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1 Introduction

A right near-ring is a non-empty set N together with two binary operations “+”and *“.” such that (1) (N,
+) is a group. (2) (N, -) is a semi-group and (3) (n; + n,)n; = n;n; + n,n; foralln;,n,, n; € N.

Throughout this paper N stands for a right near-ring. (N, +,.) with at least two elements 1 and "0’
denotes the identity element of the group (N, +). Obviously, On = 0 for all nin N. N is said to be zero-
symmetric if nO = 0 for all n in N. As in [2], a subgroup of (M, +) of (N, +) is called an N-subgroup
of N if NMcM and an invariant N  subgroup of N if, in
addition, MN < M. In [6], N is defined to be pseudo commutative if xyz = zyx for all x,y,z in N.
The concept of a mate function in N has been introduced in [4] with a view to handling the regularity
structure with considerable case. A map '/’ from N into N is called (i) a mate function for N if x =
xf (x)x, (i) a P3 mate function, if, in addition, xf (x) = f (x)x for all x in N. By identity 1 of N,
we mean only the multiplicative identity of N.

Basic concepts and terms used but left undefined in this paper can be found in [2].
2 Notations

In this section, we furnish the notations which are used frequently throughout this paper.
(i) E denotes the set of all idempotent of N.

(e in N is called an idempotent if e’ = e)
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(i) L denotes the set of all nilpotent of N.
(ain N is nilpotent if a* =0 for some positive integer k.) and N is said to be reduced if L={0}.

(i) Ny = {n € N /n0 = 0} - zero-symmetric part of N and N is called zero symmetricif N =
N,.

(iv) Ny ={ne€e N/n(x+y) = nx+nyforallx,yinN} — set of all distributive
element of N and N is called distributive if N = N,.

(v) C(N) = {n € N/nx = xnforall xin N} - centre of N.

(vi) If A'is any non — empty subset of N, then

i) A*=A—-{0}

i) C(A) ={n€N/na=anforall a € A}

iii)  WhenA = N,C(N) = {na = anforall a € N} —called the centre of N.

(vii)  When E < C(N), we say that the idempotent are central.

3 Preliminary Results

We freely make use of the following results and designate them as R (1), R (2)....etc.

R (1) N is sub directly irreducible if and only if the intersection of any family of non-zero ideals
of N is again non-zero (Theorem 1.60, p.25 of [2])

R (2) N has no non-zero nilpotent elements if and only if x* = 0 = x = Oforallxin N
(Problem 14, p.9 of [3]).

R (3) If f is a mate function for N, then for every x in N, xf (x), f (x)x € E and

Nx = Nf (x)x,xN = xf (x)N (Lemma 3.2 of [5]).

R@IFL = {0}and N = Ny, then(i)xy = 0 = yx = 0forall x,yin N.(ii) N has

Insertion of factors property- IFP for short- i.e for x,yin N,xy = 0 = xny = 0 .forallnin N. If
N satisfies (i) and (ii) then N is said to have (x, IFP) (Lemma 2.3 of [5])

R (5) Any pseudo commutative near-ring with a right identity is weak commutative

((i.e). xyz = xyzforall x,y,zin N [2]) (Proposition 2.9 of [6])

R (6) A zero-symmetric near-ring N is a near- field if N; # {0} and foralln € N — {0},
N,, = N (Theorem 8.3, p.249 of [2]).

R (7) Let N be a right near-ring. If for every x,y in N, xN y = Nxy then we say N is a 1
near-ring. (Definition 3.1.1 of [4])

4. Definition and Examples of o; Near — Rings

In this section we define g;near-ring and give certain examples of this new concept.
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Definition 4.1
Let N be a right near- ring. Then N is said to be an o;near-ring if xy’ = yxy
forallx y €N.
Example 4.2(a)

The near-ring (N, +, .) defined on Klein’s four group (N, +) with N = {0, a, b, c} where ‘-’ is
defined as per scheme 12, P 408 of Pilz [2].

0 a b C
0 0 0 0 0
a 0 a 0
b 0 0 0 0
C 0 a 0 a

is a o;near-ring
b) Let (N, +) be the Klein’s four group as in (a) above. If multiplication is defined as per scheme
22, P.408 of pilz[2]

(@]

0
0

o| T
o

a
0 0
a a a

b 0 0 0 0

o}]

C a a a a
Then N is not a o;near-ring since ab’ # bab.
5. Properties of o;near-ring

In this section we prove certain important properties of o; near-ring and give a complete
characterization of such near-ring.

Proposition 5.1
Let N = N, be a g;near-ring with identity. Then N is commutative.
Proof

Let N be a g;near-ring.

Thenforall x,y € N,xy’ = yxy.............. (1)
Replace the element y by y + e. in (1)

x(y +e)’ = (tex(y+e)
x(y+e)y+e) = (+exly+e)
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x[((y+e)y+(y+e)e]l = (y+e)x(y+e)

xly.y+y+y+el = x+x)(y+e)
xy)y+xy+xy+x = (yx)y+yx+xy+x

(xy)y + xy = (yx)y + yx (By right Cancellation law)
x(y.y)+x.y = y(x.y) + y.x (By Associative Law)

= xy’ +xy = xy? 4+ yx [By equation 1]
xy=yx V x,y€N
Thus N is commutative.
Remark 5.2
A quasi weak commutative near-ring can become a o;near-ring
Proof
Let N be a quasi-weak commutative near-ring
Then xyz = yxz forall x,y,z € N.
If y = z, then xyy = yxy, (ie) xy’ = yxy.
Consequently N becomes a ag;near-ring.
Proposition 5.3
o;near-ring is always zero symmetric.
Proof
Suppose N is a g;near-ring Then xy’ = yxy for all x,y € N.
Wheny =0, x0=0x0=0
It follows that N is zero symmetric.
Proposition 5.4
Let N be a g;near-ring. If N is weak commutative then x’y = y’x. forall x,y € N
Proof
Let N be a weak Commutative near-ring
Then xyz = xzy .. cco ceo. .. (1)
Let N be a o;near-ring
Thenxy’ = yxy ............. 2)
Now, x’y = xxy = xyx [By equation (1)] = yx? [By equation (2)]

Hence x’y = yx’forall x,y € N.
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Proposition 5.5
Homomorphic image of a g;near-ring is also a o;near-ring.
Proof
The proof is straight forward.
Proposition 5.6
If Iisan ideal of the g;near-ring N then N / I is also an o;near-ring
Proof

The function @: N - N/I defined by @(x) = I + x is an epimorphism. The rest of the proof
is taken care of by the above Proposition 5.5.

Proposition 5.7
Every a;near-ring N is isomorphic to a sub direct product of sub directly irreducible a;near-ring.
Proof

By theorem 1.62, P 26 of Pilz [2], N is isomorphic to a sub direct product of sub directly
irreducible a;,— near-ring.N;’s and each N; is a homorphic image of N under the multiplication ;.
Now the desired result follows from the above Proposition 5.5.

Proposition 5.8
Let N be a g;near-ring with a mate function f.

Then we have

i) L ={0}

i) N has (*, IFP)
i) E < C(N)
Proof

Let N be a o;near-ring

Thenxy’ = yxyVx,y EN. ... (1)
Since f is a mate function for N then x = xf (x)x € xNx forall x € N
~x=xnxforsomen...................... (2)

i)Forn,x € N, nx’ = xnx [By equation (1)] = x [By equation (2)]
Suppose x° = 0
Clearly then x = 0. [Since N is zero symmetric]. Then R(2) guarantees that L = {0}
(ii) By i) L = {0}. Now R(4) guarantees that N has (x, IFP)

2

(iif)Lete € E. Since N is a o;near — ring, ne” = ene = ne = eneforallninnN ........ ... ...(3)
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Also we have (ene —en)e =0

This implies e(ene — en) = 0 and en(ene — en) = 0 [by(ii)]
Also ene(ene — en) = en.0 = 0 [Since N is zero symmetric]
Now ene(ene — en) — en(ene — en) = 0.

Consequently, (ene — en)? = 0 and (i) guarantees ene — en = (0.
Thereforeene = enforallninN .................... 4)

From Equations (3) and (4) we get en = ne forall nin N. Thus E € C(N)
Proposition 5.9

Let N be a pseudo commutative near -ring with right identity. Then if N is a o;near-ring then for any
a,bin N, ab = 0 implies ba = 0

Proof
Let N be a pseudo commutative near-ring. Then xyz = zyx forall x,y,z € N ......... (1)
Now R (5) guarantees that N is weak commutative.
~xyz=xzyforall x,y,ze€ N ............ (2)
Now,
(xax)(yby) = ax’by’
xax yby = axxbyy
xa(xyb)y = a(xxb)yy
xa(byx)y = a(bxx)yy [By Equation (1)]
(xab)yxy =abxxyy
baxyxy = ab(xxy)y [By Equation (1)]
ba xy xy = abxyxy [By Equation (2)]
ba = ab. Since ab = 0 it follows that ba = 0.
Proposition 5.10

N is a g, near-ring if and only if every x in N can be written as xy° = u + v where u € N, and
veN, and u=y(ny+m)—y)xy,v=yx¥V:+ V., ¥y =Yo+ V. € NN®ON, where y,n €
Ny,y.,m € N_. Further more u € Ny,v € N,

Proof

For the ‘only if* part, lety € N. Since N is o, there exist x in N such that xy? = yxy. By
using pierce decomposition we can write x =n+m and y = y, + y. where x € N,n,y, € N, and
m,y. € N,

Now xy? = (Yo + y.)(n+m)y
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= o+ yo)(ny + my)

= o+ y)(ny +m) [sincem € N]

= yo(ny + m) + y.(ny + m)

=yo(ny + m) +y.  [since y; € N]

=yo(ny +m) = yo Xy + yox Ye + ¥c

= u+v whereu=y,(ny+m) —yyxy.and v=y,xy. +y,
Now, u.o = [yy(ny + m) =y x y.].0 = yy(ny + m)0 -y, x y. .0

=yo(ny0 + m0) — ypx yc.0

= yo(ny0+m) —yyx y, [since m,y. € N.]

= yo(nyc + my;) —ypx y. [since y0 =y, and m € N(]

= (.
Also, v.0=[yoxy.+v:0.0 =yyxy.0+y,0=y,xy. +y. [sincey. € N;|] =v
Thus xy’ = u+v whereu € Nyandv € N,.

For the “if part” Assume for every y in N with xy’ =u+v where u € N, and v € N,
withu = yy(ny + m) —ypx y.,v =yyx y. + y. wherey = y, + y. vy, n € N, and

Yeom € N,

We shall show that N is a o;near — ring.

Now, xy° =u+wv
=Yy +m) —yoxy c + Yo x Yc + Ve
=y)(ny+my)+y, [sincem € N.]
=yo(n+m)y + .
=YoxXy + Yc Xy [since y., € N]
= o+ ye)xy
=yxy

Thus for every y € N, xy? = yxy forall x in N.

Hence N is a o;near — ring.

Theorem 5.11

Let N be a zero symmetric weak commutative o; near — ring then right cancellative near rings
are integral.
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Proof

Let a # o and ab = 0. Then ba = 0 [By Proposition 5.10] = 0a and therefore by right
cancellative law we get b = 0. And if b # 0 and ab = 0 then ab = 0b. This implies a = 0, by right
cancellative law. Hence ab = 0 = either a = 0 or b = 0 and the result follows.

Theorem 5.12

Let N be a o; near —ring with mate function f. If N is regular and | is a proper ideal of N, then
every element of | is a zero divisor.

Proof
Let N be an g;near — ring
Thenxy’ = yxy VX,V EN eeeeeeieiei (1)
Since f is a mate function for N, then x = xf (x)x € xNx
~ x = xnx = nx’ for some n [By equation 1]
Putx’=0=n0=x=x=20-L = {0}
Let a € I. Then Nais an N — subgroup. Since N is regular a = axa for some x € N.
Letna € Na foranyn € N. = na = n(axa) = naxa € NaNa
And if m € NaNa then foru,v € N
m = uava = (uav)a € la (NIN € 1) = m € Na
Consequently, NaNa = Na
Let na = uava
Thenna —uava=0= (n—uav)a=0.................. (2)
If a is not a zero divisor, then n — uav = 0.
i.e)n =uav € NIN € |
= N = I, which is a contradiction to I is a proper ideal of N.
Hence a is a right zero divisor.
Now equation (2) = a(n — uav) = 0. [by Proposition 5.9].
This leads to the result that a is a left divisor too. Thus the result follows.
Corollary 5.12
If N is a a; near — ring with no non- zero divisors then N contains no proper ideals of N.
Lemma 5.13

If N is o, — near ring with mate function f then for a, b € N, ab = b’ and ba = a’ imply a = b.
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Proof:

Let N be a g;near-ring with a mate function f.

Thenwehave L={0}........................ (1) [By Proposition 5.8]
Letu; =a—b u, = au; and u; = by,

We can easily obtain the following equations.

wa=(a—bla=a’—ba=0................. (2)
ub=(a—-b)b=ab—b’=0.................. (3)
Also. u’=(a—b)u; =au; —bu; = Uy —Uz..ceennnn..... 4)

As N is zero symmetric.

u,’ = (au;)(au;) = a(u,a)u; = a.0u; = 0 [By equation (2)] .......... (5)

Also, u;’ = (bu;)(buyy = b(u;b)u; = b(0)u; = 0[By equation (3)] .......... (6)
Equations (5) & (6) imply u, = 0 and u; = 0 respectively. [By equation (1)]
Making use of these in equation (4), we get u,”> = 0.

It follows that u; = 0, [By equation (1)] i.e)a—b =0.Thusa =»b
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