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Abstract: Many Queueing models have been solved under fuzzy environment 

using triangular and trapezoidal numbers of fuzzy type where they are 

extensively used in real-life applications which are implemented frequently in 

day-to-day life. LR method has been presented in this paper to examine FM/FD/1 

queueing model that directs to system performance measure implementing 

capacity in limited form and the calling source with unlimited form.  The 

expected inter-arrival interval, service interval follow fuzzy manner having 

single server  with no bounds and are expressed as LR-type trapezoidal fuzzy 

numbers.  Fuzzy environment has been preserved in this model with unlimited 

bounds with the circumstances related in direction to randomness and connected 

under fuzziness of LR-type.   A numerical illustration has been analysed and 

solved in this model using trapezoidal fuzzy numbers of LR type by LR method 

and taken for comparison with DSW(Dong, Shah & Wong) Algorithm.  The 

comparative example illustrates the applicability, efficiency and sustainability 

of the LR type model. 

 

Keywords: Fuzzy Queueing, system performance measure, LR method, LR-
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1. Introduction 

Queueing patterns are incorporated with multiple application under fuzzy pattern having several 

dimensions in actual normal existence.  Performance measures play a significant role in Queueing system that 

helps and allows us to  the analyse the nature of mean inter arrival time and mean service time under various 

situations determined by different queueing patterns.  Structural Performance measure for Queueing theory 

patterns are computed and evaluated by various methods namely alpha-cut method with the help of non-linear 

parametric programming approach, Robust ranking technique, DSW algorithm, LR method.  Queueing models 

under Fuzzy was proposed by many researchers Li and Lee[1], Negi and Lee[2],  Usha Prameela Karupothu and 

Pavan Kumar [3] perceptionizing FM/FD/1 queueing model under various fuzzy numbers ,  J. P. Mukeba 

Kanyinda et al [4] , W. Ritha and S. Josephine Vinnarasi [5] analyzing Queueing model by LR method, B. 

Palpandi, G.Geetharamani [6] examining  Queueing model by Robust Ranking technique, S. Shanmugasundaram 

et al [7] , R. Srinivasan [8] studying Queueing problem by DSW Algorithm under fuzzy pattern. 

 This article focuses on ( FM/FD/1) ∶  ( ∞/FCFS ) queueing pattern with average expected arrival and 

service intervals undergoing distributions exponentially with mean rate ‘λ’ , ‘µ’ under FCFS queueing technique 

following  source population infinitely with FD being constant fuzzified dispersion having the proposed rates.  To 

prioritize the efficiency of  LR method, a numerical illustration has been computed using LR method and analyzed 

using DSW algorithm.   
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2. Preliminaries 

A. Fuzzy set: 

 A fuzzy set P̃ specified on R is categorized by a membership function having its elements of a specified space 

‘X’ in the specified range [0, 1].  It is represented as 

P̃   =  { ( Z, μP̃(z) ) ;  z ∈  Z } 

B. Trapezoidal fuzzy number by LR – type : 

A fuzzy number P̃ = (𝑝, 𝑞, 𝑟, 𝑠 )𝐿𝑅is defined to be trapezoidal fuzzy numbers of LR type if its membership function 

is specified by  

μP̃(x) = 

{
 

 L (
p−x

r
) ;   ifx ≤ p ;  r > 0

R (
x−q

s
) ;  ifx ≥ q ;  s > 0

1    ;  otherwise

 

 

C.  Basic operations in  trapezoidal fuzzy numbers of LR type: 

            Let   M’ = (m1, m2,m3,m4) ,  V’ = (v1, v2, v3, v4) & ‘λ’ is a parameter, then  

(i) M’ + V’ = (m1, m2,m3,m4) + (v1, v2, v3, v4) = ( m1+v1, m2+v2, m3+v3, m4+v4) 

(ii) M’– V’ = (m1, m2,m3,m4) - (v1, v2, v3, v4) = ( m1-v2, m2–v1, m3+v4, m4+v3)     

(iii)M’V’ = (m1, m2,m3,m4). (v1, v2, v3, v4)=( m1v1, m2v2, m1v3 + m3v1,  m2v4+v2m4)       

          (iv)
M’

V′
  = 

(m1,m2,m3,m4) 

(v1,v2,v3,v4)
 = ( 

m1

v2
,
m2

v1
,
m3

v4
,
m4

v3
 ) 

 

(v) λ (m1, m2,m3,m4) = ( λm1, λm2, λm3, λm4)     

         (vi)  1/λ (m1, m2,m3,m4) =(m1/λ, m2/λ, m3/λ, m4/λ)  

D.  Representation of  trapezoidal fuzzy numbers of LR type: 

                          Trapezoidal Fuzzy numbers are represented as F̃(s, t, m, v).  These trapezoidal fuzzy numbers can be written 

as  F̃(s, t, m, v) = < t, m, t-s, v-m > Where t, m are spreads under left and right patterns respectively using LR 

representation technique. 

3. Performance Measure Under Constant Fuzzy Dispersion With Infinite Source Population: 

The Queueing pattern( FM/FD/1) ∶  ( ∞/FCFS )  is considered with population source under unlimited pattern 

with the constant fuzzified dispersion having average expected arrival and service intervals undergoing 

distributions exponentially with arrival and service rates having ‘λ’ and ‘µ’respectively . 

         The structural performance measures specifically expected customer rate and delayed customer rate in the 

system, queue  are given by the respective formulas.   

➢ 𝐿𝑠 =  
𝜌2

2(1−𝜌)
 +  𝜌 

➢ 𝐿𝑞  = 
𝜌2

2(1−𝜌)
 

➢ 𝑊𝑞= 
𝜌

2(1−𝜌)𝜇
 

➢ 𝑊𝑠= 
𝜌

2(1−𝜌)𝜇
 + 

1

𝜇
 

               Where ρ = 
λ

𝜇
 , the utilization factor or traffic intensity. 
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4. Numerical Example 

A Queueing model  (FM/FD/1):(∞/FCFS ) is examined with the average expected arrival and service 

intervals  using  trapezoidal fuzzy numbers followed by  λ = ( 1,2,3,4) and µ = ( 11,12,13,14). 

In LR type, the average expected  arrival  and service intervals using trapezoidal fuzzy numbers of LR type 

followed by λ = ( 2,3,1,1) and µ= ( 12,13,1,1). 

To find the value of  : 

ρ = 
λ

𝜇
 = 

(2,3,1,1)

(12,13,1,1)
 = ( 

2

13
,
3

12
, 1, 1) 

   = (0.1538, 0.25, 1, 1) 

Average  customer rate  in the system ( 𝑳𝒔): 

     𝐿𝑠 =  
𝜌2

2(1−𝜌)
 +  𝜌 

              =   
(0.1538,0.25,1,1)2

2(1 − 
λ

𝜇
)

 + (0.1538, 0.25, 1, 1)  

              = 
(0.1538,0.25,1,1)2

2( 
μ−λ

𝜇
)

 + (0.1538, 0.25, 1, 1) 

             =  
(0.1538,0.25,1,1)2

2( 
(12,13,1,1) − (2,3,1,1)

(12,13,1,1)
 )
 + (0.1538, 0.25, 1, 1) 

             =  
(0.1538,0.25,1,1)2

2(
(9,11,2,2)

(12,13,1,1)
)

 + (0.1538, 0.25, 1, 1) 

             =  
(0.1538,0.25,1,1)2

2(0.6923,0.9166,2,2)
 + (0.1538, 0.25, 1, 1) 

             =   
( 0.0236,0.0625,0.3076,0.5)

(1.3846,1.8332,4,4)
 + (0.1538, 0.25, 1, 1) 

              = (0.0128, 0.0451, 0.0769, 0.125) + (0.1538, 0.25, 1, 1)        

            = (0.1666, 0.2951, 1.0769, 1.125) 

Therefore, 𝐿𝑠 ranges in (0.1666, 0.2951). 

Average  customer rate in the Queue ( 𝑳𝒒 ):      

➢ 𝐿𝑞  = 
𝜌2

2(1−𝜌)
                  

               = 
(0.1538,0.25,1,1)2

2(1 − 
λ

𝜇
)

 

              = 
(0.1538,0.25,1,1)2

2( 
μ−λ

𝜇
)

 

              = 
(0.1538,0.25,1,1)2

2( 
(12,13,1,1) − (2,3,1,1)

(12,13,1,1)
 )
     

              = 
(0.1538,0.25,1,1)2

2(
(9,11,2,2)

(12,13,1,1)
)

 

              = 
(0.1538,0.25,1,1)2

2(0.6923,0.9166,2,2)
 

              = 
( 0.0236,0.0625,0.3076,0.5)

(1.3846,1.8332,4,4)
 

             = (0.0128, 0.0451, 0.0769, 0.125)  
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Therefore,  𝐿𝑞 ranges in (0.0128 and 0.0451). 

Average delayed customer rate in the Queue ( 𝑾𝒒):      

➢ 𝑊𝑞= 
𝜌

2(1−𝜌)𝜇
 

               = 
(0.1538,0.25,1,1)

2(1−
λ

𝜇
)𝜇

 

               = 
(0.1538,0.25,1,1)

(1.3846,1.8332,4,4)(12,13,1,1)
 

              = 
(0.1538,0.25,1,1)

(16.6152,23.8316,49.3846,53.8332)
 

              = ( 0.0064, 0.0150, 0.0185, 0.0202) 

Therefore, 𝑊𝑞 ranges in (0.0064, 0.0150). 

Average delayed customer rate  in the system( 𝑾𝒔):      

➢ 𝑊𝑠= 
𝜌

2(1−𝜌)𝜇
 + 

1

𝜇
 

     = 
2(1−𝜌)+ 𝜌

2(1−𝜌)𝜇
 

     =  
2(1−

λ

𝜇
)+ 

λ

𝜇

2(1−
λ

𝜇
)𝜇

 

  = 
2(
μ−λ

𝜇
)+ 

λ

𝜇

2(
μ−λ

𝜇
)𝜇

  

  = 
2(𝜇−λ)+λ

2(𝜇−λ)𝜇
 

  = 
2𝜇−λ

2𝜇2−2λ𝜇
 

  = 
2(12,13,1,1) − (2,3,1,1)

2(12,13,1,1)2 − 2(2,3,1,1)(12,13,1,1)
 

 = 
(24,26,2,2)−(2,3,1,1)

2(144,169,24,26) − 2 (24,39,14,16)
 

= 
( 21,24,3,3)

(288,338,48,52) − (48,78,28,32)
 

= 
(21,24,3,3)

(210,290,80,80)
 

= ( 0.0724, 0.1142, 0.0375, 0.0375)              

Therefore, 𝑊𝑠 ranges in (0.0724, 0.1142). 

The structural performance measure of 𝐿𝑞 , 𝐿𝑠, 𝑊𝑠 and 𝑊𝑞 has been given in graphical representation using 

MATLAB R2023a. 

Membership Function of Lq: 
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Membership Function of Ls: 

 

             Membership Function of Wq: 

 

Membership Function of Ws: 

 

Comparison for FM/FD/1 Queueing Model: 

 DSW Algorithm LR Method 

Without Fuzzy 

number 

An algorithm using Interval Analysis 

Arithmetic is implemented for execution  

that comprises of four steps in calculating 

the system performance measure. 

Easy and simple manual computation has 

been carried out for system performance 

measure using  trapezoidal fuzzy number 

formulas under LR type. 

Lq = 0.0166 Ranges in (0.0027 , 0.1039) and doesn’t 

drop under  0.0023 and rise beyond 

0.1893.  

Ranges in (0.0128 , 0.0451). 

Ls= 0.1832 Ranges in (0.0741 , 0.4675) and doesn’t 

drop under  0.0690 and rise beyond 

0.6439. 

Ranges in (0.1666 , 0.2951). 

 

Ws=0.0916 Ranges in (0.0741,  0.1168) and doesn’t 

drop under  0.0690 and rise beyond 

0.1287 

Ranges in (0.0724 , 0.1142). 

Wq= 0.0083 Ranges in (0.0027, 0.0259)  and doesn’t 

drop under  0.0023 and rise beyond 

0.0378. 

Ranges in (0.0064 , 0.0150). 
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5. Conclusion 

                  In the present document, the estimate of system performance under FM/FD/1 queueing pattern with 

population under infinite source following FCFS pattern that has been computed with the help of trapezoidal fuzzy 

numbers of LR type.  The  spreads under left and right patterns are computed with the help of trapezoidal fuzzy 

numbers under  LR type using LR method. 

      The average customer rate in the queue ranges in (0.0128, 0.0451), average customer rate in the system ranges 

in (0.1666, 0.2951), the average delayed period in the system ranges in (0.0724, 0.1142) and the average delayed 

period in the queue ranges in (0.0064,0.0150). 

 Hence,  LR method helps in computing the structural performance measure of a queueing system model in a 

simple and flexible manner. 
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