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1 Introduction

All graphs considered in this paper are finite, simple and undirected. We shall mostly follow the graph
theoretic terminology of [8]. A vertex-deleted subgraph or card G — v of a graph (digraph) G is the unlabelled
graph (digraph) obtained from G by deleting the vertex v and all edges (arcs) incident with v. The deck of a graph
(digraph) G is its collection of cards. Following the formulation in [2], a graph (digraph) G is reconstructible if it
can be uniquely determined from its deck. The well-known Reconstruction Conjecture (RC) due Kelly [13] and
Ulam [26] asserts that every graph with at least three vertices is reconstructible. The conjecture has been proved
for many special classes, and many properties of G may be deduced from its deck. Nevertheless, the full conjecture
remains open. Surveys of results on the RC and related problems include [7, 17]. Harary and Plantholt [10] defined
the reconstruction number of a graph G, denoted by m(G), to be the minimum number of cards which can only
belong to the deck of G and not to the deck of any other graph H, H 2 G, these cards thus uniquely identifying

G. Reconstruction numbers are known for only few classes of graphs [5].

An extension of the RC to digraphs is the Digraph Reconstruction Conjecture (DRC), proposed by Harary
[9], which asserts that every digraph with at least seven vertices is reconstructible. The DRC was disproved by
Stockmeyer [25] by exhibiting several infinite families of counter-examples and this made people doubt the RC
itself. To overcome this, Ramachandran [21] introduced degree associated reconstruction for digraphs and
proposed a new conjecture in 1981. It was proved [21] that the digraphs in all these counterexamples to the DRC
obey the new conjecture, thereby protecting the RC from the threat posed by these digraph counterexamples.

The ordered triple (a, b, ¢) where a, b and c are respectively the number of unpaired out arcs, unpaired in
arcs and symmetric pair of arcs incident with v in a digraph D is called the degree triple of v. The degree associated
card or dacard of a digraph (graph) is a pair (d, C) consisting of a card C and the degree triple (degree) d of the
deleted vertex. The dadeck of a digraph is the multiset of all its dacards. A digraph is said to be N-reconstructible
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if it can be uniquely determined from its dadeck. The new digraph reconstruction conjecture [21] (NDRC) asserts
that all digraphs are N-reconstructible. Ramachandran [22, 23] then studied the degree associated reconstruction
number of graphs and digraphs in 2000. The degree (degree triple) associated reconstruction number of a graph
(digraph) D is the size of the smallest collection of dacards of D that uniquely determines D. Articles [2], [3], [4],
[6] and [15] are recent papers on the degree associated reconstruction number.

A split graph G is a graph in which the vertices can be partitioned into an independent set (say X (G) or
simply X) and a clique (say Y (G) or simply Y). Here we use G, X and Y in the sense of this definition. S.
Monikandan and N. Kalaimathi [11] have shown that all split graphs G with regular independent set have dm (G)
< 3. In this paper, we prove that dm(G) = 1 or 2 for all split graphs G of order at least seven in which all the
vertices in X have only r and s degrees in G.

Drn of Split Graphs

In a graph G of order n, a vertex with degree d is called a d-vertex. The degree of a vertex v in G is
denoted by degg v or simply deg v. The neighbourhood of a vertex v in G, written Ng(v) or simply N (v),
is the set of vertices adjacent to v in G. The next theorem, due to Barrus and West [6], characterizes all graphs
G with drn (G)=1.

Theorem 1. The dacard (C, d) belongs to the dadeck of only one graph (wto isomorphism)
if and only if one of the following holds:

d=0 or d=|V(Q);

d=1or d=|V(C)-1], and C is vertex-transitive;

C iscomplete or edgeless.

Ramachandran [22] has shown that all split graphs G on at most 6 vertices have drn (G) =1, 2 or 3. So, we
assume that all split graphs G consider hereafter have order at least seven and that the independent set is biregular
in G.

Let |X]=mi; >0 and |Y|=m> > 0. Then we have 0 <r <s <m,. Let ¥; denote the set of verticesin ¥
that are adjacent to exactly i verticesin X fori=0, 1, ... mi. Then, in G, the degree of a vertex v € V; is
mp—1+i for i =0, 1,... mi. Lethk, ks, ...k be integers, where 0 <k < k> < ... < k; < mj, such that
Yi; #¢ forall

i=1,2,..,t. Thus ¥ canbe writtenas U,_, Ao

Theorem 2. If G is a split graph with at least one vertex of X is adjacent to all the vertices of Y, then drn
(G)=2.

Proof. Letus take X ={x;, x... X, /-
Case 1. deg (x)=s, s#1 to m;— 1.

Clearly xs =X, . Inthis case, the graph are isomorphic to a split graph in which the vertices can be partition

m

into an independent setand a clique such that all the vertices in the independent set have equal degree, then drn (G)
= 2[11].

Case 2. deg (x;)=deg (x;)=s, forsome i=1 to m;— 1.

Let us take y € Yk‘ . Consider the two dacards (kt ,G —y) and (r G —x,). It isclear that the dacard G

— X, has two partite set such that one partite set is clique and other partite set has degree » or s in which m(>2

say) vertices of degree s. To get an extension H ( kt , G—y), add anew vertex v tothe dacard G—y and join it
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with precisely kt vertices. Clearly G —y contains exactly one partite set (say Zi) having a clique. If v were
joined to all the vertices in Z; and all the vertices of degrees » — 1 and s — 1, then the resulting extension H
would be isomorphic to G. Otherwise, in every extension H ( kt , G —y) the newly added vertex v is joined to at

least one vertex of degree r or s. But then any r-vertex deleted dacard of H contains an independent set having
a vertex of degree r+1 or s+1 oratleast m+1 vertices of degree s or two adjacent vertices and so it is not

isomorphic to G — x,. Thus no graph other than G contains both the two dacards (kt ,G—y)and ( G —x,) in
its dadeck and hence drn (G) = 2.

Theorem 3. If G is a split graph with deg yi+1 =deg yi+ 1 for some i, then drn (G)=2.
Proof. Let us assume that Y,] <Y,2 <..< ka are all satisfies our hypothesis. Here we use the two dacards

d(Yyp, ) G—Y, )and (nG—x,) where Y Eka )

In G- Yo, exactly one partite set contains X1, Xz, Xs, Xs vertices of degree r— 1, r, s— 1, s respectively and

other partite set form a clique. In G — x,, exactly one independent partite set is (r, s) -regular. Now we consider
the extension of H (d (Y, )G —Y,, ) addanew vertex v tothedacard G — Yy, and join it with precisely d (

Yo ) vertices. Clearly G — Yo contains exactly one partite set (say Z:) having a clique. If v were joined to

all the vertices in Z; and all the vertices of degrees r — 1 and s — 1, then the resulting extension H would be
isomorphic to G. Otherwise, in every extension H (d (ypk ), G- Yo ) the newly added vertex v is joined to at

least one vertex of degree r or s. Butthen any r-vertex deleted dacard of H contains an independent set having a
vertex of degree r+1 ors+1 andsoitis notisomorphicto G—x,. Thus no graph otherthan G contains both the

two dacards (d (ypk ), G— Yo ) and (r, G—x,) inits dadeck and hence drn (G) = 2.

Theorem 4. If G is a split graph with at least one vertex of X is not adjacent to exactly one vertex of Y, then drn
(G)=2.

Proof. The graph G is clearly connected. Let z be the vertex adjacent to all the vertices except one vertex (say yi)
inthe other partite set ¥ of G. Clearly deg z=m, — 1. Let ustake deg y1 =ni. Consider the two dacards (r, G
—x,) and (n1, G —y1). Itis clear thatthe dacard G — y; has m (> 1 say) vertices of degree m, — 1 and degree of
avertexy €Y; is my—1+i—1 for i=0 to m.

Togetanextension H(r, G — x;), addanew vertex v tothedacard G — x, andjoin itwith precisely r vertices.
Here, G — X, contains at least one (m; — 1) -vertex, say z; and a vertex, say z, of degree my—1+k (K is
maximum) which is non adjacent to z; but adjacent to all the neighbours of z;. The vertex z; and all the
neighbours of z; formaclique such that exactly r vertices of degree m,—1+i—1 for i=1 to my. Ifv were
joinedto z> and N(z1), thenthe resulting extension H would be isomorphicto G. Otherwise, inevery extension
H, the newly added vertex v isjoinedto at least one vertex notin N (z1) and z; But then any n; -vertex deleted
dacard of H contains at most m — 1 vertices of degree m, — 1 or degree of at least one vertexy €Yiisma+i— 3
for somei. Thus no graph otherthan G contains both the two dacards (r, G — x;) and (n1, G —y1) in its dadeck
and hence drn (G) = 2.

Theorem 5. If G is a split graph with at least one vertex of Y is not adjacent to all the vertices of X, then drn (G)
=2.

Proof. Lety beavertex nonadjacenttothe vertices of X and x be a vertex of degree
s. Clearly deg y =m>—1 and s <mp—2.
Casel. s# my—2.

Here we use the two dacards (s, G—xs) and (m2 — 1, G—y). In G—y, exactly one partite set s (r, s) -regular and
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degree of all verticesy €Y; of other partite setis my —1+i— 1 fori =0 to m;. Inthe extension H(s, G — x;) if
the newly added vertex v were joined to all the vertices of degree m, — 1+ i— 1 for i =1 to my, then the resulting
extension H would be isomorphic to G. Otherwise, at least two vertices of degree r or s are adjacent or degree of
at least one vertex y €Y; is my+i —3 for some .

Case 2. s=mp — 2.

Here we use the two dacards (r, G—x,) and (m2 — 1, G—y). In G—y, exactly one partite setis (r, s) -regular and
degree of all verticesy €Y; of other partite setis my — 1+i— 1 fori =0 to my. Inthe extension H(r, G — ;) if
the newly added vertex v were joined to all the vertices of degree m, — 1+i— 1 for i =1 to m,, then the resulting
extension H would be isomorphic to G. Otherwise, at least two vertices of degree r or s are adjacent or degree of
at least one vertexy €Yi is my+i— 3 for some i. Thus no graph other than G contains both the two dacards (r,
G —x)and(mz—1, G —y) initsdadeck and hence drn (G) = 2.

Theorem 6. If G is a split graph with s # r+1, then drn (G)=2.

Proof. We can assume that deg Y, >m2 Vi and 1 <r <s <my—2 because every vertex of X'is not adjacent to
atleast two vertices of Y and every vertex of ¥ is adjacent to at least one vertex of X.

Consider the two dacards (d(y), G—y) and (r, G—x;). Itis clear that the dacard G—x, hastwo partite sets such
that one partite set is clique and every vertex of other partite set has degree r or s. Now we consider the extension
of (d(y), G —vy). If the newly added vertex v were joined to all the vertices of degrees » —1 and s — 1 and also
joined to all the vertices of a clique then the resulting extension H would be isomorphic to G. Otherwise, any r -
vertex deleted dacard of H contains at least one vertex of degree r+ 1 or s +1. Hence such a dacard is not
isomorphic to G — x,. Therefore, no graph other than G contains both these two dacards in its dadeck, we have
drn (G) = 2.

Conclusion

For graphs with at least three vertices, knowing the degree of the deleted vertex is equivalent to knowing the total
number of edges. A simple counting argument computes the size of the graph when its entire deck is known. So
the dadeck gives the same information as the deck. However, the counting argument requires the entire deck, so
an individual dacard gives more information than the corresponding card.

In the above sections, we have proved that the drn is 1 or 2 for a split graph G of degree at least seven with
biregular independent set whose degrees differ by two. There is a hope to complete a proof of drn (G) <3 for all
split graphs G.
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