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On Sombor Energy of Graphs with self-loops
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/diz +d7; ifv; and v;are adjacent

ASO(Gs)z(aij)z VZd:: ifi=j
ir -

kO; if v; and v; are not adjacent.

If 1,(Gs), A5 (Gy), - - ., A, (G,) are eigenvalues of Ag, (G;), then Sombor Energy of G is
defined as

Eso G5) = ?:1

V2Y9_. d;
A6y — =Y

where d; is the degree of vertex v; with self loop
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Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G), |V(G)| = n. If the vertices
u, v € V(@) are adjacent, then edge with end points are u and v is denoted by uv. The neighbor
of u is denoted by N(u) that is the set of vertices adjacent to u, |[N(u)]| is total number of
adjacent vertices to u and is called degree of u and denoted by d (u).

Let A(G) be the adjacency matrix of a simple graph G with vertices vy, v,, ..., v,, elements of
adjacency matrix are defined by

1, if viand vjare adjacent
A(G)=(aij)={ . . '
0; if v;and vj are not adjacent.
and let A4, 1,, ..., A, be the eigenvalues of matrix A(G).
The energy of simple graph, introduced by I. Gutman [3], is defined as
£(G) = Xizq 1l.

Let S be a subset of V(G). The number of element of S will be denoted by o. Let Gs is graph
with o self-loops. Because graphs containing self-loops are useful in chemistry,
[heteroatoms,heteroconjugated,chemistry,molecules].

In 2021, Gutman defined the adjacency matrix A(Gs) [9] of the graph Gg.
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1; if v; and v; are adjacent
A(Gs) = (a;) = 1; ifv,€S
0; if v; and v; are not adjacent.

Definition 1. [9] Let A4, 4,,..., 4, be the eigenvalues of matrix A(Gs) such that i, 4; = ¢
then energy of graph with o self loop is given by

E(Gs) = Xy |4 =2

Definition 2. [7] Let G be agraph. If u,v € V(G) and uv € E(G), then Sombor index of graph
G is defined by

S0(G) = Xuwver @) Vde(w)? +dg(v)?

Definition 3. [8] The Sombor matrix of G is defined by
S(G) = (Si))mxn = {\/dﬁ +dZ ;ifu and.vare adjacent
0 ; otherwise

We denote the eigenvalues of S(G) by u;s such that u; > u, =...> u,. The set of all
eigenvalues of S(G) is called Sombor spectrum and y; is the Sombor spectral radius of G. The
Sombor energy [8] is defined by

Eso(G) = ity |l
The sum of squares of eigenvalues of S(G) satisfies following equation is given by [2]
2F = 1§ + p3 + pi+... +p; 1)
where
F=F(G) =3k, d} =Xy, (d} +df)
is forgotten topological index of G [1].

Definition 4. Let S be a subset of V(G). The number of element of S will be denoted by a. The
Sombor matrix of graph G with o self loop is defined by

/diz +d?  ifv;and vjare adjacent

Ago(Gg) = (aij) = \/Edl- ifi=j

0 ifv; and vjare not adjacent
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If 1,(Gs), A, (Gy), ... 1,(Gy) are eigenvalues of Ag, (Gs), then the Sombor energy of G, (which
is analogous to the energy of any matrix with a non-zero diagonal [Laplace energy, Laplace
energy and radiac energy, New spectral]) must be defined as

V2Y9_ . d;
Eso(Gs) = ?:1 /11'(65) - %

where d; is the degree of vertex v; with self loop.

Main Results
Proposition 1. Let G be graph with n vertices and S be any subset of V(G) with o elements.
If g = 0, then Eso(Gs) = Eso(G)

Proof. It is trivially obvious, since for o = 0, the graphs G and G coincide then Sombor matrix
of G5 and G are same and hence Sombor energy are also same.

Let S(G) be Sombor matrix of G and D (Gy) is the diagonal matrix with diagonal entries degree
of vertex having self loop then Sombor matrix of Gs is equal to

Aso(Gs) = S(G) + V2D (Gys) 2

Proposition 2. Let G be a graph with n vertices and m edges. If ScV with ¢ elements, then
eigenvalues A, (Gs), A,(Gs), ..., 1,(Gs) of Agp(Gys) satisfy,
LY%y A7(Gs) = 2F + 4 Yyes df

V239, d;j 2(Zvjes di)?
- .

n

2. 2?:1 [Ai(Gs) -

Proof. 1. From equation (2) Aso(Gs) = S(G) + V2D (Gs)

1> =2F +4Yy.es df —

Therefore,

D BG)=) [5G +VID(E)

- Zi=1 [(S(6)D) i + 2V2[S(G)D(Gy)]; + 2[(D(G5))?i]
From equation (1), 2F = XL, (S(G)*)y; where F = 3, (a7 +d})

As the diagonal entries of diagonal matrix are nonzero for o self loop and diagonal entries of
Sombor matrix is zero. Hence, diagonal entries of S(G)D(Gs) are zero.

Therefore,
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n—1 [S(G)D(Gs)]ii =0
Also,

n—1 [D(Gs)z] = ZZviES di2

> G

= Z:l=1 (S(6)?);; + 2\/527::1 [S(G)D(Gs)];; + 2 Z:;l (D(G)?)y;

= 2F +2(2 z d?)
V;ES

=2F +4%,.c5 d?

\/—21 14912 ‘/—21 14 (21 1 1)2

+2

2. ¥y [Ai(Gs) ——1 = By [(Gs)? — 2V24,(Gy)

As Yl 4i(Gs) = \/EZvies d;,

]

V2 7, d))?
—2F+4Z -—— dix/iz di+2M
V;ES VES n
2
_2F+4z d? ——(Z d)2+2(Z -1 %)
= 2F + 4’2vies diz - ;(Zvies di)z (Since Zvies d; =

f=1 dj)-
Lemma l. Let G = K,, be a complete graph with n vertices, If G is a graph obtained from G
by adding n-1 self loops, then Sombor eigenvalues of G are

M?-1)V2+V2nt+8n3-12n2+8n—6
2

n?-1)v/2—V2n*+8n3-12n2+8n—6
2

2.1 =
3.

y Ap = ,and 4; =0 fori >

Proof. Let J be the n X n matrix with all entries one and 0 is the matrix with all zero entries.

Sombor matrix of Gs is

(n + 1)‘/7]n—1><n—1 vV 2(n2 + 1) n—1x1
V2(? + Djixp-1 - 0 nxn

Ago(Gs) =

Then,
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det(Al — Agp(Gs)) = det In-1xn-1 = (M + DV2[_1xn-1 —v2(M* + Dfp-1xa
solbs)) =
—\/Z(n2 + 1)J1xn-1 Al -,

If M is non-singular square matrix

det [g g] = det(M)det(Q — PM~1N)

Here M=y yn-1— (n+ DV2]y_1xn-1, N = 2%+ 1)Jp_1x1, P =
—/2(n? + 1)]1xpn—1 and Q = Al 44,
then det (M) = A"2(A — (n? — 1)V2)

1

-1 _ n-3 _ 2 _ n-3
M = o v & O 0 = DVl ) + 27

+ 1)\/Ejn—1xn—1)
1
PM \/2(” + 1) 1xn-1 X /17’1—2(/1 _ (le _ 1)\/5)
+ A3+ V2o 1xn-1)

= 1 (n+ 1)Vv2
= —y2(n* + DJ1xp-1 X [Aln—lxn 1t A — (07 — 1)\/—) Jn-1xn-1]

=2+ 1) 2%+ D(n+ DV2
R

1xn—-1 /1(1_ (le — 1)\/§)

_ 2+ D 22— 1)J/mZ + 1)

A3 = (0 = DV2In13n1)

X (M —1)]1xn-1

1 1xn—-1 " /1(/1 _ (le — 1)\/5) ]1><n—1
_ZEED 2 - /@D
- - 1xn—1

A A4 — (n? — 1)V2)

[—(/1 (n2 — DV2)/2(n? + 1) — 2(n? — 1)/ (n? + 1
A(A— (n2 — 1)V/2)

—/2(n% + DA
A(A — (n2 = 1)V2)

1 —/2(n? +1)
(A= (? = 1)V2)

1><n—1

[ ]]1><n 1

] 1Xn—1
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_ —/2(n*+1)
1N — NCYSY
PM™'N = [(/1 . 1)\/E)]]1><n—1 X 2(n* + )Jp_1x1

—2(m%+ 1) X —/2(n%* + D)(n — 1)
B Q-2 —1)v2)
22+ 1)(n-1)
D
2(m*+1)(n—-1)
A= (2 — 1)\/2)]1X1

1X1

Q _PM_lN 2111)(1 -

Therefore ,
2(n*+1DH(n-1)

(- (2 - VD)
det(Al — Ago(Gs)) = det(M)det(Q — PM~N)
2+ D(n-1)

(A —(n2 —1)V2)
2?2 + D(n—1)
(A —(n2 —1)V2)
=122 — (02 — V22— 2% + 1)(n — 1))

n? —1)V2—-V2n*+8n3 —12n2+8n—6
> ) (4

(n? —1)V2 +V2n* + 8n3 — 12n2 + 8n — 6)
2

det(Q — PM~IN) = 1

= 1""2(1 — (n? — DV2) x [1

= A2 — (n? — DV2)(A —

= "% -

Hence, eigenvalues of G are

A, = (nz—l)\/f+\/2n4-;8n3—12n2+8n—6, A, = (nz—l)\/f—\/Zn4-|;8n3—12n2+8n—6’ and A, = 0 for i >
3.
Theorem 3. Let G = K,, be a complete graph with n vertices. If G is a graph obtained from
G by adding n — 1 self loops, then Sombor energy of Gs is Eg(Gs) = (n — 2)\/§nzn_1 +
V2n* +8n3 —12n2+8n—6.
Proof. By definition Sombor energy of matrix with self loop is,
o
FoG) =Y @) -2y,

By lemma 1, for complete graph with n-1 selfloop

289
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. . n?-1)V2+v2n*+8n3-12n2+8n—6
f=1 dj = n?—1 and its eigenvalues are A, = (n?-1)V2 > , Ay =

n%2-1)vV2—V2n*+8n3-12n2+8n—6
2

,and 4; =0 fori = 3.

oDV, EEINE S DV,
n z n i=3

n

Eso (Gs) = |/11 -

_l(nz—l)\/f+\/2n4+8n3—12n2+8n—6 (n2—1)\/7|

2 n
M2 —1)V2—V2n*+8n3—12n2+8n—-6 (n%—1)02
+ | - | + (n
2 n
_2)—("2_1)\/E
n
_ (m* = DV2(n-2) +\/2n4‘ +8n3—12n2 +8n—6
B 2n 2
n?—1V2n—-2) V2n*+8n3-12n2+8n—-6
+[—( AL )+ 1+ (n
2n 2
_2)—("2_1)‘/E
n

2_
= VZn"+ 8n% —1ZnZ + 8n— 6+ (n - 2) 22

Example 1. Consider G = K; is complete graph with 3 vertices and G is the graph obtained
by adding 2 loops to graph G = Kj.

vy
U3

The Sombor Energy of graph G is given by

V2Y7_,d;
Ego(Gs) = l'3=1 12;(Gs) — %|
W2 a2 245
Sombor matrix of Gs is Ao (Gs) = |4V2 V2 25
2V5 2v5 0
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Here 4, = 10V2,1, = =2v/2,1;, =0

8v2 8v2 8v2
Eso(Gs) = [10V2 — —1+1- 2V2 — —— | +10———1=20741798915

In above theorem putting n=3 we get,

32-1

Eso(Gs) = (3 —2)V2 ++/2(3)* +8(3)3 — 12(3)2+8(3) — 6

= \/§§+ V288 = \/Eg+ 12v/2 = 20.741798915.

Lemma 2. Let G = K,, be a complete graph with n vertices. If G is a graph obtained from G

by adding o self loops, then Sombor eigenvalues of Sombor matrix Gs are 0 with multiplicity

o—1, —(n—1)V2 with multiplicity n—o-—1,

VZ(n—1)2+20)+/2((n—1)2+20)2+40(2(n2—1)+4(n—0))
2

V2(n-1)2+20)—/2((n—1)2+20)2+40(2(n2—1)+4(n—0))
2

with multiplicity 1, and

with multiplicity 1.
Proof. Let J be the n X n matrix with all entries one, | be n x n identity matrix.
Sombor matrix of complete graph Gs with o self loop is

(n+ DV2/pxs V212 + Voo l

Asolls) = \/m n-oxa (M— 1)\/2(] ~ Dn-gxn-o nxn

Then,
det(Al — Ago (Gs))
Moy = (+ DV2oxe  —V2(% + Dgxn—o
V22 + Dlncoxoe  Ap—gxn-o — = DV2(J = Ducoxn-cl .,
det(Al — Ago(Gs)) =
Moso — M+ DV2oxe =20 + D]gxn—0
2% + Dlpeoxe A+ (= DV lnegxn-0 = 0= DV2 ool

If M is non-singular square matrix,

= det

det [f g] = det(M)det(Q — PM~IN)

here, M = Alyiy — (N + DV2 y5o N = =202 + D] yxn-or P = —/2(n% + 1)]_sx and
Q= (A + (n - 1)‘/§)In—cr><n—cr - (Tl - 1)\/§]n—cr><n—cn
Then, det(M) = 2°7*(1 — (n + 1)v20). Therefore
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-1 1 0-2(9 _ -2
M= pET R (A°72(A = (n+ DV201,45) + 127 2(n + 1)V2] yxs)

2
pM-1 = — 2D, and PMTIN = 2 te

= — O—(nt1v20) —(A—(n+1)\/fa)]n_axn_a' So

Q=PMT'N = @A+~ DVD)lhgxn-o = (0= DV2n-gxn-0
2(n* + Do
A — (n+ DV20)
The eigenvalues of (1 + (n — 1D)V2)I,_gxn—o are (A + (n — 1)v/2) with n-¢ multiplicity and

2(n’+1)o
(A-(n+1)V20)

]TI.—O'XTI.—O'

eigenvalues of (n — DV2/y_gxn-o + Jn—oxn—o are 0 with multiplicityn —o — 1

(A(n-1)V2+40)(n-o)
and A—(n+1)Vzo)

with multiplicity 1.

A(n—-1)V2+40)(n-o)

A—(n+1)V20) with

Hence, the eigenvalues of Q — PM~IN are (14 (n— 1)v2) —
multiplicity 1 and (1 + (n — 1)v2) with multiplicityn — o — 1.

Then
det(Q — PM™1N)
=LA+
_ 1)\/5)71—0—1(/12 B ﬁl((n - 1)2 + 20) - O'(Z(nz -1 +4(n— 0')))

11— (n+ 1V20)
det(M)det(Q — PM™1N)
=271 A+ (n — DV2)" 0122 —V2A((n — 1)? + 20) — 0 (2(n? — 1)
+ 4(n —0)))
Hence, eigenvalues of Ag, (Gs) are 0 with multiplicity ¢ — 1, —(n — 1)v/2 with multiplicity

V2((n—-1)2+20)+/2((n—1)2+20)2 +40(2(n%—1)+4(n—0))
2

n—o—1, with multiplicity 1, and

V2((n—-1)2+20)—/2((n-1)2+20)2+40(2(n2—1)+4(n—0))
2

with multiplicity 1.

Theorem 4. Let G = K,, be a complete graph with n vertices. If G is a graph obtained from

G Dby adding o self loops, then Sombor energy of Gs is Eso(Gs) =
\/E(n+1)(o—1)a+(n—o—1)(n(n—1)+(n+1)0) +

n

V2((n— 12 +20)2 + 40(2(n?2 — 1) + 4(n — 0)).

Proof. By definition, the Sombor energy of matrix with o self loop is,

n \/E 9 _d:
Fso(G) = ) I(G) - i,

l
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By lemma 2, for complete graph with o selfloop has }.7_; d; = (n + 1) and eigenvalues are

0 with multiplicity ¢ — 1, —(n — 1)v/2 with multiplicityn — o — 1,

V2((n—1)2+20)+/2((n-1)2+20)2 +40(2(n%2—1)+4(n—0))
2

with multiplicity 1,

V2((n—1)2+20)—/2((n-1)2+20)2 +40(2(n%2—1)+4(n—0))
2

with multiplicity 1.
Then Somber energy becomes

o-1 ) 1 n-o-1 2 1
Beo(G) =) 10~ —\F(": )7, 4 > I-m-1VE- —ﬂ": ),

N l\/f((n —1)2+20) +/2((n— 1)2 4+ 20)%2 + 46(2(n2 — 1) + 4(n — 0))

2
V2(n+ 1))o
T
"y V2((n— 1%+ 20) = /2((n — 1) + 20)%2 + 40(2(n? — 1) + 4(n — 7))
2
V2(n+ 1))o
T
= (0 — 1)@+(n—0—1)((n—1)ﬁ+@)

N V2((n—1)? 4+ 20) +/2((n — 1)%2 + 20)2 + 46(2(n% — 1) + 4(n — 0))

2
3 V2(n+1))o
n
_ V2((n— 1%+ 20) —/2((n — 1)2 + 20)%2 + 40(2(n% — 1) + 4(n — 7))
2
N V2(n+1))o
n
= (0 - 1)@+(n—a—1)((n—1)ﬁ+@)

N V2((n—1)? 4+ 20) +/2((n — 1)2 + 20)2 + 46(2(n? — 1) + 4(n — 0))
2

B V2((n—1)? 4+ 20) —J2((n — 1)2 + 20)2 + 46(2(n? — 1) + 4(n — 0))
2

=\/E(n+1)(0—1)cr+(n—cr—1)(n(n—1)+(n+1)0)_I_

n

J2((n—1)2+20)2+40(2(n2 — 1) + 4(n— 0)) .
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Example 2. Consider G = K; is complete graph with 3 vertices and G is the graph obtained
by adding 1 loops to graph G = Kj.

. N

vy
NQ

s
Sombor matrix of Gs is
[4\/5 2V5 2x/§]

2v5 0 2\2

Aso (Gg) =
so(Gs) lZ\/g 2\/? 0

Hered; = 10.7234,1, = —2.82843,1; = —2.2381 The Sombor Energy of graph G is given
by

\/EZ;T:l dj

Eso(Gs) = L'3=1 Mi(Gs) - 3 |

= 1107234 - 22| + | - 282843 — 22| + | - 2.2381 - 27|
— 17.675548083

In above theorem putting ¢ = 1 and n=3 we get,

SBHDA-D+E-1 ; DBGB-1+ B+ 1)1)

Eso(Gs) =

+/2(3-1)2+2)2+4(2(3%2-1)+4(3-1)) = 10? +/72 + 96

= 17.675526605.

Theorem 5. Let G be the complete graph of order n and G be the graph obtained from G by
adding a loop on each vertex of G then Sombor Energy Ego(GU GY) = %ESO (@)

Proof. Let H, = (GU GY). The graph H,, contains 2n vertices and n loops. The Sombor
matrix of H,, is given by:

Ago(Hp) = [(n - 1)‘/7(] — Dnxn [O]nxn n X n|(n + 1)‘/§U)nxn]

The characteristics polynomial of above matrix is given by:
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¢(Hn:x) = [xI = (0= DV2(J = Dnxn [Olnxn X 0¥l = (0 + DV2() ]
If 11, 4,, ..., 4, are eigenvalues of Ago (H,,), then
M=m-DW2,4=-(m—-1)V2 for i=23,...,n, =nn+1V2
=0 for j=n+2,n+3,...2n
Sombor Energy of H,, is given by,

Ego(Gy) = B2 12,(Gy) — 22
Here ¥5-; dj =n(n+1)
Hence,
2n 2 1
B =Y (o) - M0
=|(n—1)2\/§—@|+(n—1)|—(n—1)\/§—@|+|n(n+1)\/§
SBEED |y - pypo - EEED,
=[2(n—1)2—(n+1)]g+(n—1)(2(n—1)+(n+1))g+[2n(n+1)—(n
+1)]£+(n—1)(n+ 1)£
2 2
=%[2n2—4n+2—n—1+(n—1)(2n—2+n+1)+(2n2+2n—n—1)+n2
—1]
_i 8 2_8
_\/E( n n)
= 42n(n — 1)
Therefore,
Eso(Gs) = 4V2n(n — 1) 3

The Sombor matrix of graph G = K,, is,

ASO(G) — [(n - 1)‘/5(] - I)nxn
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Eigenvalues of Agy(G) are(n — 1)2v/2 with multiplicity 1 and —(n — 1)v/2 with n—1
mutilplicity.
Hence Sombor Energy of G is given by,

n
Eo(@)=) 1Al
-

=(m-DW2+m-1Dn-1)V2
=2(n-1)*2
Therefore,
Eso(G) = 2(n — 1)*V2 (4)
Hence, by equation (3) and (4),

2
Eso(Hp) = (n__nl) Eso(G)

Example 3. Consider the graph H; = K; U K% and G = K. The graph H; contains 6 vertices
and three loops. It is known that E, (G) = 8v?2

The Sombor matrix of H; is

0 22 2vJ2 0 0 0
2v2 0 2v2 0 0 0
22 272 0 0 0 0
Aso(H3) =0 0 0 W2 a2 42
0 0 0 W2 a2 42
0 0 0 W2 a2 42
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The eigen values of H; are  4v2,12v2, (—2v2) with multiplicity 2,
and 0 with multiplicity 2.

Hence,
Eso(H3) = |4V2 — 2v2| + 12v2 — 24/2| + 2| — 22 — 2v/2| + 2|0 — 2+/2| = 24+/2.
Therefore, Egy(H3) = gESO (G).
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