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Abstract:

Recent years have shown us how fascinating the univalent function is many new
publications have been written in this field. Currently, operators of normalized analytic
functions, differential and integral operators are highly sought after. Numerous
researchers have examined and debated a great deal of material for the operators. This

work introduces a new subclass :ng;gyp(e) of the function class for univalent functions

defined by the Raducanu-Orhan differential operator connected with pascal distribution
series. Our goal in this work is to further our understanding and make inferences regarding
the functions that are a part of these new subclass. Furthermore, the convexity of the
subclass, growth and distortion, radius of starlike, extreme points, and integral means of
inequalities are obtained. All this research was performed inside an open unit disc.
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1. Introduction

Consider that the class A of univalent function has the following form

f) =&+ Xa8,

Eel:={feC: g <1} (1)

which is analytic in the unit disc U, and

g() =&+ X708, U (2)
Then the convolution of (1) and (2) is represented by
f*9E) =& +Xabk, €U 3)
Let /(&) € K(a) then (&) is convex of order a, (0 < a < 1) in U, iff
$F"E)
Re( G +1) >a,¢ € U
Let (&) € S* (), then (&) is starlike of order a, (0 < a < 1) in U, iff
466
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£F/(6)
Re( G

The class K(a) and S*(«) introduced by Roberston [10]. After that many authors introduced the
various subclass of starlike and convex functions connected with some differential operators.

)>a,€€ U.

The Schwarz function in U, (&) exists if and only if (&) and g(&) are analytic. It is our claim
that £ (¢) is subordinate to g(¢); that is (&) < g(&). In this case,

®(0) = 0 and |o| < 1 such that £(&) = g(w(&)) as proven, £(§) < g(&) and

f(U) c g(U) Implied by £(0) = g(0).
Ma and Minda [13] used the idea of subordination to create various sub classes of radii of convexity

and starlikeness. To achieve this goal, a univalent function ¢(&) is taken into consideration. This
function is analytic and defined on U with a positive real portion, such that ¢'(0) > 0 and ¢$(0) =1.

For f (&) € A, Raducanu-Orhan [4] introduced the differential operator
08, f(©) = 05, (08 = £+ XiL[1 + (0= 1D — p+vdw)]"a,&’, (4)
where n € Np=NUO0, N={1,2, ...,}, 1, 6>0,E € U.

Remark: Q3, =D" yields the operator of Al-Oboudi derivative [5], 97, =D" is the Salagean
derivative operator [7].

Recent studies have focused on a subclass of univalent functions associated with distribution series.
These include the Borel, Pascal, Binomial, Poisson, Geometric, exponential, and generalized
distributions as well as a generalized discrete probability distribution. In recent years, various sub class
of univalent functions related to pascal distribution series have been studied by the following authors,
B.A Frasin et al.[2], S.Porwal [9], Anitha LakshmiNarayanan et al [1], G.Murugusundramoorthy [6],
R.M.EI-Ashwah, W.Y.Kota [10], T.Bulboaca and G.Murugusundramoorthy [12], B.A.Frasin et al. [3].
By examining the subclasses, researchers hope to gain a deeper understanding of the structure and
behaviour of analytic functions, hence advancing their knowledge of complex analysis and its
applications, which provides an extensive investigation of this area of study.

2. The Subclass PQy75,,(6)

The probabilities (1 — q)" Cre+D (-9 qr(l-9)"  Fre+D)E+2)(1-9)"

)

,...correspond to a variable x

2! 1! 3!
with values of 0,1,2, and 3, respectively, where g, and r are called the parameters, and thus
P(x= x) = (“r*:l)qx(l —q)F, x€{0,123,...} (5)

According to S.M.EI-Deepa et al.[11],the power series of equation (6) is examined, with its coefficients
representing probabilities of the pascal distribution, that is

v+r—2

Pi©) =&+ (H2) (1 - 9, e Ur 2 1,0 g < 1 (6)

And the linear opeerator Dg: A — A is defined by
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DYEE) = Py (&) = &+ Xy () ' (1 - 2’ €€ U )
By using the convolution (Hadamard product) of two equations (4) and (7), the linear operator
PDy5,f(8) : A — A is defined by

qSHf(é) - §+Z =28y CVE.> (8)

Where ¢, = [1 + (v—1)(3 — p + vdw)]" (V+r 2) v=I(1 — q)". the new subclass is defined in the
following definitions:

Definition 2.1. Let PD 5,

1 (8PP, 1O )
Re<1+b( e ) >0 )

q.5,n

(0) represents a class of fin<A. Then

Wherer >1,0<q<1,u, 5>0n€EN,0<0<1,beC— {0}, and & € U.
Theorem 2.2 (Coefficient Inequalities)

Let (1) define f(§) € ?Qqsu(O).

Then X756, ¢y la,| < (1 —6)[bl, (10)

Where ¢, = [1—b=v+0bl, ¢, = [1+(v=1DE—p+vow]" (*=)q~'(1 - )",
r>10<q<L,pd > 0neN,,0 <0< 1,b €C—{0)and& € U.
Proof:

Let

E(PDNE HE)Y 1) o
D ()

F(z)=1+- (

- <¢(?D3:§,uf@>'_ 1)_ 0
PDy5,, O b

. &(PD2, D) — bPDY, F(6) — 06PDS, £(E)
bPDE  f(E)
1+Z

By the condition of the class, F(z) <

A schwarz function w(z) exist,and ®(0) = 0 as F(z) = tzg where |o| < 1.
_ F(»)-1
(2) = F@)+1
_|F@-1
We know that | o(z)| = F(z)+1| <.

Then
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F(Z)_1| B g(PDgg Hf(g)) —(1+6b)PDg"§‘“ (&)
F)+1 g(mg; Hf(g)) ~(1+0b-26)PD  £(2)

2+ Y e Veyayz' —(14+0b)z— Yo, (1+0b)cya,z’
2+ Y, Veyayz¥ —(140b—2b)z— Y7, (14+0b—2b)cya,z¥

Bb+Ye, (1+6b—v)cya,z' !
(2-0)b+X7,(1+6b—2b—v)c ayz""!

0]bl+Xv=,| (1+6b— VIIcVa\,IlzV 1|
= | @-0)[bl -7, (1+6b—2b—V)|[eyay |2V~ ||’

Which is bounded by 1, if
6lbl + X751 (1 + 6b — v)leyay| < (2 = 0)[b] — X7,I(1 4+ 6b —2b —v)| ¢, la,l.

Z|(1 +0b—b—v)lc la,| < (1=0)bl.
v=2

Hence equation (10) holds.

Corollary 2.3

Let f € PQE (6) then we have a, < =2 and f(&) = ¢ + = e)'b'a =234,.. (11)
equals itself.

The function f'eA is the subclass W C ?Qq5 4(6), which we define. The extreme points of the

subclass :PQg"g’u(e) are now determined.

Theorem 2.4(Extreme points)
(1-0)[bl
Let f1(8) =S (9 =&+ Xvmon,—— —

(&) = Xv=in, £, (&), Where n, > 0and}7_n, = 1.
Proof:
Let

£',v=2.Then fePQY; (0) strictly if

q,0,1n

Q) = ) 1,6
v=1
> (1-0)b
R et
v=2 v

- (1—0)[b|
= ZHVT%CV

https://internationalpubls.com 469



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 9s (2025)

= (1 —-0lbl Y,
v=1

= (1 =0)[bl(1 =n,) < (1 —0)[bl,
Which shows that fe Qg7 ,(0) .

(9) since |a,| < (eI

Conversely, suppose that f e?Qqéu =T

,v=23,.

Let

o, cy
LT R PR

v=2
Then we obtain (&) = Y70 f,(&).
Definition 2.5.(Little wood subordination theorem [8])

Considering that f and g in U are analytic and that f(§)<g(&), then
LI 0 < [g(@)" do,u >0, and&=re®0<r<1.

Theorem 2.6(Integral means of inequalities)

(A-6)Ibley g

If fe PO v ,

(0) and suppose that g(§) = £+ ——&',v=23,...,]g,] =

qo,n

¢v Cy

if w(&) isrealitis given by (0(&))V! = = ooyl 2v=2 a, &' !,

Then . "I£E)]*d0 < ["Ig(&)I* 6, for & = re®,0 <t < L,u>0 .

We need to demonstrate that to finish the theorem
1-0)ble, "
1 ( )l | &V 1

2n « | # 2n
1+ z a, & do < f
'](‘) g 0 d)vcv

v=2
The Littlewood subordination theorem can be used to demonstrate that

1+Z 2 e 1 (l+9)b€Vév |

o, Cy
Let
=1 (1 + 0)|ble, v
1+Z e GO
Therefore

- dyCv w -1
(@& = G5 T g
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Hence ®(0)=0.

Furthermore, if feA satisfy ¢ c, < (1 —0)[b].

lo(®)"! = a e < gl < 1.

‘ 9)|b|

Theorem 2.7(Convex of order 0)

Letfe ?qu(e) . Then f is convex of order 6 in || < R3,where
. (1—9)(1)‘/cV 1
R:= inf (5550 am) ™ V22 -
Proof:
If |€] < Ry and the inequality (12) are valid, it is demonstrated that |‘gf @| <1-0 (13)

It is adequate to show that

(1-0)c, L
&l < (V(V — o) - 6)lbl)v—l, (v=2).
From (13), we obtain
0 v—1
Zv=2V(V - l)avE.a_1 <1-0.
1+ Y0, va,E

Z(V(V —Dat <14 ZVavév_l —0-— GZ va, |g[V!
v=2 v=2 v=2

e (V2 = 0v)a g7 < (1-0).

-6 L
&l < (o) (v 2).
(1-0)o.cy L
< (—————— _)yv-
15l = Cepa-om)™
Theorem 2.8 (Starlike of order 0)

Let feP QY5 (0).Then fis starlike of order 0 in || < R,, where

q,5,1

(1-60)¢,cv

Ror= inf (o5a- e)|b|)

1, (v 2 2) (14)
Proof:

If |£|<R, and the inequality (14) are valid it is demonstrated that

~>7 < —

It is adequate to show that
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(1-6)¢,cy

6] < (G, (v 22)

From (15), we obtain

<1-6

E+XYiova, & 1‘
{5+Zw 2y &

Z(l—v)a g < (9—1)(1+2a ")

=20 = v)a g < (0 - D,

1

(1-0)p,cy \omi
8= (cooam) 622

Theorem 2.9(Close-to convex of order 0)

Let fe ?Qqﬁu(e) , then f is close-to-convex of order 6 (0 < 6 < 1) in the disc |§| < R; , were
Ry:= inf (L2205 (> 0y (16)
3 (v(1=0)]b]

Proof:

If |&] < R; and the inequality (16) are valid, it is demonstrated that

IfE) -1l <1—6. (17)
It is adequate to show that

(1-0)¢,cv \v-1
o< (S o0

From (17), we obtain

I1<1-6

1+ Z va £ —
v=2

[ee]

zvavw-l <1-0

v=2

-0

va,

1
gt <
1

(1-0)d ey \v=1
gl < (m) , (v 22).
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Theorem 2.10 (Growth theorem)

Let f(§ =&+ Xis,la,|&" belongs to class fe PQYs (0). Then for|&] = r*, we have

qd,pn

« __({A=0)bl . X (1+0)Ibl 4
U OIS e (18)

Where ¢, = (1 + (6 — pu+ 26p)"rq(1 — q)".
Proof:
Since
(1—-0)|bl
NSl
f(©) = &+ Xima8’

[oe]

@I <+ ) a,G7)"

v=2

@1 < + (T2 oy

|f(§)| <r 4 ((1 9)|b|)( )v
[T <1 + (|(eb—b—1)ICz) @)~
Similarly,
oL (LU= Y (g
[f{E=r (|(eb—b—1)ICz) @)~
Theorem 2.11(Distortion theorem)

Let f(§) = £+ Xi_,la,| & belong to class fePQ5 (0), then for |&| = r*, we have

Q0,1
_2(0-0)b] 2(1-0)bl
I(Gb—b—l)lczr = IP(E’)l - I(eb—b—l)lczr (19)
Proof. Since
. < (1—0)[b]
Y o,y
f(&) = EXra.8
ol <1 +zvavla|v-1
v=2
2(1 - 0)[b]
o) <1
OL= 14166 =6 = Dle, "
Similarly
473
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2(1 - 0)[b]
Ife =1+ ORI

3. Conclusion

In conclusion, this study has provided a thorough examination of the coefficient challenges inherent
in the newly defined subclass of univalent functions in U, as outlined in Definition (2.1). Key properties
such as the radius of starlikeness, extreme points, development and distortion, convexity, and integral
means of inequalities were explored, enhancing our understanding of the subclass's behaviour. The
findings contribute valuable insights into the composition and properties of analytic functions.
Moreover, the study suggests promising directions for future research, including the analysis of Hankel
determinants for orders between two and three, as well as further investigations and estimates related
to the Fekete-Szegd functional problem. These avenues present exciting opportunities for advancing
the field.
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