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1. Introduction

The problems in the real world are too complicated since it includes ambiguity, uncertainty, or
insufficient knowledge. So, decision-makers treat these problems using the methodology of
fuzzification which is a vital method to address humanistic systems existing in real-world problems.
L.A.Zadeh [19] in 1965, created fuzzy set (FSs) as a generalization of classical collection which are
characterized by membership functions from the universe of discourse to the closed interval [0,1] .
FS theory is applicable in various areas such as control theory, artificial intelligence, pattern
recognition, database systems, and medical diagnosis. The fusion of technology and generalized
forms of classical sets is very useful to solve many real-world complex problems that involve vague
and uncertain information. A applicable set is defined by its members function from the universe of
discourse to the two-point set {0, 1}. Classical set theory is insufficient to take the complex problems
involving vague and fuzzy information. To handle the vagueness and uncertainty fuzzy sets (IFS).
IFSs are widely used in many fields of mathematics, computer science, management and medical
sciences. Szmidt [15] and Kacprzyk [16] and Wang and Xin [17] developed various distances and
similarity measures between IFSs and studied applications of distance and of Atanassov [2] paper,
several generalizations of IFSs have appeared in the literature. In 2020, a new notion called n-
Pythagorean fuzzy sets (n-PFS) was created by Bryniarska [3] as a super class of FFSs and studied
Yager’s aggregation operations for n-PFSs. The distance and similarity measure on n-PFSs and their
applications in MCDM problems were studied by Liu, Chen, and Peng [10] and Peng and Liu [11]
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Ibrahim and his coworkers [6,7] initiated the study of (3,2)-Fuzzy sets was created by Alshami [1]
and presented their applications to MCDM methods. Recently, Jun and his co-workers [8] created the
class of Beal’s fuzzy sets (BFSs) as a super class of n-PFSs. In this paper, we establish to basic set of
operations and investigate the abstract properties that can be transmitted to the different models they
are in connection with then to rank Beal’s fuzzy sets, we obtain the mapping of score and accuracy,
and formulate aggregate operators to be applied with Beal’s fuzzy sets. Ultimately, we develop the
successful techniques “aggregative operators” to handle multi-criteria decision making problems in
the Beal’s fuzzy sets environment. The proposed technique has been explained and analysed through
suitable example.

1.1. Extension structure of fuzzy sets

Fuzzy Set
Zadeh - 1965

Interval valued Intuitionistic Fuzzy Set
Krassmir T. Atannasav & G. Gargov - 1989

N

Vague Set Multi Fuzzy Set
GauWL, Buchrur. 0 TV. Ramakrishna &
1993 §.Sebastian- 2010

Spherical Fuzzy Set :
K.Gundogdu, Fatma C. Kahramani fletio=ontichi=aeet

\_h - Pythogorean Fuzzy Set

(3,2) Fuzzy set (4,3) Fuzzy set

[ Fermatean Fuzzy set J

—s| Circular Intuitionistic Fuzzy Set

2. Preliminaries

Throughout this article X be a universe of discourse N referred to the collection all natural numbers
andm,n € N.

Definition 2.1 [Fuzzy set] Let X be a nonempty set. Then a fuzzy set on x is defined by

Ja:x > [0,1]. ], is called the membership function. J,(x) is called the membership grade of X in
J4- we also write J, = {(x,J4(x))/x € X}.

Example 2.2 Let x = {a,b,c,d}and J4: x — [0,1] defined by [ (a) =0, J,(b) = 0.6,
Ja(c) =03, Jo,(d) = 1.

Definition 2.3 [Intuitionistic fuzzy set] : An IFS is an extension of a fuzzy set introduced by
K.Atanassov in 1983. An intuitionistic fuzzy set A in X is defined as A = {{x, J,(x), K,(x))/ x € X},
where J,: X — [0,1] and K4: X — [0,1] are respectively degree of membership and degree of non-
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membership for every x € X with 0 < J,(x) + K4(x) < landmy(x) = 1 — (J4(x) + K4(x)) isthe
degree of indeterminacy of x € X. Sometimes IFS is obviously called bifuzzy set.

Definition 2.4 A structure A = {(x, J4(x), K,(x))/ x € X}, where J,: X — [0,/] and K4: X — [0,1]
are respectively degree of membership and degree of non-membership for every x € X

to A is called

(i) Intuitionistic fuzzy setin X if 0 < J,(x) + K,(x) < I forall x € X.

(ii) Pythagorean fuzzy setin X if 0 < Ja(x) + Ki(x) < I forall x € X.
(i) (2, 1) - fuzzy setin X if 0 < J3(x) + K,(x) < I forall x € X.

(iv) (3, 2) - fuzzy setin X of 0 < J3(x) + K7 (x) < I forall x € X.

(v) Fermatean fuzzy set in X if 0 < Ji(x) + K (x) < I forall x € X.
(vi) (4, 2) —fuzzy setin X if 0 < J5(x) + KF(x) < I forall x € X.

(vii) N — fuzzy setwhen m,n € N in X if 0 < JJ*(x) + K}}(x) < I forallx e Xand m > 4and n >
4.

(iX) g-runk fuzzy setwhenm =n =qi.e, 0 < Ji(x) + K] (x) < I forall x € X.

In what follows, we compare Beal’s fuzzy set with the previous generalization of intuitionstic fuzzy
sets.

Proposition 2.5 (i) Every bifuzzy set is a Beal’s fuzzy set.

(if) If m = 2 and n > 2, then a Pythagorean fuzzy set is a Beal’s fuzzy set.

(iii) If m = 3 and n > 3, then a Fermatean fuzzy set is a Beal’s fuzzy set.

(iv) If m = q and n > q, then a g-runk ortho pair fuzzy set is a Beal’s fuzzy set.
(v) Ifm = 2and n = 3,thena (2, 3) — fuzzy set is a Beal’s fuzzy set.

Proof: The proof is straight forward.

Remark: For all a,b € [0,/]], we have a+b <] = d’+b’ <] = d’+b’ <] = a’+b* <
I=a"+b"<] =a™+b"<I1,m=4andn = 4 from Definition 2.1.

Definition 2.6 Let A = (J4, K4) € B} (X) and x € X. Then the expression

2
[T4(x) = (1 —J7(x) — K}x))™™ s said to be the degree of indeterminacy of x to A.

(m+n)

Remark: Clearly, [T, (x) forallx € X.

Definition 2.7 Let A = (J4,K,) € BL(X). Then the complement of A, denoted by A€, is defined as
follows:

n

A= G k9 = (k7 7).

Theorem 2.8 Let A = (Ja, Ka), A; = (Ja; Ka;)» Az = (Ja, Ka,) € BR(X). Then
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(i) A € B (X)

@A) =4

(iii)(A; U Ay = AT n AS

(iv)(A; N A,)¢ = AS U AS.

Proof: (i) Since, A€ = (J§,K5) = (KA%,]%), we have

0<]Ja, + Ky = ((KA)%)m + ((]A)%)n

= K} + 7
=]+ K} <1

Therefore, A€ € B} (X).

(i1) Easy and left to the reader.

(iii) We have (AU A)° = (max {Ju,]a,), min {K,,, Ks,})¢

= (min {KA;_n ) KA? },max{]Alz Ja, (%)})
= (KA,z JA?) n (KAZTL Ja; (%))
= AS N AS.
M Follows by a similar process to (iii).
Definition 2.9 Let A = (J4,K,) € B} (X). Then we need of terms and the possibility measure on A
are called as follows:

oA = (Ja, U =IO ).

@D0A= (1 = KIYm Ky ).

Example 2.10 Let X = {x} and A = {(0.75,0.8)} € B} (x). Then

[Ta(x) = 0.6321432, oA ={{(0.75,0.8)} , OA = (x, 0.75932,0.8)}, A° = {{x, 0.8,0.723)}.
Theorem 2.111f A = (J,, K4) € B} (X), Then

(i) oA € B (X),

(ii)0A € B (X),

Proof: (i) Follows on noting that:

n

Jm+ km =5+ (G- )

=+ -7
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=1

(i)Follows on noting that

m

1
Ji+ Ko = (U= Kpm) + KR
={U—-K!)+ K}
=1.

Definition 2.12 Let A = (J, Ka), A; = (Ja, Ka;), A2 = (Ja, Ka,) € BR(X) and q € N. Then the
operations A; @ A,, A; ® A, , qA, and A%are defined as follows

(1) A DA = (]A;n + Jay = Jaiday KA7KA?):
(i) A ®A; = (a7 Jay Kal| + Kay — KI Ka3)
(iii) qA = — U =)L KR,

(iv) Al = (1= (1-KD9).

Theorem 2.13 Let A = (Jo, Ka), A; = (Ja Ka,)» Az = (Ja, Ka,) € BR(X) and q € N. Then
() A; @ A; € BR(X),

(i) A; ®A; € BR(X),

(iii) A, UA, € BL(X),

(iv) A;NA, € BE(X),

V) qA € Bp(X),

(vi) A9 € B (X).

Proof: (i) Since,
A DA = (]A;n + Jay = JaTday KA’}KA?).
we have,
]X,leaAg + K/ﬁeaAz = (]Arln + ]AT — ]A;n]A;n)m + (KA;lKA?)n
=JaT (I = JaT) + Ja3 + (KRER)"
=0
and
]Z@Az + KJ&@AZ = (]A;n + ]AT — ]A;n]A;n)m + (KA;lKA?)n
m
<(U-k)+ (1=K = (1=KR)—KL)) + (KiKD)"
= (1 - KK + (KajKR)"
</

because 0 < Ki'K,, </landm,n > I.
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Hence, A; @ A, € BIL(X),
(ii) Similar to (i).
(iif)Suppose max {Ky,, K4,} < K,,, we have
0 <Jiua, + Ka,ua,
= (max{]AI ,]AZ})m + ((min{KAI ,KAz})n
< Ja + Kij
<1
Suppose now
max {Ja,,Ja,} = Ja, - Since
min{K, ,K,,} < K,,, we have
0< Jiua, + K"4,0a,
= (maX{]AI ']Az})m + ((min{KAz 'KAz})n
< Jait+ Ki}
<1
Thus, the proof of (iii) is completed.
(iv) Similar to (iii)
(v) Since A € B (X), wehave 0 <J' <land0 <K} <.
qgA = (1 - -]M9,K"), we have
<Jga + Kga
= (= U= JPHO™ + (K9)"
< (= (= JPOm + (K"
< (1= (K" + (K31)"

<1

Theorem 2.14 Let A = (Jo,Ka), A; = (Ja, Ka,), A2 = (Ju, Ka,) € BR(X) and q,q;,q; € N.

Then (YA, @ A, = A, P A4,
(i) A, @A, = A, A,
(i) q(A; @ Ay) = qA; D q4;
()(q; + q2)A = q,A @ q.4,
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W)(4; ® 47 = A] ® Af
(vi) A1 @ A2 = A9tz
Proof: The proof of above can easily understand.

Theorem 2.15 Let A = (J4,K,) € B(X) and x € X. If [[4(x) = 0, then [[4q(x) = 0forall g € N.
2
Proof: Since [14(x) = (7 —J7(x) — KJ(x))™*"

wehave [I,(x)=0 = (I-J7x) - If(lﬁ’f(x))ﬁ
= Ja(x) + K (x) =1
= Ja(x) = 1 - K} ().
By using this result, we have
AT = (91— (1= KH7)
= (1= U—-JM9)
=Ua1=Ji"

Hence,

2

o9 = (1= 05 )= (=127 0) ™

= M = (1- (7 @)" - (1= )")
= [laax) =0
Theorem 2.16 Let A = (J4, K, ) € Bt (x) and x € X and q,q;,q, € N. Then
(Dq; = q; = AV c A%
(i)gq,=2q, = qAcqA
I—Ju5 S1—]a7
= (11" < (=147
= (1 =(=1a"") < ={=13)D
= Jqa, < Jqa,
and
Ka; =Ky,
= K, =Ky}

= KA;lq 2 KA?q
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= Kqu = Kqu
Hence, gA; c qA..
(i)Similar to that of (i)

(i)Follow since:

AI U A2 = (maX{]AI;]Az}:min{KApKAg})

and

(AU AT = (Ja,ua, Ka,ua,)
= ((max {4, Ja, )™, 1 = (1 = (min{Ka , K, )™
= (max{{/}'%, J;1}, 1 — (I —min{K,},K,3)) 9
= (max{{/}9, J;1}, 1 —max{l — K,}, 1 — K,3}) )

= (max{ {37, J5.1}, 1 — max{l — K,7, 1 = Ks5) 9

= (max{ {77, ™}, 1 — (max{7 — K, (=KD

Proof: (i) Since
Al = (el g — (1 - KH)
A2 = (J97 1 — (1 — KPP
we have,
=g =J¥ =2J" and (U-KPY < -KPHP
=M >mi and 1- (I-KPDP < (- KDY
=J¥ > and K¥ <k
Hence 497 c A%

(i1) Similar to that of (i).

Theorem 2.17 Let A; = (Ja,, Ka;), A2 = (Ja, Ka,) € Bpo(X) and q € N. Then

(A, c A, =qA; cqA;
(i) Ajc A, = A7 c Al
(ii))(A; U AT = AT u AY
(iv) q(A; UA,) = qA; U qA,
)4, nA) = AT n Al
(vi)q(A; N A,) = qA; N qA.,.
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Proof: Since A; c A,, we have
Ja; <Jay = Jal <Jay
= max{ /a7, Ja3 %}, min{ (1 — (1 = K})" )}
= A7 v A?
(iv) Follows since
A, NA, = (min{]A],]AZ},max{KAl,KAZ}) and
(A, N AT = (Ja,na,, Kajna,)
= ((min{J L, )™ 1 = (1 = {max{K, . Ka,))™)'}
= ((min{[a]'Ja7Y) 1= (1 = max{Ka}, KED))
= (min{/};'%, /3 }, 1 — (min(Z — K}, 1 — K})"))
= (min{J7%, 79} ,max(1 — (1 — KADY, (1 — K3)"))
= (min{J%, )0 Y max{l — (1 - K2)" (1 - K3)'D
= Ak n A%
(v) The same that of result (iii)

(vi) Some way that f(v)

Definition 2.18 Let A = (J4,K,) € B (x) and a € [0,1]. Then the operator G,(A) is expressed as
follows:

~

Gald) = ((/;r + a5, i+ (- n’"T*")n>
Theorem 2.19 Let A = (J4, K,) € B} (x) and a, § € [0,1]. Then
(Da < B = G,(A) c Gg,(A)

(iDGy(A) = o

(iii)G,;(A) =0 A

Proof: (i) Immediate result to obtained
(i) Since,

Go(d) = (i + alT™2)" (k3 + (- )11 ()

n
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1
= Ua (K2 + TI57))
1
= (Ja (Ka + 1= 3 = K7
1
= (]A' (] _]‘2”)5)
=DA

The proof is completed.
It follows on nothing that,

1
] Z

G,(4) = ((/z" + (D) K+ (1= I)H%“l)n)
= (3 + M=), ()
= ((Jz” + - - K})#@))

= (U =K Ky)
= 0A

Definition 2.20 Let A = (J4,K,) € Blt(x) and a, B € [0,1] where @ + B < 1. we define the operator
Ha,ﬁ(A) as

Hop(A) = (7 + a [1Z2)™, (k7 + BTTZE))

Theorem 2.21 Forany A = (J4, K4) € B (x) and a,B € [0,1] where @ + B < 1. we have
(DHqp(A) € Br(x)

() 0<t<a = Hgp(A) c Hyp(A)

({i) 0< t < B = Hyp(A) € Hy(A)

()G (A) = Hy1—q (4)

(v)oA =H,,; (4)

(vi) 0 A =H;o(A)

(vii)Hg 3(M€) = Hj,(A)

Proof: (i) Follows since,
m I\n

Jlias (A) + Kjiq3(4) = <(]11n + “Hme)%> + <(K£ + IBHme)E>
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(v) Follows since
Hy1—a(x) = G4(A) = Hy;(A) = Gy(A).
= H,,;(A) = DA
(vi) Follows on nothing that,
Hy-2(A) = G,(A) = H;p(4) = G,;(4)
= H;o(4) =0A

n m

(vii)Since M€ = (K™, ] ™) we have

1 1

" an’"T“’)E,((L?)Z BH"‘%");

(ks =) G epmeey)

m

Hep(M€) = ((KA%)

1 n
dgn (A1, Ap) = E;{l]fn(xi) ~ JaGedl + [Kay Ge) — Koy ()| + |1_[A1(xi) - Az(xi)l}

The normalize Hamming distance is explained as

1
dg,r,tl(AhAz) = - Xi=i{la, () = Ja, (x| + |Ka, () = Ky ()| + [ T1a, Ger) = Tla, ()
The Euclidean distance is defined as

dg’% (A, Ay =

2
\/é irzo{(]Al(xi) - ]Az(xz))z + (KA](xi) - KAg(xi)> + (HA,(xi) - HAg(xi ))2}

The normalized Euclidean distance is defined as

1

2
dggl(AhAz) = j—zlr:o{(],q](xi) - ]Ag(xi))2 + (K, () — KAg(xi)> + (T4, Ce) = Tla,(x: 0%}

2r

and so,

33
23

(Ha,s(M))° = (((]11" +8 Hm%”)ﬁ> + ((Kzs +a n"‘%")*) )
= (0 + o= (i w22y
= Hgq (4).
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3. Various types of distance function over Beal’s fuzzy set
Definition 3.1 Let X = { x;, x5, x; ..., .} be a whole of discourse and 4; = (J4,, Ka,).
Ay = (JayKa,), As = (Jay Ka;) € BR(X), the distance function d:Bji(X) x B(X) - [0,1]is
defined as
()0 < d(A;,A,) <1 (Boundness)
(ii)d(A;,A,)) =0 = A; = A, (Separable)
(iii)d(A;, Ay) = d(A5 A;) (Symmetric)
(iv)d(A;, Az) + d(A, Az) = d(A;, A,) (Triangle Inequality)
Definition 3.2 Let X = (x,, x,} be a whole of discourse and 4;, 4,,A; € B>(X), where
A; = {(x;,0.5,0.6), (x5, 0.4,0.5)},
A, = {(x;,0.8,0.3), (x5,0.9,0.5)},
A; = {(x;,0.6,0.8), (x5, 0.8,0.5)},

Find the following: (1) Hamming Distance (2) Normalized Hamming Distance (3) Euclidean
Distance (4) Normalized Euclidean Distance

dB3(4,,45) = 0.6 dB3 (43,4) = 0.5
dfB3 (4,,45) = 0.3 dB3 (A;,A)) = 0.2
d"Bn (A}, 4,) = 0.6 dB3 (A3, A) = 0.5
d¥B3 (A, A;) = 0.5 d"B3 (A;,A;) = 0.3
d"B3 (4, 4;) = 0.2 dfB3 = 0.5

d"B3 = 0.4

Example 3.3 Let X = {x;, x5, x3,x,} and 4, A,, A; € BS(X) where
A, = {(x,,0.2,0.7), (x5,0.9,0.7)},
A, = {{x;,0.9,0.3), (x5, 0.5, 0.5)},
Az = {(x;,0.6,0.7),(x,,0.8,0.5)},
dB3i(A;,A;) = 0.9 d"B3(A,,4,) = 0.3
d"B3i(A,,A,) = 0.6 dfB3(A;,A;) = 0.8
Definition 3.4 Let X = {x;, x5, ;3 ..., .} be a whole of discourse and 4; = (J,, Ka,).

Ay = (Jay Kay), As = (Jaz Ka;) € BR(X). The similarity measure S: B, (X) X Bt (X) - [0,1] is
expressed as
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()0 < S(A;,A,) < I (Boundedness)

(iii)S(A;, A5) = S(A,, A)) (Symmetric)

(iv)S(A;,A3) + S(Ay A;) = S(A;,Ay) (Triangle Inequality)

Using distance functions and similarity measures, the below of result proved.

Theorem 3.5 Letd; = (J4,,Ka,), A2 = (Ja, Ka,) € BR(X).1f d(4;, A;) is a distance measure
between Beal’s fuzzy sets A; and A,, then

S(A,A) = 1—d(A,A))
is a similarity measure of A; and A>.
Theorem 3.6 Let A; = (Ja,,Ka,), A2 = (Ja, Ka,) € BR(X). Suppose A; € A, c Aj, then
()d(A;,Ay) = d(A;, Ay)and
(ii)d(A;, Az) = d(4,,43)
(iii)S(A;, A;) < S(A;, Ay)and
(iv)S(M;, M;) < S(M>, M3).
Theorem 3.7 Let A; = (Ja,, Ka ), A2 = (Ja, Ka,) € B(X). Then
(D)d(A;,A;) = d(AS,43)
(ii)S(4;,A;) = S(A9, A3).
Note. The two similarity measures are defined are defined as follows
S;=1-dgnH(ALA)),
S, =1—dmE(A;A)
Note: A;, A, € BR(X), X = {x;, x>},
S1 € (A1, A,), S; € (A1,45),A;, Az A3 € BR(X)
S;(A,A) =06, S;(A,4) =08 S;(A;,A3) =06 S,(A;,A;) =08

In order to rank Beal’s fuzzy sets, we give the score mapping and accuracy, mapping of the Beal’s
fuzzy set.

Definition 3.8 The score mapping function of a Beal’s fuzzy set A = (J,4, K4) can be given as
S(A) = Ji — Ki".

The accuracy function of a Beal’s fuzzy set A = (J4, K4) can be given as

a (A)=]r+ K"

Example 3.9 Consider the Beal’s fuzzy set A = (0.62, 0.54) then the score function is
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—0.14 ifn=100m=3
—0.00 ifn=8m=06

SAY=13 00l ifn=7m=5
0.06 ifn=5m=6
and the accuracy function is
0.16 if n=10,m =3
@A) = 005 ifn=8m=6

008 ifn=7m=35
011 ifn=5m=6

Theorem 3.10 Let A = (J4, K,) be a Beal’s fuzzy set. Then the suggested score fuzzy mapping
S(A) e [-1,1].
Proof: Since for any Beal’s fuzzy set A. we have J + Ki' < ]
Hence,
JP—Kr<JP<land J} —K} > —KM" > —1
Thus —1 < J} — K < I,namely S(4) € [—1,1].
In such way that, if A = (0,7) then S(4) = —7 and if A = (0,1) then S(A) = 1.

Remark: For any Beal’s fuzzy set A; = (Ja,, Ka,) and A, = (J4,, K4 ,), the comparison technique
is supposed as

(DIf S(A;) <S(A,) thenA; < A,
(@)If S(A;) > S(Ay) then A; > A,
(@)If S(A;) = S(Ay) then A; = A,
(iv)a(4;) < a(A,) then A; < A,
W)If a(A;) > a(A,) thenA; > A,
(wiIf @ (4;) = @ (A,) then A; = A,.
Beal’s fuzzy weighted power average

In this section, we study the various operation on Beal’s fuzzy sets, and some intellectual structure
are indicated in detail.

Definition 4.1. Let A; = (]Ai’KAi ) (i = 1,2,....k) be a value of Beal’s fuzzy sets and

€= (€,,€,, ... )7 be aweighted vector of A; with €;> 0,¥¥_, €;,= 1. Then a Beal’s fuzzy
weighted power mean operator is a function

BFWPA: Ak - A

where
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1 1
BFWPA(A;, A, ... Ay) = ((2{-;, € Ji)m, (ZK, & K™ )
Example 4.2. Consider A; = (0.8,0.4),A, = (0.3,0.9),A; = (0.6,0.7),A, = (0.8,0.7) and

As = (0.9,0.5) as five Beal’s fuzzy sets and let €= (0.18,0.27,0.25,0.16,0.14)T be a weighted vector
of A;(i = 1,2,3,4,5). Then BEWPA (4, 45, .... As)

1
= ((0.8" X 0.18 + 0.3" X 0.27 + 0.6" X 0.25 + 0.8" X 0.16 + 0.9" X 0.14)n ,

1
(04" X 018 + 0.9 X 0.27 + 0.7" X 0.25 + 0.7" X 0.16 + 0.5" X 0.14)m)

¢ 0.667,0818 if n=2m=3
0.696,0832 if n=3m=>5
0.717,0862 if n =4,m =8
0.783,0.851 if n=10,m = 14
0.824,0.89 if n = 20,m = 30
\ 0.875,0.84 if n = 70,m = 50.

Theorem 4.3. Let 4; = (]Ai’ KAi)(i = 1,2, ...k) be a family of Beal’s fuzzy sets and let

€= (€,,€,..€,)7 be a weighted vector of A; with €;> 0 and Y¥_, €;= 1. Then Beal’s fuzzy
weighted power mean (4;, A,, ... Ay) is a Beal’s fuzzy set.

Theorem 4.4. Let 4; = (]Ai,KAl.)(i = 1,2,..k) be a value of Beal’s fuzzy sets A = (J4, K4) be a
Beal’s fuzzy set and €= (€, €,, ... €,)7 be a weighted vector of A;with ¥, €,= 1. Then

BFWPA(A; @ A @ .... A @ A) = BFWPA(A;QA,® ... Ay®A).

Theorem 4.5. Let A; = (]Ai’ KAi)(i = 1,2,..., k) be a value of Beal’s fuzzy sets, A = (J4, K,) be a
Beal’s fuzzy set, and €= (€, €,, ... €,)T be a weighted vector of A;with ¥, €,= 1. Then
(i)BFWPA(A; ® A, D ....A, ® A) = BEWPA(A,, A,, ... Ax) ® A.

(ii)BFWPA (A}, A, ... Ay) @ A= BFWPA(A,, A,, ..., Ay)QA.

Theorem 4.6. Let 4; = (Ja,, Ka;) and B; = (Jp,, K5,) (i = 1,2, ..., k) be two values of Beal’s fuzzy
sets and €= (€, €,, ... €,)7 be a weighted vector of them with ¥, €;,= 1. Then

(i)BFWPA(A,;©B;,A;®B;, ..., Ay @ By) = (A4,®B;,A;®B, ..., Axy®By).
(ii)BFWPA (A}, A;, ..., A ))J®BFWPA (B}, B,, ..., By)
(iii)BFWPA (A}, A,, ..., Ay )QBFWPA (B, B,, ..., By)

1 1
= (T, e Bk, & 8" \/Z{L] €K +3E, € K" — XK, € KN YT, €Ki )

Application of Beal’s fuzzy set in pattern recognition

In this section, we propose similarity measures that can be dignity in commander’s chosen in
military office, medical diagnosis of disease. Plant leaf diseases classifications, construction material
selections and other multi-attribute decision-making problems.
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The following contribution showed to accept on unknown pattern using the new idea of similarity
theorem.

Example 4.7 Let us taken three unknown patterns P;(i = 1,2,3) which are represented by the Beal’s
fuzzy set (m = 5,n = 5)P;(i = 1,2,3) in the characteristic as: R = {r;, 1, 13}.

P, = (r,0.5,0.6),(r5,0.1,0.7),(r;,0.4, 0.7)
P, = (r7,0.1,0.8),{r5,0.8,0.8),(rs,0.7, 0.6)
P; = (r,,0.5,0.7),{r, 0.6,0.6), (13, 0.7, 0.5)
Consider, as unknown pattern P € B; (R) that will be recognized, where:
P = (r;,0.9,0.7),(r5,0.8,0.7),{r;, 0.6,0.8).

Then the proposed similarity techniques S; and S, which have been evaluated from P to
P;(i = 1,2,3) are given in the following table.

From the number point of given presented in the previous data, we know the similarity measures
between P, and P are the biggest or highest one.

Similarity measure between P;(i = 7,2,3) and P

Similarity Measure  (P,, P) (P, P) (P;, P)
S;(P;, P) 0.7180 0.8487 0.7589
S,(P;, P) 0.7679 0.8382 0.7625

Among the calculated measures, (P, P) is the largest one.
5. Conclusion

In the Beal’s fuzzy set, the complement, necessity, possibility and various arithmetic operators are
explained and various results related to properties of these operations have been demonstrated in this
article. Furthermore, some distance and similarity measures over Beal’s fuzzy set as developed and
their validity are verified by suitable examples. An example of the application of similarity measures
exposed in pattern recognition is investigated.

6. Future Work

1. Researchers may study the various hybrid structure of Beal’s fuzzy sets with soft sets and rough
sets. These can be identified and their uses in different fields of mathematics can be applied.

2. Also, the dice, cosine and cotangent similarity measures and weighted aggregation operators of
Beal’s fuzzy set can be studied and their applications in multicriterion decision making and multi
attribute decision making problems can be survived.
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