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Abstract: Memory effects can be easily understood with the help of fractional
derivatives. In this paper with the help of Deformable fractional derivative we
try to understand the role of deformability on memory effects of a normal
distribution using moment generating function. First, we develop a formula for
Deformable mean and Deformable standard deviation with the help of
Deformable fractional derivative. Secondly, we calculate the value of
Deformable mean and Deformable standard deviation for varying fractional
order. Lastly, we draw plot of normal distribution for calculated value of
Deformable mean and Deformable deviation with varying fractional order and
give conclusion.
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1. Introduction

On the basis of Deformable fractional derivative, we will define Deformable mean and Deformable

standard deviation.

Deformable Fractional Derivative: Let f(x) be a real valued function defined on interval (a, b) for
agivennumbera, 0 <a <1

Where a+ =1

lim (1+€p) f(x:ea)—f(x) (1)

e—0

If this limit exists, we denote it by D*[f (x)] [1].

D[f(x)] = a Df (x) + Bf (x) 2

or

DU[f()] = aDf(x) + (1 —a) f(x)
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Moment Generating Function: Let X be random variable (r.v.) such that for some € > 0, the
expected value of e™* exists for —e < t < e. Then moment generating function (m.g.f.) of X is
defined to be the function My (t) = E[e%], for —e < t < € [3],[5]-[6].

My(t) = E[e™] = [e™ fy(x)dx 3)
Where X is a continuous r.v. and fx(x) is a probability density function s.t. [3], [S].
H  fxx)=0

(i) [ frGdx=1

or

My(9) = E[e™] = ) e py(x)

X€D

Where X is a discrete r.v. with space () and py(x) is a probability mass function s.t. [3], [5].
(1) 0<px(x)<1,x€q

(i)  Zxeapx(x) =1
2. Deformable Mean

If My (t) is a well-defined moment generating function then we can define Deformable mean (u%)
with the help of moment generating function as

p® = Mx“(0)
Deformable derivative of equation (3) w.r.to t
My*(t) = [ D*[e™] fx(x)dx 4)
My%(t) = J{a xe™ 4+ (1—a)e™} fy(x)dx
M) =afxe™ fxy(x)dx+ (1 —a) fe™ fr(x)dx (5)

My%(0) = ajxeo fx()dx+ (1 — a)JeO fx(x)dx

M;%(0) = afx fx(x)dx+ (1 —a)ffx(x) dx

My*(0) =aEX)+ (1 —a) (6)
or
pWr=apu+1-a
For u® (Deformable mean) following cases arises:

>i) a = 0,and u € R then u*=1 @)
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(i) a= % and p € R then u® = %(u +1) (8)
(iii) a=1,andu € Rthen u* =p )]
(ivy) O<a<l,andpu€Rthenu®*=au+(1—a) (10)

3. Deformable Standard Deviation

If My (t) is a well-defined moment generating function then we denote Deformable variance by
(0x*)? and defined as

(0x™)? = Mxy™“(0) — (Mx“(0))* (11)
Deformable derivative of equation (5) w.r.to t

My (t) = a [ x D*{e™} fy(x) dx + (1 — @) [ D*{e™} fy(x)dx
My*%(t) = ajx {axe™ + (1 —a)e™} fy(x)dx

+(1-a) f{a xe™+(1—a)e™} fy(x)dx
My *%(t) = a? J x2e* fy(x)dx+2a(1—a) J xe™ fy(x)dx + (1 — a)? f e fy(x)dx

My %%(0) = a? f x2el fy(x)dx+2a(1—a) J xe® fy(x)dx + (1 - a)? J e® fy(x)dx
My*“(0) =a?EX)+2a(1-a)EX) + (1 — a)? (12)

(0x*)>? =a?’EX»)+2a(1—a)EX) + (1 — a)? — a? (E(X))2 —1-a)?-2a(1—-a)EX)
(0x%)2 = a? oy
ox®* = a oy (13)

We get a linear relation between Deformable standard deviation and an ordinary standard deviation.
Deformable standard deviation is a-times the ordinary standard deviation. For a = 0, Deformable
standard deviation is zero. As fractional order increases Deformable standard deviation also increase.

ox* < oy (14)

Example 1: For a continuous random variable X, Probability density function of normal distribution
is defined as

1 _1 (x—_u)z
= 2
fx (x) avnt (15)
Where —c0 < x < 00 and, —0 < u < o0, g, > 0 [3], [5].
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On the basis of equations (6) and (13) calculated value of Deformable mean and Deformable
standard deviation given in the following table, for mean y = 50 and standard deviation oy = 25.3
and fractional order a« = 0.3,0.5,0.7,0.9, 1.

Fractional Order () | Deformable Mean ( u%) | Deformable S.D. (gx%)
0.3 15.7 7.59
0.5 25.5 12.65
0.7 353 17.71
0.9 45.5 22.77
1 50 253
0.05
0.04
—_— a=1
0.03 — a=0.9
a=0.7
0.02 — a=0.5
a=0.3
0.01 /
A
20 40 60 80 100 120

Figure: Normal distribution plot of fractional order « = 0.3,0.5,0.7,0.9, 1.
4. Conclusion

Deformable and ordinary mean have a linear relationship and Deformable standard deviation is less
than and equal to ordinary standard deviation. Therefore, Deformable standard deviation is more
reliable as compare to ordinary standard deviation. Deformable mean along with Deformable standard
deviation gives more insight information of a normal distribution. We can see that Deformable
derivative base mean and standard deviation affects the sharpness and flatness of a given normal
distribution, which shows the memory of a normal distribution over varying fractional order.
Therefore, we can say that moment generating base Deformable means and Deformable standard
deviation is extension or ordinary mean and standard deviation. Further we can also extend this result
to other measure of dispersion.
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