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1. Introduction

All graphs discussed in this paper are simple and undirected. Let G be a graph with vertices
denoted by V(G) and edges denoted by E(G). Let |V(G)| = p and |E(G)| = q.

Let d; (v) represent the degree of vertices in G, where u € V(G). Let D(G) denote the diagonal
matrix and A(G) the adjacency matrix. The quasi Laplacian matrix, represented by Q(G), is
defined as Q(G) = D(G) + A(G). Let uy(G) = p,(G) = -+ = u,(G) denote the real, symmetric,
and positive semi definite eigenvalues of Q (G).

It is known that various graph operations can create novel classes of graphs from the original
graphs. Therefore, understanding the relationships between some invariants of such novel
graphs and the equivalent invariants of the original graphs is relevant.

Graph energy is one such invariant based on the graph spectrum introduced by Gutman [9].
We discuss here the quasi-Laplacian energy [6] of graph G, represented as E,(G) and

determined by the equation

p
E(6) =) i
i=1
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Yue, Cao and Qj, in the paper [6], defined quasi-Laplacian energy of G is expressed as follows

p 14
Eo(G) = Z d2(u;) + Z de(u),  UEV(E) .. (1.1)

Also, equation (1.1) can be represented as follows

p 14
Eo(6) = Z d2(v) + Z de(v) = My (G) + 24 o o . (1.2)

where, M is called first Zagreb index [10] and second part of equation (1.2) is the handshaking
lemma Z?:lda (v;) = 2q. It is noticed that the quasi-Laplacian energy of any graph depends

upon the degrees of vertices of that graph.

Based on the above result discussed in the paper [6]. We formulate the relations of the quasi-
Laplacian energy of some classes of novel graphs in terms of corresponding original graphs.
The subdivision graph §(G), R-graph R(G), Q graph Q(G), total graph 7(G) [3] and their join
and corona operations graphs are the novel graphs for our discussion. Indulal [8] first defined
S-vertex and S edge join and Liu and Zhang [16] determined their spectra. Lu and Miao [13]
defined S-vertex corona and edge corona. Liu and Lu[14] defined S-vertex and edge
neighbourhood corona. Sun, Shang, and Bu [16] defined Q-vertex and edge join graphs. The Q-
vertex and edge corona are defined by Najiya and Chithra [2]. The definition of the corona of
the total graph of one regular and another arbitrary graph, and spectra of the corona of the
total graph is determined by Zhu, Tian, and Cui [19]. Also, § vertex- R vertex join, S edge- R
edge join, § vertex- R edge join and § edge- R vertex join are defined by Das and Panigrahi [5,
7]. The S-vertex-vertex-edge join of three § graphs is defined by Wen, Zhang, and Li [17].
Berberler [1] derived the quasi-Laplacian energy of graphs based on R graphs [13].

We derive formulas of the quasi-Laplacian energy of §,Q and T graphs and further, obtain
quasi-Laplacian energy of S-vertex and edge join, S-vertex and edge corona, S-vertex and
edge neighbourhood corona in terms of their corresponding original graphs. Similarly, we
derive quasi-Laplacian energy of Q-vertex and edge join, Q-vertex and edge corona and 7 -
graph corona. The quasi-Laplacian energy of S vertex- R vertex join, Sedge- R edge join,
vertex- R edge join, § edge- R vertex join and S-vertex-vertex-edge of three graphs join are

also derived in terms of their corresponding original graphs.
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Let G be the (p, q) graph where sets of old vertices |V (G)| = p and sets of inserted new vertices
I(G) |= q. Let H; be the (p;,q,) graph and H, be the (p,, q;) graph. Consequently, |V(H,)| =
pu, [I(HD| = q4, [V(H,)| = p, and |I(H3)| = q,.

2. E, based on § graphs

The quasi-Laplacian energy of the § graph, § join and § corona graphs are formulated in this
section based on the degree of vertices of the S-graph, S-join, and S-corona graphs

respectively. Let u be any vertex in §(G), then the degree of S(G) is represented by

d:.(u;), ifu€eVv(G);
ds@(u"):{z,c 7w el©).

Theorem 2.1. E, (S (G)) = E4(G) + 6q

Proof. Using definition (1.1) on the $(G)-graph, we have

V(sG] 14Q()]
Eg(S(6))= Z @) () + Z dse) ()

Z d(G)(u)+Z 22+Z d(G)(ul)+z 2

= EQ (G) + 6q
Now, let u be any vertex in S-vertex join (H, V H,) of two graphs H; and H,. Then, the degree of
the vertex u in (H; V H,) is given by

dy,(u;) +pp,  ifu€V(H,), fori=1,2,..py;
dy,ve, W) =12 ifv € 1(Gy);
dy, (uj) +p;, ifveV(H,), forj=1,2,...p,.

and H; V H, has p; + q, + p, vertices. We derive quasi-Laplacian energy of S-vertex join in

terms of corresponding original graphs H; and H,.
Theorem 2.2. Ey (HyV Hy) = Ey (Hy) + Ey (Hy) + 4q,p; + Plp% + 6q, +4p1q; + Plzpz + 2p1p;

Proof. Using definition (1.1), quasi-Laplacian energy of S-vertex join is obtained by
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P1tq1+p2 p1tq1+p2

Eq(H, V Hy) = z dl%llv(;z (w) + z Ay, (W)

i_

Z a2, (u) +2pzz d(H1><u>+pzz + 44,
+Z d(H )(u]) + 2p; Z d(HZ)(u]) + pi Z

=1

p1 P2 P2
Z duy) (i) + pa Z +2q; + Z Ay (W) + 11 Z
i=1 = =

= Eo(Hy) + Eq(Hy) + 4q1p2 + p1p3 + 641 + 4p1q2 + pip2 + 2p1Ds.

Next, we formulate a relation of quasi-Laplacian energy of H; V H, join.

Let u be any vertex in S-edge join. The degree of vertex u in H; V H, join is given by

dy, (u;), ifu € V(H,);
dngHz (u;) =42 +py, ifuel(H);
dy, W) +q, ifu € V(Hy).

and H, V H, has p; + q; + p, vertices.

Theorem 2.3. E, (H,VH,) = Eo(Hy) + Eq(Hy) + 6q1p, + q10% + 641 + 49192 + q7p2
Proof. Using equation (1.1), we get

P1tq1+p2 P1t+q1+Dp2

Bo(HivH) = D dhew,(u)+ z iy, (1)

i=1

Z dfy, (w) + Z (2 +p)? + Z (danyy ) + 1)

+Z d(Hl)(u)+z 2+Z Ay () + a1

The result can be derived easily.

2.1. E, of S-vertex and edge corona

Let u be any vertex in §-vertex corona. The degree of vertex of u in §-vertex corona is given by
dH1 (u) + pa, ifu € V(Hy);
dy, (v]‘) +1, ifu= v]‘f, fori=1,2,..p;, forj =1,2,..p,.

and H; O H, has p; + q; + p1p, vertices. The formula of quasi-Laplacian energy of S-vertex
corona is given below
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Theorem2.4. Ey(H; O H,) = Ey(H,) + p1Eg(Hy) + p1p3 + 4q1p2 + 391 + 3102 + 401 Q2
Proof. By using definition (1.1), we get

p1tq1tp1b2 p1tq1tp1Db2

B OH)= Y dhon@+ ) dyow)
i=1 i=1
2 b1 D2

=i dy, (W) + ps +Z 22+Z Z (du,(v) +1)

P1 D2

+Z d(H)(uL)+p2+Z 2+Z Z dHZ(v)+1

P1 P11 D2

=p§i +2pzz Hl(u)+z d1-1 (ul)+4q1+z Z

=
P11 P2 P11 D2

+ZZ Z dHZ(vJ) +Z Z dH (vj) + p1D2 +Z dy, (u;)

Pl P2 P1 P2

+ZQ1+Z z +Z Z de(vj)
i=1 j=1 i=1 j=1

Hence, the result follows.

Let u be any vertex in §-edge corona, then the degree of the vertex u is given by

dy, (uy), ifu e V(Hy);
dy,omH, (u;) =42 +Dp2 ifuel(H,);
de(v}) +1, ifu= v}, fori =1,2,..qq, forj =12, ..p,.

and H,0H, has p; + q; + q,p, vertices. The formula of quasi-Laplacian energy of S-edge

corona is given by

Proof. Using definition (1.1),
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|V (HL©H2)| |V(H1©H>)|
BHOH) = ) dhon@+ Y duew)
i=1 i=1
P1tq1+q1D2 p1tq1tq1D2
= Z 03, o, (1) + Z iy o, (1)
=1 i=
Q1 D2
Z d,,1<u>+z @+p+ ) Z (du (v}) + 1)’
q1 pz

+Z d(Hl)(ul)+Z 2+Z Z dy,(v}) +1

Hence, the result follows.
2.2. E, of S-vertex and edge neighbourhood corona

Let u be any vertex in §-vertex neighbourhood corona. Then degree of vertices is given by

dy, (W), ifu e V(Hy);
dH15H2 (v;) =12+ 2py, ifue I(Hl);
dy, W) + dy, (v;), ifu=v} fori=12,..p,forj =12, ..p,.

and H, HH, has p;+q;+pip, vertices. The quasi-Laplacian energy of S-vertex
neighbourhood corona is given by

Theorem 2.6. Ey(H; H H,) = (1 + p,)Eq(H,) + p1Eq(H,) + 6q1 + 10q,p, + 4q,p% + 8q.,q,

Proof: Using definition (1.1), the above Theorem can be easily proved.

Also, the degree of any vertex of u in §-edge neighbourhood corona is given by

(1 + p2)dy, (uy), ifu e V(H,);
2+dy, (uj), ifu= v}, fori =1,2,..q,forj=1,2,..p,.

and H; H H; has p; + q; + gq,p, vertices. The quasi-Laplacian energy of §-edge neighbourhood

corona is given by

Theorem 2.7. E,(H; H Hy) = (1 + 2p,)Eo(Hy) + 2q,Eq(Hy) + piM,(Hy) + 4q, + 2q.p, +

12q,q,, where M, is the first Zagreb index.

Using definition (1.1), the above Theorem can be easily proved.
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3. E, based on Q graph

The energy of the Q graph, @ join and Q corona graphs are formulated in this section based on
the degree of vertices of the Q@-graph, Q@-join, and Q-corona graphs respectively.

Let u be any vertex in Q(G). Then, the degree of vertex is given by

d.(u;), ifu€eVv(G);
ds@(u"):{z},c l ifu € 1(G).

We derive a formula of energy of 9 (G).
Theorem 3.1. E, (Q(G)) = Ey(G) + 20q

Proof. We follow from definition (1.1),

p+q p+q

Fo(Q(6)) == Z @36y () + Z ooy ()

Z d(G)(u)+Z 42+Z d(G)(u)+Z 4

= EQ (G) + 20q
3.1. E, of Q-vertex and edge join

Let u be any vertex in H;(v)H,. Then, the degree of vertex of H,(v)H, is given by

dy,(uy) +p,,  ifu € V(Hy);
Ay, oy, UD) =44, ifu € I(H,);
dy,(u) +py,  ifu € V(Hy).

H,(v)H, has p, + q; + p, vertices. The relation of quasi-Laplacian energy in between Q-vertex
join with corresponding two original graphs is obtained easily by using definition (1.1) as
follows

Theorem 3.2. Ey(H,(v)H,) = Eo(H,) + Ey(H,) + 4q,p, + p1p5 + 20q;, + 4p1q; + pip, +

2p19;
Also, let u be any vertex in Q-edge join. The degree of vertex u of Q-edge join is given by

dy, (u;), ifu € V(Hy);
Ay, ey, W) =42 + D2, ifuel(H) ;
dy,(u) +q1, ifu €V(H).
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H,(e)H, has p, + q, + p, vertices. The relation of quasi-Laplacian energy in between Q-edge
join with corresponding two original graphs is obtained easily by using definition (1.1) as

follows

Theorem 3.3. Ey(H,(e)H,) = Eo(H,) + Eo(H,) + 12¢,p; + q1p2 + 20q; + qip; + q1p5

3.2. E, of Q-vertex and edge corona

Let u be any vertex in Q-vertex corona. Then, the degree of any vertex u in Q-vertex corona is
given by

du, (u)+,, ifu € V(Hy);
dy,(v}) +1, ifu=v},fori=123,..p,forj=123,..p,.

H,0H, has p; + q; + p,p, vertices. Then, by using equation (1.1) we get

Theorem 3.4. EQ (HIOHZ) = EQ (Hl) + plEQ (Hz) + plp% + 206]1 + 4‘p1qZ + 3p1p2 + 4‘q1p2
Next, the degree of any vertex of u in Q-edge corona is given by
dy, (uy), ifu € V(H,);

dH1®H2 (ul) = pz + 4‘; lfu € I(Hl),
dy, (v]‘) +1, ifu= v]-i, fori =1,2,..pq, forj =12, ..p,.

G, ® G, has p; + q; + q1p, vertices. Then, the quasi-Laplacian energy of Q-edge corona is

easily obtained as follows

Theorem 3.5. Ey(H; ® H,) = Ey(H,) + p1Eg(Hy) + 105 + 9q1p2 + 20q; + 4q,p1 + 2p1q;
4. E, based on 7'-graph

We derive energy of 7 graph and T graph corona based on the degree of vertices of the 7'-

graph and 7'-corona graphs are determined here.
Let u be any vertex in 7 (&), then the degree of vertex u in T7(G) is given by

2d;(v;), ifueV(G);
dT(G)(u"):{zL, l ifu € 1(G).

The vertices of 7(G) is p + q. The Q energy of T(G) is given by
Theorem 4.1. E, (T (G)) = 2E7(G) + 20q + 2M,(G)
Where, M, is the first Zagreb index.
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4.1. E, of T-graph corona

Let H; be r; regular and H, be any graph. Also, let u be any vertex in 7(G). Then, the degree of
vertex of T - corona is given by
2dy, (W) + p2, ifu € V(Hy);
dHl*HZ (ul) =1{2r, ifue I(Hl)‘
dy,(v}) +1,  ifu=vlfori=12,..p,forj=12,..p,.
H; x H, has p; + q; + p;p, vertices. The E, of T-graph corona is easily obtained by using
equation (1.1) as follows

Theorem 4.2. Ey(Hy x Hy) = 2E¢(H,) + p1Eq(Hy) + 2M;(Hy) + 5pip, + pip, + 4riq, +

21191 + 40192 + 2p1p;
where, M, is the first Zagreb index.

5. E; based on §-graph and R-graph join
The E, energy of four §-graph and R-graph joins with their corresponding original graphs H;
and H, are formulated in this part.

5.1. E, of S-vertex and R-vertex join

First, we formulate the quasi-Laplacian energy of S-vertex and R-vertex join. Let u be any
vertex in §-vertex and R-vertex join. Then, the degrre of any vertex in S(H;) V R(H,) is given

by

dy, (u;) + py, ifu € V(Hy);
ds )R, W) =13 2, ifu € I(Hy) U I(Hy);
2dy, (u;) + p1, ifu € V(H,).

S(H,) V R(H,) has p; + q, + p, + q, vertices.

Theorem 5.1. The quasi-Laplacian energy of E, (S(H) VR(H,)) = Ey(H,) + 4E,(H,) + p5p, +
PPz +4a1p; + 84201 + 2q; + 641 + 2p1p,

Proof. By using equation (1.1), we get
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P1tq1tpP2+q>2 p1tq1+p2+q:
Eo(S(H) V R(Hy)) = Z Ay VRUED@) + ) dsepumian )
i=1 i=1

z A3 tryyumey) (W) + Z A3 (ryyumeny) () + z S a1y yumerny) ()
+ Z A3 yum ) W) + Z ds(uy)vmeay) (W) + Z ds (ty)vm(Hy) (W)

+Z ds ()R, W) + Z ds(ry)yur(H,) Wi
i=1 i=1

Hence, the result follows.

5.2. E, of S-edge and R-edge join

Let u be any vertex in §-edge and R-edge join. Then, the degree of any vertex of u in S-edge
and R-edge join S(Hl)ER(HZ) is given by

A, (), ifu € VH,);

dS(H YWR(H )(ui) = 2+ az ?fv € I(Hl);
1 2 2dy, (uy), ifu € V(Hy);
2+ q, ifu € I(H,).

S(Hl)ER(HZ) has p; + q1 + p, + q, vertices. The Q-energy is obtained easily by using equation
(1.1).

Theorem 5.2. E, (S(Hl)i‘R(HZ)> = Eq(H,) + 4Ey(H,) + 691 +10q19, + q192(q1 +q2) + 64,
5.3. E, of S-vertex and R-edge join

Let u be any vertex in S-vertex and R-edge join. Then, the degree of any vertex of u in §-vertex

and R-edge join S(HDVR(H,) is given by

dy, () + qz,  ifu € V(Hy);

. | (w) = 2, ifu € I(H,);
SHOVRED N =3 24, (uy), ifu € V(H,);
2+p1' lfu EI(Hz).

S(G,)VR(G,) has p, + q, + p, + q, vertices. We get the following result by using equation
(1.1).
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Theorem 5.3. E, (5(H1)17:R(H2)) = Ey(H,) +4Ey(H,) + q5p1 + 4919, + 641 + 6q,p; + p3q, +
4q;
5.4.E, of S-edge and R-vertex join

Let u be any vertex in S-edge and R-vertex join. Then, the degree of any vertex of u in S-edge

and R-vertex join S (H,)VR(H,) is given by

dy, (uy), ifu e V(H,);

T )(Ui) _ 2+ py, .ifu € I(Hy);
! 2 2dy, (w) +q1,  ifu € V(Hy);

2, ifu € 1(H,).

S(Hl)VR(HZ) has p, + q; + p, + q, vertices. We easily get the following Theorem by using
equation (1.1)

Theorem 5.4. E, (S(Hl)VR(H2)> = Eo(Hy) + 4Ey(H,) + 641 + 6q,p; + qip; + q1p5 + 10q,

6. E, of S-vertex-vertex-edge join of triple graphs

Let H; be (ps, q3) graph. Then S-vertex-vertex-edge join of three S graphs is denoted by H} »

(HY U HE). The degree of vertex u € H; » (H) U HE) is given by

dy, (W) + pa, ifu € V(H,);
2+ pq, ifu € I(H,);
dys  (yong) (W) = dy, (w;) + p1, ifu € V(H,),j = 1,2, ...p3;
dy, (W), ifu=w, eV(H;),k =12 ..ps.

H{ » (HY U HE) has p; + q; + p, + p; vertices. The following Theorem is easily obtained by
using equation (1.1).
Theorem 6.1. E,(H{ » (HY U HE) = Eo(Hy) + Eo(Hy) + Eq(Hs) + 4q1p, +q1p% + 6q; +

5¢1p1 + piq: + 4q2p1 + PiD2 + 49193 + qip3 + 2p102 + 415
Coclusion:

We establish a relation between the quasi-Laplacian energy of few novel graphs and their
respective original graphs. The formulation is predicated on the relationships between quasi
Laplacian energy and vertex degree in the novel graphs. Moreover, it is directly associated with

the first Zagreb index, quantity of vertices and edges of the graph.
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