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1. Introduction

This paper considers finite simple undirected graphs. Under certain conditions, graph
labeling refers to assigning numerical values to graph components like vertices, edges, or both. These
specifications described by means of some evaluating function values (weights). Chartrand et al. [1]
initially proposed irregular graph labeling as follows: Let G = (V, E) be a connected graph of order at
least 3 having edge h— labelingg : E — {1,2,...,h} and w(v) = Y ,e. ¢(¢), where w (v) denotes
vertex v weight. When the vertex weights for all vertices differ, this is termed as irregular labeling.
The irregularity strength s(G) is the least natural number A for which G reveals irregular graph
labeling. Baca et al. [2] reshaped irregular labeling as total vertex irregular labeling and total edge
irregular labeling. The weight of an edge e = st € E is defined as w(e) = #(8) + #(£) + #(e)
where # : © - Qisafunctionwith© =V UE and Q = {r: 1 < t < m and 7eN}. If every one of
the edge weights are distinct, # is referred to as a Total Edge Irregular labeling. The Total Edge
irregularity Strength tes(G) is the least positive integer 7 for which total edge irregular labeling # :
D — Qexists. For a centralized uniform theta graphs, Riyan [3] computed the total edge irregularity
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strength (TES). Susanti Y, et al. [4] predicted asymmetric graphs and symmetric graphs tes(G).
Rosyida 1, et al. [5] determined the exact value of tes(G) for n-uniform cactus chain graphs. Muthu
Guru Packiam [6] introduced the concept of (a, B) — tes(G) as follows: Consider a simple graph G =
(V,E)on [ vertices and m edges together with a total h— labeling p or p:V(G) U E(G) —
{1,2,3,...,h}. Then p is called (a, B)-total edge irregular labeling if there exists a one-to-one
correspondence, say Y: E(G) - {a,a + B, a + 28, ...+ a + (m — 1) 8} defined by Y (uv) = p(u) +
p(v) + p(uv) for all uv € E(G), where a > 3, = 2. Also, the value ¥ (uv) is said to be the edge
weight of uv. The least h for which G admits (a, ) —edge irregular h is indicated by (a, ) — tes(G),
known as (a, B) —Total Edge irregularity Strength of the graph G. Additionally, they presented upper
and lower limitations for the parameter and established the evaluations of (a, 8) — tes(G) for some
graph families. The purpose of this paper is to focus on the study of (a, 8) — tes(G). Subdivision of
a graph G that results from dividing each edge by a vertex [7]. In a graph G, attaching two pendant
vertices to each all vertices of G is denoted by G o S,. Middle graph of a graph G = (V, E) denoted by
M(G) has vertex set V U E and a pair of vertices are adjacent if and only if they are incident with one
other or adjacent edges. Any two adjacent vertices of G are adjacent in the middle graph of G is named
as Total graph T(G) of a graph G. The vertices of path graph P,, are v, 15, ..., 1,,. Graph P,,> can be
constructed from P,, by connecting every v;t" vertex to v;,,t" vertex and every w;vertex to
the v, 5" vertex by an edge. If all unordered pairs of n vertices are adjacent in G is termed as complete
graph [8] denoted by K,,. If a vertex set is separated like U and V with |U| = a and |V|= b such that
every vertex of U is adjacent to every vertex of V is referred as K, ,- Complete bipartite graph. In case
a=1lorb=1IinK,,is named as star graph K, , or K, ;. The central vertex of two copies K ,, is
joined by an edge is B(n,n) - Bistar graph. Mycielskian [9] u(G) of a graph G = (V, E) has vertex
set VUV U{u}, where V' = {v;": v; € V} and edge set EU {v;v;' : v;v; EE}U {v;'u:
v;' eV}

Proposition 1 [6]: Let G be a graph with q edges and p vertices. Then [@] < (a,B) —tes(G) <

a — 2+ (q — 1)p for any two natural number « > 3 and g > 2.

2n—-1
3

Proposition 2 [10]: (3,2) — tes(P,,) = [ ] for path P,.

2. Results and Discussion

Theorem 1: (3,2)- tes(S(P,°S;)) =4n — 1.

Proof. Consider the index sets I ={1,2,..,n}andJ ={1,2,...,n— 1}. Let the vertex set of
S(Pyp©S,) = Ug=1 Vy where Vy = {w}, Vo = {1}, V3 = {wi}, Vo = {x;}, Vs = {y:} and V; = {z} and
edge set of (S(P,S,)) = U5, E,where Ey = {ux; }, By = {x;u,41 }, Es = {uy: L Eq = {yivs },
Ecs = {w;z;} and E; = {z;w; } foreveryieland j € J .

Total labeling p: § — Xwhere S = V(S(P, © S;)) U E(S(Py 0 S;)) and R = {1,2, ...,4n — 1} is given
below:

p(u) =3, plu) =4i—-3, p(v;)) =4i—1, i # 1.

p(v) =1,

p(w;) =4i—1, p(yi) =4i -3, p(z;) =4i—1,
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p(xf») =45 +1,

p(uixy) =3,

pluix) =1+41, 1 # 1.

plxiuipr) = —1+ 44,

p(uy;) = p(yiv) = =3 + 44,

p(uyz) =1, p(u;z;) = 4i — 1, p(ziw) =—-1+4i, i 1.

Induced edge weight function : E(S(P,, © S,)) = {3,5,7, ...,12n — 3} is given by
Y(uxg) = -1+ 124, Y(xu,) = 1+ 124,

Y(uy;) =12i -9, Y(yv) =12i—-7, i #1

Y(uy) =5, Yv(Onvy) =3,

Y(u;z;) = 12i — 5, Y(z;w;) = 12i — 3,

Therefore, the induced edge weights of S(P,, o S,) differs by 2 in the arithmetic progression. Thus,
(3,2)- tes(S(Pp°S,)) < —1+4n.

Proposition 1 confirms that(3, 2)- tes(S(Pn ° SZ)) > —1 + 4n, this concludes the proof.

Example 1: (3, 2) total edge irregular labeling for S(Ps o S,) is shown in Fig 1.

17

Figure 1. (3,2)- tes(S(P5°S,)) = 19.

Remark 1:
Whenn =1,P; oS, = P and hence it follows from the proposition 2. Requisition
Theorem 2: (3,2)- tes(M(P,)) = 2n — 2.

Proof. Consider the index sets 1 ={1,2,..,n}andJ ={1,2,..,n—1}. Let V(M(P,)) =V, UV,
where V; = {u;} and V, = {v,} and let E(M(P,))) = {v,v;41} U {ugvp } U {vgus,q } denotes the
vertex set and edge set of M(P,) foralliel, 7,2 ¢ Jandfel —{n —1,n}.

Total labeling p: A - B where A = V(M(P,)) UE(M(P,))and B=1U{n+1,n+2,..,2n—2}
is prescribed by: p(v,) =1, p(vy,) = 3,p(v;) = 2i, i=3,45,..,n

p(u) =1,p(uy) =3, p(w;)) =—24+2i, 3<i<n

p(vivy) =3, p(vyv3) = 4, p(Viviy) = —1+2i, i=345,...,n—2
p(ujvf) =-1+24,

p(viuy) =1, p(vauz) =4, p(viuipq) = 1421, i=34,5,..,n—1
Induced edge weight function ¥: E(M(P,,)) — {3,5,7, ...,6n — 7} is given by
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Y(Wevpsq) =1+6¢, fel—{n—1,n}

1/)(1!;‘?7;) = —3 + 64, lp(v,;u,+1) =—-1+64

Therefore, the induced edge weights of S(M(P,,)) differs by 2 in the arithmetic progression.
Hence, (3,2)- tes(M(P,)) < —2 + 2n.

Proposition 1 reveals that(3, 2)- tes(M(Pn)) > —2 + 2n. Hence the result follows.

Example 2: (3,2) — tes(M(Pg)is shown in Fig 2.

Figure 2. (3,2)- tes(M(Pg)) = 14.
Theorem 3: (3,2)- tes(T(P,)) = [8?"] — 3 for every positive integer n at least 3.

Proof. Consider the index sets I ={1,2,...,n}and J ={1,2,..,n—1}. Let V(T(P,)) =A; UV,
where A; = {a;}and V, = {v;} and E(T(P,)) = {a;0;41 } U {vsve41 3 U {a,v,} U {v;a,,,} denotes
the vertex set and edge set of T(P,,) foralliel, jeJandt e J —{n — 1}.

Total labeling p: ¢ - D where ¢ = V(T (P,,)) UVE(T(P,))andD = {1, 2, ..., [8?"] - 3} is represented
by:

Case i Suppose n = 0 (mod 3)

p1) =1, p(vy) =5,

pvs) =8i—1,

#Wsip1) =3+ 81, p(vsiy2) =5+ 84,

p(a) =1, p(az) =3,

»(az) = -3+ 84,

pQazy) =8+ 1,

p(asiyz) =3+ 84,

pvy) = 3, p(vgi_1v3;) = 81 — 3,

pWsiVsi41) = 81— 1,

# Wsi41V3142) = 8i+ 1,

p(aa) =1,
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p(agi1a3) = -3+ 84,

p(aziaziy1) = —1+ 8,

P (3141 A3342) = 8t + 1,

p(av) = 1, p(agvs) = p(aziq Vaipr) = —1 + 8,
p(azi_qv3-1) = =5+ 8,

pia;) =3, p(vsi-1a3) = -3+ 8i,
pWsiazi41) =8t —1,

#W3i41 a3142) = 8i+ 1,

Caseii Letn = 1 (mod 3)

p1) =1, p(vsi,) =8i =3,

pg) =8i—1,

#Wsiy1) = 3 + 8i,

pla) =1, p(ay) =3,

p(a) =5 (=1

p(az) = -3+ 8i,

pQazy) =8i+1,

p(aziyz) =3+ 8,

p1vy) =3, p(V3i1v3) = —3 + 84,
#(Wsiv3i41) = —1 + 84,
#Wsi41V3142) = 1+ 84,

p(aga;) =1,

8
P (s ) =5 (1= 1)
»(az_qa3) = =3 + 84,
p(aga341) =8i—1,
p(azipg 03i42) = 1+ 84,
p(yay) =3, p(vzi_qa3) = -3+ 8i,

8
P(Wn_q0y) = §(n - 1),

p (3 a341) = 81— 1,
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#W3ir1 A342) = 1 + 8i,
p(av) =1

p(aziqv3i-1) = =5+ 8i,
p(azvs) = -1+ 8i,

p(azip1 Vaip) = -1+ 84,

Case iii Consider n = 2 (mod 3)

p1) =1, p(v3i_1) = =3 + 8i,

pv3) =8i—1,
p(v3i+1) = 3 + 8il
pla) =1

p(azi-1) = =5+ 8i,

p(az) = -3 + 8i,

p(azy1) =8+ 1,

piv;) =3, p W31 v3) = =3+ 84,
p W3 V3141) = 8i— 1,

P (V3i11 V3i42) =81+ 1,

plaay) =1

p(azi—qa3) = -3+ 84,

p(azaz41) = -1+ 8i,

(3141 a3i42) =8i+ 1,

plagv) =1

p(agi1 v3-1) = =5+ 84,

(a3 v3) = p(azipq Vaipr) = 8i— 1,
pyay) =3, p(v3i-1 a3) = =3 + 84,

# W3 a3141) = 81— 1,

#(Wsi41 a3142) = 8i+ 1.

Induced edge weight function y: E(T(P,)) - {3,5,7,...,8n — 9} is given by
Y(aj0501) = —3+87,

PY(Wveeq) = 1 4 8¢,

Y(a;v;) = =5+ 8,
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P(v0501) =85 - 1,

Therefore, the induced edge weights of T'(P,,)generates an arithmetic progression and it differs by 2
and hence (3, 2)- tes(T(P,)) < [8?"] - 3.

From Proposition 1, we get (3,2)- tes(T(P,)) = [S?n] — 3 and hence the result follows.

Example 3: (3,2) — tes(T(Py)) is given in Fig 3.

3 3 5 7 7 7 9 il 13 15 15 15 17 19 2

s T g 9y By B T Ay

Figure 3. (3,2)- tes(T(Py)) = 21.
Remark 2:
Whenn = 2, T(P,) = C5 and hence (3,2)- tes(T(P,)) = 3.
(3,2) total edge irregular labeling for T (Py) is shown in Fig 4.

1

1 3
1

Figure 4. (3,2)- tes(T(P,)) = 3.
Theorem 4: (3,2)- tes(P,, o K,) = [@] - 3.

Proof. Consider the index sets 1 = {1,2,..,n}and J = {1,2,..,n—1}. Let V(P,, o K;) = U3_, 1,
where V; = {s;},V, = {v;} and V3 = {t;} and let E(P, o K;) = {s;5;41 } U {;v;} U {vit; } U {s;t; }
denotes the vertex set and edge of P, o K, respectively foralliel, 7€ J.

Total labeling p: £ — Mwhere £ =V (P, o K;) UE(Py o K;)and M ={1,2,..., [*22| - 3} s
described by:

Case i Consider n = 0 (mod 3)
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p(e) =2 p(v) =2 =3, p(ty) = =
p(s3) =1+ 8i,

p(s3.1) = =3+ 8i,

p(532) =8i—5,

p(v3) = =3+ 8i,

p(v3i-1) =8i—5,

p(vsi2) =8i—7,

p(t) =1

p(t3) =8i+1,

p(t3-1) = -3 + 8,

p(t3i,) =8i—=5i+1

P (8312 831-1) = —7 + 84,
#(53i-1 93;) = 8i — 5,

# (53 %3141) = 8i — 3,
p(sv)=1

#(83i-1V3;-1) = 8i — 5,
p(s3v3;) = 8i — 3,
P(83i2V32) =8i—9, i #1
#W3iatziz) = =7 + 84,
#W3i—qtziq) = =3 + 84,
pgity) =8i—1,

p(sit) =3

#(53i-1t3;-1) = 8i — 3,
p(s3t3) = 8i =3,
P(630t312) =8i—7, i#1
PCsnrs) =2 =4, p(spv) =2 =2, p(spta) =2 — 1, p(vp ty) =5
Caseii If n—1=0 (mod3)
p3) = -3 +8i,

#W3i-1) =8i -5,

psi2) =8i—7,
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p(s3) =1+ 8i,

p(s3.1) = =3+ 8i,
#(831-2) = 8i =5,

p(t) =1

p(t3) =8i+1,

p(t3i-1) = =3+ 8§,
p(tz,) =-5+8i, i #1
#(53i-1 93;) = 8i — 5,
#(831-2531-1) = —7 + 8i,
p(83 93141) = 8i = 3,
plsv) =1

# (8311 V3i-1) = 8i —5,
p(53;v3) =8i—3,

P (8312 V3i—2) =8 —9,

# W3 t31-2) = =7 + 84,
#Wsi-1 t3i-1) = =3 + 84,
psity) =8i—1, p(sty) =3
P (8331 13-1) = 8i — 3,
p(s3:t3) = 8i —3,
P(83213i2) =8i—7, i #1
Caseiii If n =2 (mod3)
#(531-2) =8i—5,
p(s3-1) = =3+ 8i,
p(s3) =1+ 8i,

pWsip) = =7+ 8i,
pWsi_1) =8i =5,

p(vs3) = =3 + 84,

p(t) =1

p(t3) =8i+1,

p(t3i1) = -3+ 84,
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p(tz) ==5+8i i#1
#(53; 93i11) = 80 — 3,

# (5331 93) = 8i =5,
#(531-2531-1) = —7 + 8i,
p(sv) =1

p(83i_1v3i-1) = 8i — 5,

p (53 v3;) = 8i—3,
p(53i5V32) =8i—9, i#1
p(Wsi_; t3i-2) = =7 + 8i,
#Wsi-1 t3-1) = =3 + 84,
psits) =8i—1,

p(st) =3

p(53i-113-1) =80 — 3,

p (53 t3;) = 8i =3,
p(53i21312) =8i—7, i #1
Induced weight function for edge ¥: E(B, o K;) — {3,5, 7,
Y(s;8541) = 1+ 8,

Y(s,v1) =5

Ylsv) =—5+8i, i#1
Y(sit) = -1+ 84,

Y(vit) =3

Yut) =-3+8i, i#1

Therefore, the induced edge weights of P,, o K,differs by 2 in the arithmetic progression.

Thus, (3,2)- tes(P, » ;) < [*22] - 3,

Proposition 1 exhibits that(3, 2)- tes(P,, o K;) = [8(n+1)]

3

Example 4: (3,2) — tes(Pg ° K,)is shown in Fig 5.
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11 9 13

(%]

{ 9 11 13

9 9 m mn B g3
Figure 5. (3,2)- tes(Pg o K,) = 21.
Theorem 5: (3,2)- tes(P,*) = 2n — 3 for every positive integer n more than 3.

Proof. Consider the index set I = {1,2, ...,n}. Let V(P,*) = {v; } and let E(P,*) = U3_, E,, where
E; = {v;v;41 }, E; = {v;v;,,} and E; = {v;v;,3 } denotes the vertex set and edge set of P, for all
iel

Total labeling p: P - Q where ? = V(P,*) U E(P,*) and Q = {1, 2,...,2n — 3} is predicted by:

p(vl) = 1; f(UZ) = 1;
p(v)=2i—-3,i+1,2.

1 i=1
pwi) ={Z, +2t i#1
1 i=1

p(viviyz) = {1 +2i P#1
i=1

p(iviss) = {iz +3 i1

Induced edge weight function y: E(P,>) - {3,5,7, ...,6n — 11} is given by
Y1) =3

Y(vip) =-5+61, i#1

Y(Viviyo) = -1 + 61,

Y(vviy3) = 3+ 6i,

Therefore, induced edge weights of P,,>differs by 2 in arithmetic progression.
Thus, (3,2)- tes(Pn3) < -3+ 2n.

By Proposition 1, we get (3,2)- tes(P,*) = —3 + 2n. This concludes the proof.

Example 5: (3,2) — tes(P,>) is shown in Fig 6.
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1 5 7 9 1

9

7 9 11
Figure 6. (3,2)- tes(P,%) = 11.

Theorem 6: If T is a tree other than star on p vertices, then (3,2)- tes(T) = [ﬁl

3

Proof.
Step i: Arrange the given tree from left to right by considering one pendant as starting node.

Step ii: Label the edges of tree from left to right by completing lower branch and then upper branch
using the induced edge weights {3,5, 7, ...,2p — 1}.

Step iii: Each pair of vertices and its edge should be labeled by at most odd numbers which are less
than or equal to either the corresponding induced edge weights or [%] with non-decreasing order.

Step iv: From the above labeling, (3,2)- tes(T) < [% .

Proposition lexhibits that(3,2)- tes(T) = [?] and hence the result follows.

Example 6: (3, 2) total edge irregular labeling for tree with 10 vertices is shown in Fig 7.

#
¥
.\I

Figure 7. (3,2)- tes(T) =7
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Theorem 7: (3,2)- tes(K,) =n? —5n+ 9 for n > 4.

Proof. Consider the index set I ={1,2,..,n}. Let V(K,) ={u;} and let E(K,) = {wju;4, } U
{wiw;/ 1 <t < j < n} denotes the vertex set and edge set of K,, for all i € L.

Total labeling p: P -» Q where P = V(K,) U E(K,,) and Q = {1, 2, ...,n? — 5n + 9} is given below:
p(u) =1

p(u) =-3+2i, i#1

puuy) =1,

pluw)) =2ni—2n—(+3i—-7), iln—-1,i+1<j<n,

p(Up_quy) =n?—5n+9

Induced weight function for edge y: E(K,,) - {3,5,7, ...,1 — n + n?} is given by
p(uyuy) = —1 + 2i,

p(Up_q1uy) =1 —n+n?

pluw)) =2ni—2n—B+i—-i?)—2-2i+2j, i#1l, n—-1,i+1<j<n,
The induced edge weights of K,, differs by 2 in arithmetic progression.

Hence, (3,2)- tes(K,) <9 — 5n+n?.

Further it is not possible to obtain (3, 2)- total edge irregular labelling by assigning label fewer than
n? —5n + 9, hence (3,2)- tes(K,) =n?—5n+9.

Example 7: (3,2) — tes(Kg) is given in Fig 8.

1 1 1

9

| L

7 15 5

Figure 8. (3,2)- tes(Kg) = 15.

Remark 2:

When n = 3, (3,2)- tes(K3) = 3, total edge irregular labelling for K5 is shown in Fig 9.
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1

3

Figure 9. (3,2)- tes(K3;) = 3.

Corollary 1.

If a simple connected graph G has p vertices and g edges, then

[Zq;l] < (3,2) —tes(G) <9 —5p + p?.

Theorem 8: (3,2)- tes(u(B,)) = 18?"] —1for n> 3.

Proof. Consider the index set I ={1,2,...,n}. The vertex set and edge set of B, are V,and &
respectively. Let V(u(P,)) = U3-,V, and E(u(B,)) = U%_, €, denotes the vertex set and edge set
of u(p,) where V; = {x;}, V, =1{x'}, V3 ={w}, & = {xixis1 1, &2 = (x'5i41}, €5 = {xxieq '} and

E,={x/w}foralliel.

Total labeling p: X — Y where X =V (u(B))VE(u(R,)) and Y = {1, 2, .., l%"] — 1} is given

below:

Case i Suppose n = 0 (mod 3)

8n

p(x) = 3 1,

p(x3) = 1+2i,

p(x5-1) =21—1,

p(x35) = 21— 1,

pE'3) =2n+2i—1,

p(x'5.1) =2n+2i -3,

p(x'5.,) =2n+2i-3,

P (23121 %3) = p(x3i-2%31-1) = 2 — 1,
p(x31%341) = 21— 1,

p(x312%'5-1) = —7 + 8,

P (x31-1%31-2) = p(33-1%'3) = 8i— 5,
p(x31%'3141) = -3 + 84,

p(x3%'3.1) =8t —3,
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P (%3141 %'3) = —1 + 8i,

4n
p(E5-1w) = p(&'5w) = 3+ 144G —-1).

! 4n v
p(x'3,w) = 3 1+4(G3-1),

Case ii Considern = 1 (mod 3)
p(x)=2(n—-1+1,

p(x3) =21+ 1,

p(x31) = -1+ 12

p(x32) =2i—1,

p(¥3) =2+ -1,
p('5.1) =2(n+1) -3,
p(x'5.,) =2n+2i-3,

P (x3i-2 X3i21) = p( 3121 ¥31) = p(x31%3541) = 21 — 1,

P(x312%35-1) =8i—7,
p(x3-1%3) =8i—5,
p(x3;%'3341) =80 — 3,
P (23i-1%'31-2) = 8i =5,
p(%31%'3.1) =8 —3,
P (%3141 %'3) =8i—1,

’ ’ 4'(7’1.—1) .
p(E'39w) = p(F'gw) = T-I_ 41 — 1.

4n+12i-7
3

p(¥'3,w) =

)

Case iii Suppose n = 2 (mod 3)

8n—4

ﬂ?(%l) = 3 !

p(x3) =2i+1,

p(x3i1) = p(x31-2) = 21— 1,

p(x'3) =21—1+2n,

p(¥5i1) = p(x'32) = =3 +2i+ 2n,
p(x3i2%3-1) = —1+ 24,

P (x3i-1%31) = p(x31%3141) = 20— 1,
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P(x3i2%3.1) =817,
p(x3%'31) = 81— 3,
p (331 %'3) =8t -5,
p (33101 %'5) = -1+ 84,
p(x31%'3141) = 81— 3,
(%311 %'5-2) = 8i—5,

, 4n +12i— 8
p(Haw) =2
, An +12i— 8
39(%3i_1W) =T:
, 4n + 12i — 14
p(x3i—2w)= 3 )

Induced weight function for edgey: E (u(B,)) — {3,5,7, ..., —5 + 8n} is given by

Y(xx,) =2i+1, i#1

YExip) = -3 +2n+4i, i#1

Y(Eqx) =—1+4i+2n, i+1

Y(E'w) = =5+ 6n + 2i.

Therefore, induced weights in edges of u(P,)generates an arithmetic progression and it differed by 2.
Hence(3,2)- tes(u(By)) < l%nj —1.

From Proposition 1, we get (3, 2)- tes(,u(Pn)) >-1+ li—nl and it concludes the result.

Example 8: (3, 2) total edge irregular labeling of u(Pg)is given in Fig 10.

3 3 5

w
w

1 1 1 :

Figure 10. (3,2)- tes(u(Ps)) = 15.
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Remark 3: When n = 2, u(P,) = Cs, and (3, 2)- tes(Cs) = 4, total edge irregular labelling for C <
is shown in Fig 11.

Figure 11. (3,2)- tes(Cs) = 4.
3. Conclusion
The exact value of (3, 2) - tes(G) is presented in this article namely: (3,2)- tes(S(P,, 0 S,)) = 4n —
1, (3,2)- tes(M(P,)) = 2n— 2, (3,2)- tes(K,) =n? —5n+ 9 for n > 4,(3,2)- tes(T(P,)) =
[8?”] —3forn >3, (3,2)- tes(P, o K,) = [8(”3“)] —3,and (3,2)- tes(u(B)) = [8?"] —1forn>
3. In addition, an open problem of (3,2)- tes(P,*) = 2n — 3 for n > 3and (3, 2)- tes(T) = [%

where T is a tree other than star are solved positively. There is still an opportunity for an investigation
towards similar findings for other graph families.
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