J<@forall 9, ¢ (3
R(31,2) = {8f0rall 91 ¢ (7] S(01,8) = {5fomzz 91 ¢ (7]

isa (0, 0)IQVFSS[IQVFLI, IQVFLATI, IQVFRI, IQVFBI| of .

Proof. Suppose that Jis an SS of 2. Let 01,02,03 € 2 be such that 0;, 02,03 € (3] then 9,0,9; € (J].
Hence %(5 0203, a) > ¢ and \s(fﬁ 0203,a) < 9. ~ } ) )
Thus max{~§R(31525§, ) 8} > p = mln{%(ﬁl, ) %(62,&),%(83,&),@} and min{%(815263,d),8} <
@ = max{%(ﬁlad% (627 ) ( ) p} N N B B

If0; ¢ (Jordy ¢ (J]ords ¢ (:l] then min{@?(?)h(z), R(02,a), R(03,a), p} = 0 and
max{S(d1, ), 3(a, @), 3(ds, @), P} =
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That is max{R(819:03,a), 9} > min{R(d,a), R(J2, @), R(3, @), ¢} and
min{S (0,029, d a, A} < max{S(d1,d),S(dz,a), 3(Ds, a), G}
Therefore /i is a (9, () IQVFSS of % 3
Conversely assume~that ho= [R,S]is a (9, 9)- -IQVFSS of Z. Let 010203 € (3J]. Then R(d1,a)
§R(627 a) = ¢,R(0s,a) > o and d(éla ) < P9 (627 a) < 9 (537 a) < 2 NOW ho=[R,
is a (0, ©)-IQVFSS of . Therefore max{%(515253,a) } > ~mm{ﬂ?(iil, a), R(92,a), N(0s3,a), H}
mm{p7 0, 0,0= pandmln{\s 010203, a), 0} < max{S(01,a ),S(fﬁg,d),%(ﬁg,d), 9} < max{p, o, P,
. It follows that 0,0203 € (3] . Therefore 3 isaSSof Z.

Vv Ly

} =

A

Theorem 4.3. A subset h = [SEE, @] isa(d,p) —IQVFSS[IQVFLI, IQVFLATI, IQVFRI, IQV FBI]
of Z if and only if each level subset by is a SS [LLLAIQVERILTBI] of % for allt € (0, ¢)] .

Proof. Assume that h; is a SS of 2 foreach ¢ € [0, 1].

Lett = mm{%(ﬁl, a), 8%(527 a), R(93,a)}. Then 91, 02,05 € %t for each 01, 05,03 € 2.
Thus max{R(3,0293,a),d} > t = min{R(Dy, @), R(Da, ),§R(53, a), 9}

Lett = max{“(?il, a),3(02,a),3(03,a)}.

Then 9, 02,03 € 3y for each 01,0,,03 € 2. _ ~

Thus min{S (910,33, @), } < t = max{S(01,a), 3(0a,a), S(03,a), §}-

This shows that /' is IQVFSS of Z.

Conversely, assume that Ktisa IQVESS of Z.

Foreacht € [0,1] and 9;, 02,03 € R;. ~

We have R(91,a) > t,R(02,a) > t,R(ds3,a) > t. Since R is a SS of Z,
max{%(élﬁgfig, ) a} > mln{%(al, ), (62, ) (63,&), @} 2 t.

This implies that 9;0,03 € ;. ~

We have §(01,a) < t,3(0g,a) <t,3(03,a) <t. ~ ~

Since S'is a SS of & mln{\s( 10205, @), 0} < max{I(d,a), 3Dz, d), (s, @), g} < L.
This implies that 3,0203 € .

Therefore h; is a SS of 2 foreach t € (5 Q).

Example 4.4. Every IQVESS i of % is a (0, ¢)-IQVFSS of £, but reverse need not be true.

0.42,0.47) if kK =a

[ ] 0.27,0.32] if k=a
0.35,0.40] if k=0

[ ]

[ ]

[ ]
0.32,0.37] if k=0
[ ]
[ ]

<%

R(k,a) = : (k,a) = .
0.25,0.30] if Kk =c 0.42,0.47] if k=c

0.30,0.35] if k =d 0.37,0.42] if x =d

Here, his a ([0.33,0.38], [0.47, 0.52])-IQVESS of %, but not a IQVFSS. i ~
Since R(dbd) = 0.25 ¥ min{R(d, ¢), R(d, ¢)} = 0.30 and I(dbd) = 0.42 £ max{<3(d, q), S(d, ¢)} = 0.37.

Definition 4.5. If < is the characteristic function is defined as

9 ifor e (3]
0 ifo; ¢ (3

difd, € (J
o ifo1 ¢ (3]

Theorem 4.6. A non empty subset 2 of 2 is a SS [LI, LAIQV'F, RI, TBI] of Z if and only if subset £ -,
isa (9,9)-IQVFSS[IQVFLI, IQVFLATI, IQVFRI,IQVFBI] of Z.

(<2)5(01,a) = { (KE)2(01,a) = {

Proof. Assume that Jis a SS of 2. Then A 18 aIQVFSS of 2 and hence £ ., is an (5, ©)-IQVFESS of Z.
Conversely, Let < is an (9, @) IQVFSS of Z. Let 01,02,03 € Z be such that 8;,302,03 € (3]. Then

A(T:l] (01,a) = &, A(T:] (02,0) = 9, < T (83,a) = §. Since /<T is a (8, $)IQVESS. Consider
max{ <[, (010203, a),0} > min{<[ (01,), <] (82,0), ], (83, a), 9}
= min{p, §, ¢, o}
=g
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as é < @, this implies that /<(T:] (616253, ZL) > @ Thus 616253 S (:] Thus 618263 S (:}
Let 01,02,03 € 2 be such that 01, 0,05 € (3. Then </_ (81,a) = 9, A (02,a) = 0, KI_ (93,a) = I,
Since <f_ is a (9, $)IQVFSS. Consider

3]

mln{K(F:l] (5162837 ) 5} maX{/< (817 é’)) /<(F:] (627 d)7 /<f:|] (637 a)a @}
= max{a7 9,0, 0}
=p
as § < @, this implies that KG] (010203,a) < . Thus 910,05 € (3]. Thus 9,0,93 € (3].

Therefore Jis a SS of Z.
Let 01,05,03 € Z be such that ;1,302,035 ¢ (3J]. Then /<(:](51,V) a9, AT (02,a) = a, AT

5 (95, d) = 0.
Since /<(T:] isa (0, 9)IQVFSS.

(3]

max{A [ (810203, a),0} > min{<[ (81,a), K (02, @), T, (03,), 9}
= anln{(?7 d,d, 0}
=0

as 0 < ©, this implies that /<(T:] (010203, a) > . Thus 310,05 ¢ (3].

Let 01,092,035 € Z be such that 01,9, O3 ¢ (j] Then /<(F:l] (517 d) =0, /<(F:l] (82, d) =0, K @l (63, ) 0.
Since <!_ isa (9, $)IQVESS.

min{ A" (610203, a), 0} < max{</ (01, a), <L (02, a), <L (33,a), 6}
= max{p, 0, 0, O}
=6

as 0 < ©, this implies that /<(r:]

(010203,a) < . Thus 910,03 ¢ (3]. Therefore Jis a SS of 2.

Definition 4.7. For three IQVFSs £, 05 and 3¢ of 2, their product A x 05 * 5 is defined as

(A7 28T 5 5T)(3.3) {( sup_ {A" (1)997 (5)VT ()} if 3o # 0
* Oy * ¢ ,a) = T8, e}

[0,0] otherwise

(Rt %0k x5 )(0,a) = { (ns)€3s
[1,1] otherwise

)_{ inf _ {hF (r) 204 (s) s (8)}ifDs #0

Definition 4.8. Let /i be subset of 2, we define the subset (R)$(8,a) = {R(d,a)vy} A 9, (3)5(3,a)
{3(0,a) A p}VO, foralld € Z.

Lemma 4.9. Let 2, 3 and 1y be subsets of 2. Then

L (K5 VA5, VA )8 = (A@aimiam) g
2. (K b Ay, B A(le)g = (’<(3V31Y32])%’

3. (/<(3]*/<(:|1]*/<(:12])§ = (/<(:l:11:12])§'

Proof. (3) Let 9, € 2. If 0, € (33:3y], then (£(33,3,))(01,a) = §.
Since 1 < abe, a € (3],b € (3] and ¢ € (Tz]. We have (a, b, ¢) € Jp, and Jg, # 0.
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(K;} */<<T:1] *A(T:lz])(ﬁl,d) = sup mln{/<(:]( a), K;l](y, a), A (z,a)}

01=xyz (32]
mln{K(:]( )3‘;1](1)7 6)7/<(—;2]<C’ d)}
=9

( @ * (: ])(517 a) x (:, ])(51a a) = _inf max{/<r (z,a), /<(F: ](yv a), /<(r:| ]( a)}

01=xyz

< max{x((:]( a), /<f: [ (b,a), /<<: [(c,a)}
=0

Therefore (/<(:|] * /<(:1] (: ])(61, a) = (/5(:[31:[2])(61, a).
If 3, ¢ (33;3s] then (/<(::132 )(01,a) = 0 and (KEDIJQ])(&, a) = . Since 0y < abc,a ¢ (3],b ¢ (34]
and ¢ ¢ (J2]. We have

(/<<—;] * /<2;11] * K(j;z])(ﬁl,d) = sup mm{/<(:]( a), A" (y, ),A;z](z,d)}

01=zyz (Gl
> min{< [ (a,a), /<(T:1] (b,a), /<;2] (c,a)}

=0

(/<(F:” * Kgl] * ng])(fﬁl, a) = 5, inf  max{ A/

1=TY2

~ F < F ~
(6=l (1’? a)? /<(:|1] (y7 a)? /<(:|2] (Z’ a)}
< max{ L (a,a), <5 (b,a), &1 (c.0)}
=9

Hence (X 5 * £,

@y * K3y (01, a) = (£(33,2,)) (01, @).

Theorem 4.10. Let {3;|i € I} be a family of subsets of 2" and 3,33 C 2. Then
(1) (3] € (3] ifand only if (A(3))5 < (K(z.))5

(2) (RierA@))s = (Kuer@)t

(3) (Yier Ay )§ = (/<Yie1(3¢]>§-

(&=

5 Regular ordered ternary semigroups

Theorem 5.1. If D is a (9, 3)-IQVFLI[IQVFSS,IQVFLATLIQVFRI] of %, then (3)% is a IQVFLI[IQVFSS,
IQVFLATLIQVFRI] of Z.

Theorem 5.2. Let 1 be an (9, ©)IQVFRI, 3, be an (9, 9)IQVFLATI and 2y be an (9, $)IQVFLI of Z. Then
(3% *:lg])g C(3AI A 32}8.

Proof. Let 1 = [R5, S5] be an (9, $)IQVERI, J; = [R5, I5,] be an (9, $)IQVFLATI and J; = [Ra,, I3,]
be an (6 ¢)IQVFLI of 2. Let (01,02,03,a) € Iy. If Iy # ), then i < 0,020;5. Thus @g(ﬁ,d) >
%3(5 0203) > %3(51, a) and \Sj(ﬁ a) < \93(3 0203) < S3(01,a). R

Similarly R3, (%, @) > Ro, (3,0205) > Ra, (3, a) and S5, (£, d) < I3, (819293) < So, (92, d).
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Similarly, R, (5, @) > Ra, (010203) > Ro, (93, ) and S, (£, @) < So,(010203) < S, (93, d).
We have

(R3e3,52.) 5 (h,@) = (R(m4m,43,) (1, @) V) 1 O

= |1 sup {Ra(01,4) 7R, (82,8) VR, (3, @)} V6] 2 0
h<0,0203

:[ sup {3333(61,51)%?31(62,a)vﬁ%;z(c’)g,a)}v@v@v@v@} AD
h<0,0203

= sw {(Ra(81,0)76)9 (Ra, (02, 0)Y9)V (R, (8, 0) V) v | & D
h<810,03

< ({(Ra(n,@) & 9)9(Ra, (h.6) 2 )V (Ra, (h,a) 5 8)}76) &8

= {((Ra(h, a) VR, (h, @) VR, (h,)) & OV} &0

= {((Ra7R3, vz, (h, )75} & D

= (Rauz,3,)5 (1, @)

(S@emwm)s (1) = (S(@um,03,) (B, @) & §)VO

= [ inf {%3(51 a) A \531 (527 ) :lz (53,&)} A @]:| Vé

[ﬁ<5152 03
- [K%%Q%{s:(al,a) A3, (B2,8) A 35,(03,8)) A GAGAGA @} v
= [,inf {(33(01,0) & 6) & (32,(82,0) & 6) & (33,(30.) & §)} 5 5|7
> ({(Sa(h,a)vd) & (S3,(h,a)v0) A (Sz,(h,a)vO)} & §)VO
— {(3a(h,a) & 3, (h,0) & $=,(h,a))vd) & G}vd
={((S3 4S9, A S9,)(ha) A gIvd
= (Sava,v2,)5 (7, @)

Let 01,02,03 ¢ I5. If I = (), then (éf%: g ?ft:[z)(ﬁ, a) = 0 and (@3 * 2 * %32)(h, a) = 1 such that
h < 010905.

(R@e3,02.)) 5 (B, @) = (R(202,43,) (1, @) V) 8 O
=040
< (Raxz,um, (h,a)vp) 4 0
= (Raxz,42,(h, @) V()

(S@sax3 (B, a) A H)VO
=1vd
=9

G

(0(3*31*32])2( )

(

= (Sava,va, (
Therefore ((3* 3 *:lg])g (3A3d1 A :lz])@

Theorem 5.3. Let % is regular, 2 be an (9, $)IQVFRI, 3, be an (9, () IQVFLATI and 3y be an (9, $)IQVFLI
of Z if and only if (3 * Iy * 32])5 =(3 A1 A 32])8.
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Proof. Let 2 regular and 3 be an (8, )IQVFRI, J; be an (9, ©)IQVFLATI and J; be an ((’5 ©)IQVFLI
of . Let (61,63) e Iy If Iy 7é (D then i < 0,0203. Thus, %j(ﬁ a) > %3(5 6253) = %3(81, ) and
\S:(ﬁ CL) < \Sj(8 6263) Jj(ab ) B

Similarly %gl(h a) = R,(010203) > ?R:I (02,a) and \sgl(h a) < 9, (010203) < \531 (02, a).

Similarly, R, (A, @) > Ra, (8,0:03) > Ra, (Js, @) and S, (A, @) < I3, (010203) < S, (s, @).

For h € &, there exists x € % such that i < hizihizohzsh. Then A, (21 hzohizz), h € I. We have

I\ N

(R(ze3,02.) 5 (B, @)
= (R(mez,.3,) (B, @) V) 4 D
= |l swp  {Ra(dr,a)VRs, (02, @) TRz, (35,0)}v6) | 4 D
Rz fizahizsh
=[ s {R3(01,8)VRz, (32, 0)TR=, (3, @)} VGV GVGG) £ D
h<hz hizabizsh
- [Khsghzgﬁ{(%:(éha)v@)v(&’%;l(fﬁg,a)v@)v(?i‘};lz(ﬁy,,a)v@)}v@} AD
> ({(Ra(h,a) & D)V (Ra, (z1hizahizs) A O)V(Ra, (h,d) A 0)}VH) A
> ({(Ra(h,a) & 9)V(Ra, (h,a) & 0)V(Ra,(,a) & 0)}v) A D
= {((Ra(h,a)VRa, (h,a) VR, (h,a)) & D)V} A D
= {(RaVR3, VRa,)(h,a)Ve} A O
= (~3A31A32) (h,a)

(S(@eaiea)s (@)
(h,a) & §)7
{33(01,d) 5 $3,(02,4) & 33,(33,0)} & §]] VO

(\9(:1*:11 «3a]

o

A< hzl hZQ hzsh

= [ﬁgﬁzlirhlfgﬁzaﬁ{gj(ﬁhd) ASe,(92,0) A S, (B5,0)} AGAGADA @} v

ﬁ@z;ggmgh{(@:(él,a) 59) & (33,(92,a) 5 §) & (35,(05,a) & §)} 4 5| VD

( vd) A (Sa,(h,a)vd)} & §)Vd
(32, (B, @)v0) A (§ . (1, a)va)} A GV
(

Thus, ((3* 3 * :lg])g' (BA31 A 32}) and by Theorem

Hence, ((3+ 31 xD))5 = (AL )\32})8.

Conversely assume that ((3 * Jp % :2])60 = (3 A3 A 32}) . Let 3 = (R9,39) be an (9, $)IQVFRI,
J, = (Ra,, \S:[l) be an (9, ©)IQVFLATI and J; = (Ra,,S9,) bean ( ©)IQVFLI of #. Then by Theorem

4.6, A5 is a )IQVFRI A3, isa (9, 9)IQVFLATI and <3, be a (9, p)IQVFLI of Z. By Lemmaand
Theorem ( (A3 A3s] ) (/< A A3, A /<:|2) = (K5 * Az, */<32) L = (/<(:|*:|1*:|2]) This implies
@ =

(BAT A D]y =((T*Ty = 32]) Hence by Corollary. Qf is regular.

Theorem 5.4. Let % is regular, 3 be an (0, $)IQVFBI, 2, be an (9, $)IQVFLATI and 3y be an (9, $)IQVFLI
of Z if and only if ((3 * J; * 32])6 (=PPuiN 32])?.

Proof. Let 2 be regular semigroup and J be an ( , ©)IQVFBI and J; be an (3 ©)IQVFLI of &. Let
(01,03) € In. If I, # 0, then i < 0,0203. Thus §R:|(h @) > Na(9,0,05) > Ra(y,a) and S5(h,a) <
$5(9,0203) < S3(91, ).
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Similarly jfgjl (FL, El) 2 %31 (816253) 2 &:11 (62, d) and C:Ejl (ﬁ, d) S C:Ejl (513283) S %:[1 (52, d).
Similarly, §R:|2 (ﬁ, EL) 2 §R:|2 (815263) 2 %:[2 (83, EL) and 332 (ﬁ, El) g %:[2 (618283) g %:[2 (33, EL)
For i € Z, there exists x € 2 such that h < hzihzohzshzahzsh.
Then i < (hz1hzoh, a), (23hzahzs), h € I We have
(R(z43,532)5 (B, @)
= (%(3*31*32](ﬁv EL)V@) A 5
- [[ sup {3%3(51,a)wé:l(52,a)v@32(53,a)}v@]} X
h<hzyhzohzshzahzsh
= sup  {Ra(01,8)VRz, (02, 8) VR, (03, ) VTGV GTE) 4 D
h<hzihzohzzhzahzsh
=[ s {(Ra@.a)Y0)9(Re, (62,8)76)7 (Re, (85,8)7$)} 96 4 D
ﬁ§ﬁ21 hZQﬁZth;LfLZsh
> ({(Efﬁ:(ﬁzﬁzzh a) A 5) (ﬂ?ﬁgl(zgﬁzmz;,) A 5)v(§fﬁ32 (h,a) A )}V@) A D
> ({(Ra(h,a) & 0)V(Ra, (h,a) & 9)V(Ra,(h,a) & 0)}VH) A D
= {((Ra(h, a)VRa, (h,a)VRa, (h,a)) & D)V} A D
= {(RaVR3, VRa,)(h,a)ve} A O
= (Rauz,2,)5 (7, @)
(S@em1532) 5 (1, @)
= (S(@emye2, (@) A& $)VO
- {[héﬁzlhzirfg‘ghmﬁzo {\)”3(61, ) A \Sjl (62’ ) A §:2 (63’6)} A @]:| Vé
- [Khmﬁz%ﬂzmzsh{%(al,a) A3, (32,0) A $9,(03,8)} AGAGAGA @] v
il {(32(01,0) & 9) & (32,(02:) & §) & (32,(05,0) & 9)} & 5] v
< ({(@3(71,2172@71, (z)Vo;') A (@31 (zgﬁz4ﬁZ5)V8) (@ ,(h, a)va)} A PV v
< ({(Sa(h,a)v0) A (S3,(f,a)v0) A& (S3,(h,a)vd)} & )V
= {((Sa(h,a) & Sa,(h,a) & S, (h,a))v0) A §}VO
={((S3 4S9, A S9,)(h,a) A YV

= (§3Y31 Y32 )5 (hv a)

Thus ((3x3; *Jg])f; (x4 A:lg})g’ and by Theorem.and hence ((3+3; *32])§ = ((:l)\31 A:lg])@
Conversely assume that ((3+ 3y + Jz])5 = ((3 A Ty A Dp])5. Let 3 = (8?3, S9) be an (9, $)IQVFBI,

Ji = (Ro, 24, \le) e an (9, p)IQVFLATI and 3o = (§R32, So,) be an ( ©)IQVFLI of 2. Then by
Theorem | K5isa (d, $)IQVFBI, Az, isa (9, 9)IQVFLATI and <3, be a (9, p)IQVFLI of 2. By Lemma

and Theorem (/<(3A31A32]) = (A5 A K3, A /<:|2) 2= (K5 *Aq, */<32) L = (/<(3*31*32]) This
implies (3 A Jy A jg]g = ((3x3y % 32])g. Hence by Corollary Z is regular.
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