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Abstract

The 1PBID, 2PBID, and 3PBID of semirings are introduced. Additionally, we communicate with a number
of the various SPBIs’ attributes. 2PBID and 3PBID are generalizations of 1PBID and 2PBID, respectively,
which we explain. We go over the m1, m2 and m3-systems and BI generator. It is possible to generalize the
ml-system to the m2-system and the m2-system to the m3-system.
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1 Introduction

Numerous studies have looked at different kinds of ideals in mathematical structures, such as rings and semir-
ings P respectively. Associative rings made up the notion of ideals that Dedekind introduced into the theory
of algebraic numbers. In this approach the notion was expanded to include algebraic numbers. Moreover,
it is a particular case of Lajos (m, n)-ideal. In order to analyze regular and intra-regular semigroups, Lajos
used generalized BIDs and quasi-ideals. To reference® while discussing different types of semigroups is a
BID. The associative rings are somewhat arbitrary, however they are described in terms of BIDs. It would be
almost perfect to expand LIs and RIs, which are specific types of BIDs. Semigroups and rings now referred
to as quasi ideals were introduced by Otto Steinfeld. Quote? states that semirings provide a range of methods
for elucidating prime ideals. Commutative ring theory has been extensively influenced by prime ideal theory.
It has been less frequently used for non-commutative rings than for commutative rings. Palanikumar et al®
investigated different prime partial BIs in non-commutative partial rings.

Walt” studied the prime and semiprimate Bls of associative rings with unity. Associative rings
without unity were extended to prime and semiprime BIs by Roux1? Some descriptions of Bls in basic semir-
ings were given by Flaska et al'!! Atani!? also provided some results for the ideal theory of commutative
semirings with non-zero identities. McCoy gives some details on prime ideals in general rings* Informa-
tion on the PID for rings and semirings was given in 2314 Van der Walt coined the words prime BID and
semiprime BID? The subsets X; and X, of § and the product X; - X5 may be understood as follows: the
subring of § is produced by the set of all products z; - x2, where 1 € X;7,z5 € X5. A BID 0O, of aring §
is defined as a subring O, of § that satisfies 01§01 C 0. For ideals © and 07 of §, theno C Noro; C N
means that an ID X of a ring § is PID if and only if whenever 00, C R# Each of the five components that
make up this document is arranged differently. In section[2] we address the various kinds of main BIDs and
their expansions. Section [3]offers a discussion of the semiprimary BIDs.
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List of Abbreviations

RID right ideal

LID left ideal

ID ideal

primary BID primary bi-ideal
primary ID primary ideal
TID two sided ideal

semi primary BID  semi primary bi-ideal
semi primary ID semi primary ideal

2 Characterization of PBIDs

Definition 2.1. A BID R of § is said to be

(1) IPBID if 9102 C Nimplies 07 C Noros C VX for any BIDs 07 and 05 of §.
(ii) 2PBID if o §p C N implies € Nor p € VX .

(iii) 3PBID if £1.£5 C Nimplies £1 C N or £5 C VX for any IDs £; and £ of §.

Theorem 2.2. Every IPBID is a 2PBID.

Proof. Let X be an 1PBID of §. Let o, p € § and o §p C N. Now, (x §) - (§p) Cx §p C N, since o § and
§ are BIDs. Hence o § C R or §p C v/R. Suppose that o< § C R. Consider <oc>;, - <ox>,Cox § C X. Then
oc€ N. Similarly if §p € v/R then p € v/R. Thus R is a 2PBID of §. O

Converse is does not hold.

0 0

Example 2.3. Consider the semiring § = D2(Zz) and X = { ( 0 0

) } is a 2PBID, but not 1PBID.

Theorem 2.4. Every 2PBID is a 3PBID.

Proof. Let X be an 2PBID of §. For the IDs £1 and £ of § such that £1 - £5 CR. If £1 € N, let x€ £1 \ N.
Forany p € £5, x §p C<ox> - < p >C £1 - L9 C N. Hence p € V/X. Then £5 C v/XN. Thus X is a 3PBID
of §. O

Definition 2.5. A subset © of § is said to be

(i) mp, -sys if for any oc, p € D, d o €<ox>p and 1 < >y such that oy 1 € D.
(ii) myp,-sys if for any oc, p € D, J o1 E<ox>, and 1 €< p > such that o; 1 € D.
(iii) myp,-sys if for any o, p € D, J oc;E<ox> and p; €< p > such that oy 1 € D.

Theorem 2.6. If N is a BID of §, then N is a IPBID (2PBID,3PBID) if and only if § \ X is an m,,, -sys (myp, -sys,
My, -SyS) of §.

Proof. Letc, e € §\N Hence ¢, e € §but g, e ¢ R.So < ¢ >y - < e>,Z N There exists ¢ €< ¢ >pand
€ €<e>p such that ¢’ - ¢ gé N Hences - € € §\ X. So we have proved that for ¢, e € §\NEI§ €< ¢ >y
and € €< € >, suchthats -¢ € §\R. So§\ Nisanm,, -sys.

Conversely, let § \ N is an m,,, -sys. Let us shows that 9; C Ror 0g C V/R. Let us arrive at a contradiction.
IfO; € Nand Dy Z VR, let p; € 01 \ Nand let py € Dg\\/&. Since po ¢ VR, so 3 an my,-sys § \ Nin §
such that p € §\ Nand (§\ X) "R = ¢. Thus g1, p2 € §\ Nimplies < p1 >p - < p2 >pZ N. Thuso; C N
or Dy C v/R. Hence R is a IPBID of §. O

Corollary 2.7. Every my, -sys is an mp,-sys.
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Proof. Given that © be an my, -sys of §. For any oc, p € ®, 3 occ;E<x>; and p1 €< p >y such that
o1 @1 € D. Let us shows that D is an my,-sys. For oc, p € D, 3 oc; €<oc>, and 1 €< p >;. Since right
and LIDs are BIDs also, we have o<; -p1 € ©. Hence © is an m,,-sys of §. O

Corollary 2.8. Every my,-sys is an mp,-sys.

Proof. Given that © be an m,,-sys of §. For any oc,p € ®, 3 oc;€<ox>, and p; €< p >; such that
1 1 € D. Let us shows that © is an m,,-sys. For oc, p € D, 3 oc;€<oc> and p; €< p >. Since IDs are
RID and LIDs also, we have o< o1 € ©. Hence © is an m,,,-sys of §. O

Remark 2.9. Let v/O be any BID of a ring §. Then vB° = {c€VD|8 CVD}land VP = {e €
VB2 | €§ C VB2).

Corollary 2.10. Let /D be a BID of §. Then v/$° is a LID of § such that V82 C /0.

Proof. Letc,e € VB?. Theng,e € vO and §¢ C v/O and §¢ C v/O. Since VO isaBID of §, ¢ + € € VO
and ce € VO. Now, §(c+€) C 8+ 8 C VO. Thus, < + ¢ € VB°. Now, §(se) C (§¢)(8e) C V/O. Thus,
e € VB2, Hence v/B° is a SSR of 8. Lets € VB2 and h € §. Since ic € §¢ C /O, we have hic € v/ and
§hc C §5¢ C §¢ C v/O. Thus, fic € V8. Hence v/B° is a LID of § and V82 C /0. O

Corollary 2.11. Let /D be a BID of §. Then v/ is a SSR of &.

Proof. Let g, e € V/4°. Then ¢,e € VB2 and & C V8?2 and €§ C VB2. Since ¢ € VB2, ¢ € VO and
§¢ C V0. Since € € VB2, ¢ € vO and §e C V/O. Since ¢, e € VO and VO is a SSR of §. We have ¢ +¢€ € O
and ce € VO. Now, §(¢ + €) C §c + §e C /O implies ¢ + € € VB2. Now, (¢ + €)§ C ¢§ + €§ C VB°.
Hence s + ¢ € V2. Now, §(se) C (§¢)(§¢) C VO implies ce € VB2 and (ce)§ C (¢§)(e§) C v/B. That is

ce € vV 42, Hence v 42 is a SSR of §. O
Corollary 2.12. Let \/D be a LID of §. Then V82 = /0.

Proof. Clearly, VB2 C V. Let ¢ € VO, since v/D is a LID of §. We have §¢ C /O implies ¢ € vB°. Thus,
VO C VB°. Hence VB2 = V0. O

Theorem 2.13. Let \/O is a BID of §. Then v/ is the unique largest TID of § contained in \/0.

Proof. Let /O is any BID of §. To prove that V32 is the TID of §. Since VB2 C v/ and V2 C VB°.
Therefore v C V82 C V0. Let¢ € V42 and Xe §. Then ¢ € VP C VO = ¢ e VO. Sinceg
is an element of v/B°. We have §¢ C VO and ¢§ C VB2. Then X ¢ € §¢ C /O implies X ¢ € /O and
§Mgg§§gg§gg\5 — Nce\/@.Now,gweg§g@.Hencegwe VB2 and X ¢ € v/B2. First
to prove that ¢ Xe V32 and X ¢ € V. Now, ¢ X § C ¢85 C ¢§ C VB°. Hence ¢ X § C \/f?aimplies
¢ Xe VP, Now, X ¢§ C §¢§ C §\/f379 - V/B2. Since VB is a LID of §, X ¢ € v/ 4. Hence v/ 3° is a TID of
§. It enough to prove VP isa largest two sided ID of §. Let 1/§ be any ID of § and \/§ C V0. Let o € /8,
then o € VO and §o C /§ C vO. Hence §0 C VO = p € VB°. Hence v/§ C V8. Next, o € V82 and
0§ C v/§ C VB°. Therefore 9§ C V/B°. Thus, o € v/3°. Hence v/§ C v/ °. O

Theorem 2.14. A BID O of a semiring § is 2PBID if and only if £1£2 C O, with £1 is a RID of § and £ is a
LID of § implies £1 C O or £5 C Vo.

Proof. Let © be a 2PBID and £1£5 C O. Suppose £1 € O. Forall p € £5 and x€ £1 \ O, we have
o §p C £1£5 C D. Since O is primary and ¢ O and p € VO for all p € £5. So £5 C V/D.

Conversely, suppose that &< §p C 0. Now, (o §)(§p) Cox §p implies o< § € O or §p C V. If < § C O,
then <oc>,< p >={nox+ x§n € ZT} - {mp+8§p|m € ZT} =n oc mp+n o §p+ o p+ o §§p Coc
§ C O. Thus, x€ D or p € V0. Similarly, suppose that §p C VO = <o>,< p >;C §p C v/O. Thus,
xE D orp € VO. O

Theorem 2.15. A BID O is a 3PBID of § if and only if &° is a PID of §.
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Proof. Let O be an 3PBID o To show that 4° is a PID of §. Let £1 and £ be the IDs of § such that
£1-£5C #. By thm jand Proposmon 610 42 and v/3° are unique largest TID contained in © and
\@respectlvely Thus £1 C FPorfy CVP.

Conversely, suppose that £, and £ are IDs of § such that £, - £5 C O. Then £ - £ C 42, implies
£1C P CDor £5C vV C+/O. Hence O is a 3PBIDs of §. O

Corollary 2.16. IfO is a 1PBID of §, then 3° is a PID of §.

Proof. Let © be an 1PBID of §. Let us show that 4° is a PID of §. Let £, and £ be an IDs of § such that
£1£5 C 42, To show that £7 €  or £5 C V. Since 2 C D and VP C vO. Hence £1£5 C O.
Since £1 and £ are IDs of § is a BIDs also and o is an 1PBID of §. Hence £1 C O or £5 C Vo. By
Proposition 6,19 42 is the largest ID of § such that 52 C O and by thmn \/_—TD is the largest ID of § such
that v 42 C v/O. Thus £, C 42 or £5 C V4. Hence 1° is a PID of §. O

Corollary 2.17. IfO is a 2PBID of §, then 3° is a PID of §.

Proof. Let O be an 2PBID of §. Let us show that 4° is a PID of §. Let £; and £ be an IDs of § such that

£1.£5 C 4°. To show that £, C 42 or £5 C V. Since 42 C D and vV C vO. Hence £1.£5 C O. Since

£1 isan ID of § is an RID also and £4 is an ID of the ring § is an LID also. Since o is an 2PBID of §. Hence
i

£, CDor £5 C V0. By Proposition 612 42 is the largest ID of § such that 4° C © and by thm[2.13| v/ ° is
the largest ID of § such that v/ 42 C v/O. Thus £1 C 42 or £5 C v/ 42. Hence 4 is a PID of §. O

Theorem 2.18. Let® be a my,- sys and O be a BID of § with o N'D = ¢. Then 3 a 3PBID R of § containing
OWithRND = ¢.

Proof. Let X = {£2\£2 isaBID witho C £oand £5ND = ¢}. Clearly X is non-empty. By Zorn’s lem,
3 an maximal element X in X'. We claim that X is a 3PBID of §. It is enough if we show that 4% is a PID in §.
Since % C Nand RND = ¢, this = N ND = ¢. Then " is a largest ID in § such that N ND = ¢.
We claim that <oc>< p >C 4%, Then <oc>C 4(Q) or < p >C 4(Q). If <oc>¢Z M and < p > VAR,
then ¢ e<oc> \FNand e €< p > \VIX. Then < ¢ >C<ox> and < € >C< p >. If <x>< p >C 4" then
<¢><e>C<o>< p >C AN, Since < p >Z VAN and hence (< p >)" € N = < p >Z *. Then
(B <c>)ND # ¢and (N+ < € >)ND # ¢. Thus (N4 < ¢ >)(+ < e >) C ¥, Then the BID
(3(Q) + <) contains an element m,, of ®. Then 3wy € (N+ < ¢ >) ND. Similarly the BID (4(Q) + ¢)
contains an element m,,, of ©. Then 3w, € (4 < e>)ND. Since D is Myp,-8ys of A, wy’ €< wy > and
Wy €< wy > w1 wy € D forsome @y €< wy >C (N4 < ¢ >)and wy €< wy >C (N4 < € >).
Hence w; @y € (4 < ¢ >)(N+ < e >) C 4%, Which is a contradiction. Thus <oc>< o >¢ 8.
Hence 4% is a primary ID of §. By thm then there is an maximal ID X’ in § such that &% C X’ and
N ND = ¢. Hence N’ is the BID of §. O

3 Characterization of SPBIDs

Definition 3.1. A BID X of § is said to be

(i) 1SPBID if ©2 C R implies © C X or © C v/X for any BID O of §.

(ii) 2SPBID if &< § xC XN implies xe X or xe v/X.

(>ii1) 3SPBID if £% C Nimplies £7 C Nor £7 C VX for any ID £ of §.

Theorem 3.2. Every ISPBID is a 2SPBID of §.

Proof. Let Xisa ISPBID of §. Let x€ § and o< § «C X. Now, (x §) - (§ <) Cox § xC N, since  § and §
are BIDs. Hence o« § C N or § «xC V. Suppose that < § C N. Consider <ox>j, + <ax>,Cox § C N. Then
oce N. Similarly if § <C v/X then oce v/R. Thus R is a 2SPBID of §. O

Theorem 3.3. Every 2SPBID(2PBID) is a 3SPBID of §.
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Proof. Suppose that X is a 2SPBID and £2 C X for an ID £ of §. To show that £ C Ror £ C vR. If £ Z R
and £ ¢ V. For «c€ £, but oc¢ R and oc¢ v/R. Now ox § cC<oc> - <ox>C £2 C X, Since N is a 2SPBID
of §, then € N or x& v/R. Which is contradiction, hence £ C R or £ C v/X. Thus N is a 3SPBID of . O

Definition 3.4. A subset N of § is said to be

(i) nyp, -sys if for any oce N, 3 oy, ocg€ <>y, such that ocjoce€ N

(ii) np,-sys if for any € N, 3 oxq, xe€<ox>, (X1, xe€<ox>) such that oc; o€ N.
(iii) npy-sys if for any oc€ N, 3 o<, oxg € <oc> such that ocjoce€ N.

Theorem 3.5. If X is a BID of §, then N is a 1SPBID (2SPBID, 3SPBID) if and only if § \ R is an ny, -sys
(Tpy =SYS, Tps -SYS).

Proof. Let X be a 1SPBID of §. Let € § \ N. Hence x€ § but x¢ R. So <>, - <ox>,Z XN. There
exists o¢ , o €<oc>y such that o - o< ¢ N. Hence < - o< € §\ R. So we have proved that for oce § \ X 3
', oc  €<oc>y such that oc - o € § \ N. So §\ Nis an ny, -sys.

Conversely, let § \ X is an n,,, -sys. Let 02 C N for the BID O of §. Let us shows that © C R or© C V.
IfO¢ZNando Z VR, let p; € D\ Rand p; €0\ VR. Since p; ¢ VX, s0o 3 an n,,-sys § \ X in § such that
p1 €8\ Nand (§ \ X) N R = ¢. Thus p; € §\ Nimplies < p; >p - < p1 >pZ N, which is a contradiction.
Thus © C N ord C /. Hence X is a 1SPBID of §. O

Corollary 3.6. Every ny, -sys is an np,-sys.

Theorem 3.7. Let O be a 2SPBID of a ring §. Then £2 C D implies £ C O or £ C /O for any LID (RID) £
of §.

Theorem 3.8. A BID O is a 3SPBID of § if and only if 4° is a SPID of §.
Corollary 3.9. IfO is a ISPBID (2SPBID) of §, then 3° is a SPID of §.
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