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Abstract

We examine some of the properties of these ordered ternary semigroups, such as intuitionistic Q1 anti fuzzy
left ideal ,Q1 anti fuzzy right ideal, Q1 anti fuzzy lateral ideal, Q1 anti fuzzy ideal and Q1 anti fuzzy bi-ideal.
We introduce the idea of TSS. The Q1 anti anti fuzzy ideal is extended in a new way over ternary semigroups

B.
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1 Introduction

The ternary algebraic systems known as triplex structures were initially conceived in 1932 by D. H. Lehmer!!
Vandiver came up with the idea of the semiring in 1934. In 1962 Hestenes used linear transformation and
matrices as examples to establish the concept of ternary algebra. In 1971, after describing those additive sub-
groups of rings that are closed under the triple ring product, Lister talked about this algebraic system as a
ternary ring. The fuzzy set (FS) theory, which was created by Zadeh® works best when it comes to handling
ambiguity and uncertainty. An element with a single value inside the interval is called a member of an FS.
The NMG might not always be equal to one minus the MG in practice, though, because of potential pushback.
A growing number of hybrid fuzzy models are being created as FS theory develops quickly. As a result of
the uncertainties, several theories of uncertainty have been created, such as Pythagorean FS (PFS)” intuition-
istic FS (IFS)* and FS® An FS is composed of MG sets, or sets with grades ranging from 0 to 1. Although
Atanassov* asserts that non-membership grades (NMG) can only be worth 1, IFS is classified as MG. There
are times when the sum of MGs and NMGs throughout a decision-making process can approach 1. The gen-
eralized MG and NMG logic, which is based on the square of the MGs and NMGs and has a value of no
more than 1, was developed by Yager” using PFS logic. Since the neutral state is neither positive nor negative,
it cannot be described by these theories. Palanikumar and colleagues have introduced an intuitionistic fuzzy
normal subbisemiring of bisemiring® The idea of bisemiring was created by Palanikumar et al” employing
bipolar-valued neutrosophic normal sets. Bi-ideals on ordered semigroups were examined by Hila and asso-
ciates® Dutta T.K. and associates presented novel concepts based on ternary semiring prime ideals and prime
radicals” Several prime and semiprime bi-ideals of the rings were discussed by Palanikumar and associates'!

and others. The several ideals of semigroups, semirings, and ternary semirings were examined by Palanikumar
12122125
et al*=
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2 (o, o) intuitionistic Q1 anti fuzzy ideals

Here B denotes the ordered ternary semigroup and (oc;, o) € [0, 1] be such that 0 <op<oa< 1 both
(o1, ocg) are arbitrary fixed.

Definition 2.1. AIFS A = [M4, T 4] of B and Q1 is a any non-empty set of A, the pair (A4, Q1) QIIFS is
called a (o1, otg) IQITESS of B if

1. If § < o, then i (8) < () and T () > T(9),
2. min{rh (§99,t), o1 } < max{h (8,¢),M (9,¢),h (9,¢), x2}
3. max{T (§09,t),01} = min{T(§,¢), T(9,¢), T(@,¢), 02} forall§,0,¢ € B and g € Q1.

Example 2.2. Let B = {9, ¢,n, 0n, 0, With the Cayley table:

U] Dm Dn Do . (o] Bm Bn Bo
)] t t t t t| o | o a1 | 9
Om t o p c o )] Dm Dn Do
On | T | D p|p D |G| Pn | Bn | On
B0 t D D P cC| 31| On | On | On

<= {((Dla @l): (@l; @m)a (@l; @n)y (@17 (Do)a (@ma (371'7,)’ (¢m7 Qn)7 (Qjmv (Do)a (gm (Dn)a (®0a @n)v ((307 QO)}'
Define A = [ha, Ta] : B xB xB — [0,1].

0.26 if ¢ = g 0.58 if ¢ = g
h (.0) = 0.33 Z.f®=®m T(o.0) = 0.38 Z.f¢=¢m
043 if 0 = o, 0.08 if 9 =g,
0.38 if 0 =0, 0.18 if 0 =0,

Then A is a (0.48,0.63) IQ1TFSS of 5.
Definition 2.3. A intuitionistic Q1 subset A of B is called a (o1, «2)-IQ1AFBI of B if

1. Iff < g, thenh () <rh (¢) and T(#) = T (9),

2. min{h (#010,t), o1 } < max{th (#,¢),M (9,1), 2},
max{ T (§010,¢), 0} = min{T (#,¢), T(@,¢), %2},
7L)

(
3. min{rh (§0160z¢, 1), 0c1 } < max{M (4,¢),M (¢,¢), 2},
max{ T (§01002¢, 1), 01} = min{ T (#,¢), T(e,¢), <2}, for f, 8, ¢,01,02 € B and ¢ € Q1.

Example 2.4. Let B = {9}, ¢.n, 0n, 0, } With Cayley table:

D1 | Om | Dn | Do | O Pm | On | Do

) t t t t tlor| oo | o1 | &

Om | T 0] P c O | @1 | Pm | Pn | Do

O t p p D p a1 B O Bn

Do t p p p C (9] Bn Dn [o2%
. [9)) Dm Bn Do ) ) Bm DOn, Do
t t t t t t | o [u}} [9]] [9J]
o t o P d o | 9 Bm DOn, o
pltlp | P | P ||P|%| % |Fn|bn
c| t o) p c C| B | P9m | On | Do
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<= {(Qla @l)a (@la ¢7n)a (@[, ¢n)a (@la (Do)a (¢7ru Q’m)7 (Q'rru ¢n)7 (me ®0)7 (®na @n)a ((30, Qn)a (@07 QO)} Define
J=[MT]:BxBxB—][0,1]

0.32 if 0 =9y 0.49 if o =0,

0.37 if ¢ = &m, 0.30 if ¢ =9m
(0,0 = 4 3T T(o,) =4 30

0.47 if ¢ = oy 0.02 if ¢ =90,

0.42 if ¢ = ¢, 011 if 0 =0,

Then Jis a (0.35,0.50) IQ1AFBI of ‘B.

Theorem 2.5. A non-empty subset o, is a Mo, is a (o<1, 02)-IQITFSS (IQIAFLLIQIAFLATI, IQ1AFRI,
IQIAFBI) of B. Then the lower level set M, is an TSS (TLL, TLATI, TRI, TBI) of B, where o, = {t € B| M
(ﬁ ) '<OC1} and TOCl - {ﬁ € %|T(ﬁ7 ) >OC1}

Proof. Suppose that J, is a (ocq, cco)-IQITFSS of B. Let ,0,0 € 9B such that £,0,¢ €Mg,. Then
M (8, ¢) <ocq,mh (9,1) <oy, h (@, ¢) <ocq.

Therefore min{M (899,:), 01} < max{th (#,¢),M (9,¢),M (8,t),x2} < max{oq, g, Xy, Xg} =a.
Hence th (§0¢,t) <ocq. It shows that 0 €My,. Therefore Mg, is a TSS of B. Let £,0,¢ € B such
that §,0,0 € T«,. Then T(#,¢) »ocy, T(0,¢) =1 T(g,t) =oq. Therefore max{T(§09,¢),01} >
min{T(f,¢), T(9,¢), T(g,t), X2} > min{ocy, oy, ¢y, g} =o;. Hence T(#09,t) =oc;. It shows that
100 € T, . Therefore T, is a TSS of B. Therefore Jo, is a TSS of B.

Theorem 2.6. A non-empty subset 4 of B is a SS [T LI, TLATI,TRI, TBI] of B if and only if the IQIFS
J =, T] of B is defined as
< 4 > 4
M (4o) = og forall §€ (4] T(40) = oy forall € (4
oy forall £ ¢ (4] oy forall § ¢ (4]

is a (o<1, 00)[QITFSS[IQIAFLI, IQLAFLATI, IQIAFRI, IQ1AF BI) of 8.

Proof. Suppose that 5 is an TSS of B. Let §,0,0 € B be such that §,9,¢ € (d] then §0p € (d]. Hence
M (809, 1) <ocg and T (809, ) >xs. Thus, min{mM (§9g,¢), o } <oce= max{M (§,¢),h (9,¢),M (@,¢), x2}
and max{T (§0¢, ), o1 } Zoco= min{T (#,¢), T(9,¢), T(,¢),cx2}. If§ ¢ (dord ¢ (doro ¢ (4],

then max{rh (,¢), ™ (9,¢),M (,¢), <2} =oc; and min{ T (8, ¢), T(d,¢), T(9,¢), xa} =xXs.

That is min{M (§9¢, ¢), o1 } < max{M (§,¢),h (9,¢),M (,¢), 2} and

max{ T (§09,t), o1 } = min{T(§,¢), T(d,¢), T(&,¢), x2}. Therefore Jis a (o1, ocg) IQITFSS of B.
Conversely assume that 3 = [h, T] is a (ocp, oco)-IQITESS of B. Let #0¢ € (d]. Then th (§,:) <oca,
(0,1) <oa,mh (9,1) <og and T(f,¢) >oa, T(9,1) Zoa, T(0,t) >og. Now I = [h, T]is a (ocp, oca)-
IQITFSS of %B. Therefore min{rh (§099,:), o1} < max{rh (f,¢),M (9,¢),M (9,t), 2} < max{xsg,xa, xa
, 0} =ocg and max{T (#0¢, ), o1 } = min{T (§,¢), T(9,¢), T(0,t),x2} > min{ocg, ag, otg, o} =oxy . It
follows that #0¢ € (4] . Therefore dis a TSS of 5.

Theorem 2.7. A subset 3 = [, T]isa (o1, 000)—IQITFSS[IQIAFLI, IQIAFLATI, IQ1AFRI, IQ1AFBI|
of B if and only if each non-empty level subset 3, is a TSS [TLL, TLATL, TRL, TBI] of B for all t € (o1, o] .

Proof. Assume that J; is a TSS of B for each ¢ € [0, 1].

Let t = max{M (fa,¢), M (85, ¢), M (fc,¢)}. Then #,, s, §. €My for each 4, iy, i € B.

Thus min{rh (£99,¢), o1} < t = max{rh (fa,¢), M (8, ¢), M (Hc,¢), xa2}.

Lett = min{T (§a,¢), T (8, ¢), T(He, )}

Then #,, iy, fc € T, foreach #,, iy, fc € B.

Thus ma’X{T(ﬁé)@, L)v OCl} zt= min{—l—(ﬂaa L)7 T(ﬁba L)a T(ﬁca L)’ OCQ}'

This shows that 2% is IQ1TFSS of 5.

Conversely, assume that J° is a IQITFSS of 8. For each t € [0,1] and f,, i, i €M;. We have M (#,,¢) <
t,h (e, ¢) < t,th (4, ¢) < ¢ Since rhis a TSS of B,

min{Mm (fafplc,¢), 1} < max{h (fs,¢),M (f,¢),M (e, ), <2} < t. This implies that f,fpf. €rh..
We have T(fq,¢) = ¢, T(f,t) = t, T(fc,t) > t. Since T is a TSS of B,max{T (f.fpfc,t), o1} =
min{ T (#a,¢), T (8,¢), T (fc,¢), 2} > t. This implies that ,Hpf. € T;. Therefore J; is a TSS of B for
eacht € (o¢p, og).
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Example 2.8. Every IQITFSS Jof B is a (ocy, oca)-IQITFSS of 93, but converse is not true.

For the Example 2.2] we define subset J by

0.19 if 0 = o 0.34 if ¢ = g

M (0,1) = 0.24 if 0 =0, T(o,0) = 027 if ¢ =om
’ 0.34 if ¢ =0, ' 017 if ¢ = on
0.29 if o =0, 0.22 if 9 =0,

Then Jis a (0.25,0.39)-IQ1TFSS of B, but not a IQ1TFSS.
Since  (6,00,,t) = 0.34 € max{h (., q), N (d0,q)} = 0.29 and
T(06000,t) = 0.17 2 min{T (2, q), T (20, q)} = 0.22.

Example 2.9. Every IQIAFBI 3 = [, T] of B is a (ocq, oc2)-IQ1AFBI of 98, but converse need not be true.

For the Example we define subset 3 by,

0.08 if ¢ =g, 0.42 if ¢ = g,
(o) = 0.23 if 0 = o, T(o.0) = 0.23 if 0= om
0.33 if 6 = 0on 0.01 if 6 = on
0.28 if ¢ =0, 0.04 if ¢ =0,

Then Jis a (0.18,0.43)IQ1AFBI, but not a I[Q1AFBL
Since M (8501000205, 1) =M (0p,¢) = 0.33 € max{mh (¢,,¢), N (¢, ¢)} = 0.28 and
T (06010002080, t) = T(0p,¢) = 0.01 2 min{rh (g,,¢), M (o,¢)} = 0.04.

Definition 2.10. If 7, is the characteristic function of 4, then ( jj) is defined as

(T2 (40) = {“2 e ryea ) o {0‘1 ifte

oy ift ¢ (d] oy if ¢ (4]

Theorem 2.11. A non empty subset 4 of B is a TSS [T LI, TLATI,TRI,TBI| of B if and only if subset Ja
isa (ocq,000)-IQITFSS[IQIAFLI, IQIAFLATI, IQ1AFRI, IQ1AF BI] of B.

Proof. Assume that 4is a TSS of B. Then j, , is a IQITFSS of B and hence j,, is an (o1, oc2)-IQITFSS of
B.

Conversely, Let j , is an (ocq, oc2)-IQITFSS of B. Let §,0,6 € B be such that §,0,6 € (J]. Then
]2] (#,¢) :o<2,j3rj] (0,1) :otg,f(rj] (@,1) =oy. Since ]2:] isa (o1, o) IQITESS. Consider

min{57, (890, 0), 01} < max{s7, (§1). 57, (9,00, (0,0), xa}

= max{ o, g, Xg, X}

:o(2

as oy <, this implies that j?‘j] (#09, ) <oxa. Thus 09 € (4]. Thus tde € (d].

Let §,0,0 € B be such that §,9,0 € (d]. Then ]I(Fj](ﬁ, L) =a1, g I F (9,1) o<1,j (@ ) =o. Since ](j] sa
(ocp, oc2)IQ1TFESS. Consider

s, (£00,0), 0} 2 minf, (£,0), 5, (0,0), 5, (0,0, 002}
:Hlln{OChO(l,OCl,OCQ}

:(Xl

as oc] <ca, this implies thatj (800, 1) Zoc1. Thus 200 € (d]. Thus 0o € ().
Therefore 4is a TSS of ‘B.
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Let #,0,0 € B be such that , 9,4 ¢ (J]. Then ]E}(]j, L) :ocl,f(rj] (0,1) 20(1,_]3:] (6,1) =oc1.
Since 5 is a (oc1, o2 IQITESS.
min{y’ (£99,1),00} < max{y", (,), 7, (9,0),5,, (9,1), %2}
(j] b b X (j] b b) (j] ) b (j] ) b
= max{oc, o, g, Ko }

:o(2

as oc; <oy, this implies that j’(]rj] (409, 1) <ocy. Thus #9s ¢ (d).

Let#,0,0 € B be such that f,0, ¢ ¢ (d]. Then ]](Fj](]j, L) :ag,j]fj] (9,1) :OCQ,j](Fj] (9,1) =xa.
Since 5F isa (ocp, ocg) IQITFSS.

(4]

max{ji] (ﬁa®7 L)a 0(1}' > min{]](Fj] (ﬁ7 L)m]]fj] (67 L)?]](Fj] ((D, [/)a 0(2}
= min{ o, g, X9, Ko}

:(IQ

as oc; <oXg, this implies that jI(Fj] (409, 1) >oco. Thus #9s ¢ (d).
Therefore 4is a TSS of B.

Definition 2.12. For three IQ1AFSs 3, & and 0 of B. Their product 3 - 0 -  is defined as

inf {37(r, 97 (s, or(t, if 4 0
o e < Lo, T VTG0 00 i 4
1 otherwise

sup  {3F(r,0) A% (s,0) A (t, )} if 4 #0
(37050 (1,1) = { (rsp)esy

0 otherwise

Definition 2.13. Let 3 be subset of B, we define the subset (M) (#,:) = {M (#,:)V o} o and
(Mea:(#e) ={T{ A 2} oy, forall § € B.

S 1

Lemma 2.14. Let 4, 41 and 15 be non-empty subsets of B. Then

1. (](j] Vjul] VJUzl)if = (](jUj1Uj2])§i’
2. (](j] A](jl] AJ(jz])if = (](jﬂdﬂ?jfz])zi’

30 (0919 e = (U4 o

Proof. (iii) Let]i € B. Ifﬁ S (_‘I_‘Il_‘lg}, then (](jjljz])(ﬂ, L) =X9.
Since §f < 717273 for some 71 € (d],72 € (d1] and 73 € (do]. We have (71, 72, 73) € J4 and 44 # 0.

T T T _ : T T T
Gy Iy Iy o) = _ind  max{y (B1,0),3,, (B2 1), 5, (Bs, 1)}

< maX{]’i] (Tla L)7 J'(]le] (T27 L)7'7‘222] (7-3; L)}

=y
F T F L . [ F F 7
Gy 90y TG0 = sup mingy (Bi,0), g, (B2:0),5,, (B3, 0)}
§=p51B28s3
2 min{]l(Fj] (7—17 L)a ]l(Fjl] (7—23 l’)a ]I(E‘j2] (TSa L)}
:o(l
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Therefore (7, * 7.5, " Ji)) (B ) = (9(a3,9)) (85 0)-

If § ¢ (d414o] then (y (jdle])(ﬁ 1) =ac; and (j](Fjjlj2])(|i,L) =y. Since § < T7o73 for some 71 ¢ (4],
Ty & (d1] and 73 ¢ (d2]. We have

T T T _ : T T T
Uy iy I o) = _inf  max{y, (B1,0),0,, (B2 1), 5, (B3, 1)}

#=018203
T T T
< ma‘X{Ju] (7—17 L)uj(jl] (7—27 L)v](jz] (TSa L)}

:Cxl

Ui] 'j](Fm ']]<Fj21)(u’b) =, ouw mm{ju] (61’L)’J&]('B?’L)’f(zﬂ(ﬁ?”L)}

§=B182P3
> min{, (0,25, (72000, (7,00}
:a2

Hence (](j] “Jea a9 )(ﬂv L) = (j(jjljz])(ﬂa L)'
Theorem 2.15. For 4, 4 C B and {4;|j € J} be a family of subsets of B. Then
(i) (3] € (3] ifand only if (34)> < (Ua)) e
(i) (Njerd3,) e = Unjes(3) e
OC2

(iii) (Ujesd3,) 9 = (90,e,(2,) 92

Theorem 2.16. Let 4 be an (oxy, o0)IQIAFRI, 41 be an (o<q, 0)IQIAFLATI and 35 be an (ocq, oc0)IQIAFLI
Of% then ((_‘I = jQ])gf - (j N4 N jg]gf

Proof. Let 4 = [hy, T4] be an (o¢q, o2)IQLIAFRI, 41 = [y, T 4,] be an (ocq, oc2)IQIAFLATI and 4y =
[Ma,, T 4,] be an (ocp, o2)IQTAFLI of B. Let (8,0,0) € X.. If X, # 0, then € < §0¢. Thus My (e,¢) <My
(400, 1) <ths (§,0) and T4(e,0) = T4(§09,0) > Ts(#¢).

Similarly th, (e,¢) <hg, (#00,¢) <thg, (0,¢) and T4, (e,¢) = T4, (800,0) = T 4,(0,¢).

Similarly, mdQ (6, ) <mj2 (Ii@@, ) <md2 (Qa ) and T 4 (6 L) z T (Ijang) Z T4 (QvL)'

We have

(M3, 40 (65 1)
= (m(j.jl.j2] (6,L)v OCQ)A e §]
L Inf {ths (1, )V My (8,07 M, (0,0)} k2] | 04

rhj (e N o) 7 (hay (6,0) A ocp) 7 (i, (6,0) A ocq) b7 o) A o
My (&,0)7 My, (60)7 M, (6,0))A 01)V o2} A o
WFRVAUFRAVAUFSICYALvAC ) YARES!

mjﬁjlﬂjz)ocl (€,0)

—~ o~
—~
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(T(a-3a)) e (65)
= (T (44,45 (6, 1) A 02) 7 o

[ s<up {T4(t,0) AT40,0) AT4,(8,0)A OCQ]:|V oy
{ S<1;Iia) {Ta(8,0) A T4,(0,0) AT 4,(8,0)}A axg A ag A oxg A oy }v o1
_ [ S;;gj (Tt D o) A (T4, (8,0 o) A (T o, (0, 0) A 0a) YA o ]v o
S {(Ta(e,0)v o) A (T (6,0)v 1) A (T 5, (6,0)V 1) }A o)V o
= {((T-‘i(ea L) A le(G, L) A T-‘b (ca L))V Ocl)A OCQ}V X1
= {((Tj A le A Tj2)(E,L)A OCQ}V (o q]
= (Taunus)a (60)

Let#,0,0 ¢ X.. If X, =0, then (hy -4;- My,)(e,¢) =1and (T4 - d1 - T4,)(€,¢) = 0 such that € < §99.

(N300 (60) = (N33, 30 (6,0)7 X2) A o
=1A oq
2 (Mana,na, (6,0)V 02)A o
= (Mans,nd, (6,0)V ox2)

(T s (60) = (T3 (6, 0)A o)V o
=0v o
=
< (Taugus (60D x2)7 o
= (Taug,u4, (6, 1) A oc2)

Therefore ((3- J1-32])5> € (4N 41 N F]) 2

Theorem 2.17. An ordered -semigroup B is regular, 4be an (o<1, 2)IQIAFRI, 41 be an (ocy, oo ) IQIAFLATI
and 43 be an (ocy, ocQ)IQIAFLI of B if and only if (4 41 - J2])5> = ((3N J1 N L))

Proof. Let B be an ordered -regular ternary semigroup and 3 be an (o¢q, oco)IQIAFRI, 45 be an (o, oo
JIQIAFLATI and d3 be an (ocp, 0c0)IQIAFLI of 9B. Let (f,0) € X.. If X, # 0, then ¢ < fd¢. Thus
My (G,L) <rhy (ﬂan,L) <rhyg (ﬁ,L) and Tj(E,L) > Tj(ﬁagz) L) > Tj( )

Similarly g, (e,¢) <hg, (800,¢) <thg, (0,¢) and T4, (e,¢) = T4, (800,¢) = T 4,(0,¢).

Similarly, hy, (e,¢) <, (£09,¢) <rha, (9,¢) and T 4,(€,¢) = T 4, (809, ¢) = T 4,(2,¢).

For ¢ € B, there exists = € B such that € < €(1e(2€e(ze. Then €, ((1€(2e(3), € € X.. We have

(M3, 30 e (€50
= (m(j J1-42] (6 L)V O(Q)A 1

inf  {rhy (8 )V My, (0,0)V thy, (8,0)}7 oo | A o

5<€C16(26€36

Lt e{mj (8,007 sy (9,07 tha, (0,0}v 062 ¥ 063 7 o2 7 02 | 4 0y

inf My (8, 0)v o2) v (thg, (9,0)v o) v (th, (9,1)V o) b7 oz }A 1

6<€C16C26§36

{(hs (e, ) 1) 7 (M, (GreCaeCz) A o) 7 (th, (€,0)A 1)} 02) A o
{(hs (6, ) 1) 7 (M, (6,0) A 01) W (s, (6,0) A o)} v o) A oy
(
(

NN

(s (e,0)7 ha, (6,0)7 tha, (6,0))A o) o} A o
(hy 7 My, v Ma,)(60)V oA o

mjﬁjlﬂjz)gf (6, L)

(
(
{
{
= (
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(T(j-jer])gf (G,L)
= (T(j Ei j2](€ L)A O(Q)V oCq

[ sup  {T4(#,0) AT4,(0,0) AT 4,(8,0) A OCQ]j|v o
e<LeCreCaeCze
— [ o (Ta(t0) AT (8,0) ATy (6,0 A oo A aty A oty A oy }v o
€EXEC1EC2€(3E
= [ . Csucp . {(Ta(, ) A o) A (T4,(0, ) oca) A (T 4,(9, ) A ) }A oo }v oy

{(Tale, ) ocx) A (T 4, (CreCaels)s7 oca) A (T 4, (€,0) v 1) A oc2) 7 o
{(Tale, )7 o) A (T, (6,0)v o) A (T 4, (e, 1)V o) FA 0i2) 7 o
{(

((

VoWV

(Tale, ) AT (6,0) ATa,(e,0))7 1) g}y o
TaATL AT)(e0)A o}y oq

{
= (Taugu4) (65 0)

Thus ((4- 31 - 35])52 D (4N 41 N ])S2 and by Theorem 2.16

Hence ((j . _‘Il . jg])gf = ((j N _‘Il N _“2])22

Conversely assume that ((3- 41 - J2])5> = (4N 31 N Fp])5>. Let 4 = (M, T) be an (ocy, ocp) IQIAFRI,
4y = (thy,, T4,) be an (ocp, o) IQIAFLATI and Jo = (thy,,=4,, T 4,) be an (ocp, o) IQIAFLI of 9B. Then
by Theorem[2.11} 74 is a (ocq, o) IQIAFRI, 74, is a (o1, 2)IQIAFLATI and 34, be a (o1, o3 ) IQIAFLI of
B. By Lemmaand Theorem(2.15} ((3n4,n]) o = (7207, N74) e = (15741042 ) e = (I3 21-3a) ) e
This implies (4N 31 N 32]5> = ((3- 41 - 32])&>. Hence by Corollary 2?, B is regular.

Theorem 2.18. An TSS B is regular, 4 be an (o1, o) IQIAFBI, 41 be an (o<, o2)IQIAFLATI and 35 be an
(cc1, 02)IQIAFLI of B if and only if ((3 - 41 - 42]) 52 = (3N d1 N )2

Proof. Let B be an TSS and 1 be an (o¢1, oca ) IQ1AFBI and 45 be an (o1, ocg ) IQTAFLI of B. Let (f,¢) € X..
If X, # 0, then e < #0¢. Thus My (¢,¢) <My (#09,¢) <hg (8,¢) and T 4(e,¢) = T 1(800,¢) = T 4(8,¢).
Similarly y, (e,¢) <rhg, (809,¢) <rhg, (0,¢) and T4, (€,¢) = T 4, (800, ¢) = T 4,(0,¢).

Similarly, g, (e,¢) <M, (£09,¢) <ha, (0,¢) and T 4,(€,¢) = T 4, (800, ¢) = T 4,(2, ).

For € € !B, there exists € B such that € < e(1€e(2e(3e(4€(5€.

Then € < (e(r€eCa€), ((3€(4€(5), € € X.. We have

(m(j-jl-jz])gf (€,0)
= (m(j EIREDY ( a[’)v OCQ)A X1

{mi (ﬁa )V mdl (87 L)V mj2 (¢74)}V 0(2} A o

e<eC1 6(2 ECS eCaeCse

{ihs (8,07 sy (0,07 iy (0,0}v 2 v 02 v 00 v 2 | A

{(ths (£, 02) ¥ (1, (0,07 02) ¥ (s, (0,0)7 02)}v o2 | 2 oy

{ 6<6§16C26CSEC46C56

5<€C16C26C3€C4€C €
{(hy (eCredae, 1) A oc1) 7 (M, (CaeCaels) A ocr) 7 (M, (€,0)A o)}y o)A o
{(mi (67 L)A Ocl) \Y4 (mjl (67 L)A 0(1) vV (mjz (67 L)A O<1)}V O(Q)A 1
(
(

VANV/AN

(s (6, 0)v M, (6,0) My, (€6,0))A oc1)v aa}A o
(a7 tha, ¥ Ma,)(€0)V oA o

mdﬁd1 ﬂjz)gf (67 L)

(
(
{
{
= (
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(T(j-iriz])g? (€,L)
= (T (4440 (6, ) A 0x2) 7 0y

= [ sup {Td(ﬁ7 L) A le (aa L) A sz (®7 L)}A 0(2]:| V &1
eSeCreCaeCzeCae(se
{ sup {Tj(ﬁ,b)Ale(a7L)ATj2(®,L)}AQQAOCQAOCQAOCQ]VOCl
e<eCreCaeCzeCaeCse

sup (T3 ) A ata) A (T4, (9, 0)A ca) A (T4, (6,0) A 0ca) }A o ]v oy

e<eCreCaezeCaeCse

{(Ta(eCreCae, )7 o) A (T 4, (C3€Caels)w7 oc1) A (T, (6, 0) 7 ar) A o) oy
{(Tale, ) oc1) A (T3,(6,0)v7 1) A (T 3,(6,0)v o) }A atp) v g
(
(

VoWV

(Td(ea ”) A le(ev ”) A sz (65 L))V O(I)A OCQ}V X1
(TaA T4 ATa)(e, )N o}y oq

(
(
{
{
(Tjujlujz)gf (6, L)

Thus, ((3-41-d2])e> 2 (3N ﬂ_-lg]) and by Theoremand hence ((3-41-42])5 = (4NN 3a])>.
Conversely assume that ((4- d; - ]) = ((3Nd1 N ]2 Let 3= (ths, T4) be an (ocy, ocp)IQ1AFBI,
(h4,, 2 Hjl, Ta,) bean (ocq, oo IQIAFLATI and 4o = (rh4,, T 4,) be an (ocq, o) IQIAFLI of 8. Then

by Theorem 2.11] yisa (o, oo I AFBI J4 1s a (ocl, oo ) IQIAFLATI and 4, be a (o<1, «2)IQ1AFLI of
‘B. By Lemmaand Theorem jmjmjz = (2.N75,N94) e = (229404 = (92 21-3a) ) e
This implies (4N 43 N da] 0(2 = :I :Il 0(2 Hence by Corollary ??, *B is regular.
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